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a b s t r a c t

We propose a magnetic field-induced asymmetric mechanical metamaterial. The tunable metamate-
rial integrates hard-Magnetic Active Elastomers (hMAEs) into the microstructural design combining
snap-through, bi-stability, and local resonant effects. The proposed metamaterial design comprises
resonating units made out of hMAE, and these units are supported by highly deformable curved beams
connected with an elastomeric matrix. Activated by a magnetic field, the resonating units attain an
unstable regime with dramatic configuration and stiffness variation. These controlled transformations
significantly affect the elastic wave propagation. We illustrate that the proposed magnetoactive
metamaterial enables bandgap tunability over a broadband low-frequency range. Thus, the proposed
design allows remote and reversible control of the metamaterial performance. Moreover, the hMAE-
based systems can incorporate the polarity and chirality stemming from the interaction of external
magnetic fields and hMAE phases, giving rise to the unusual behavior of the metamaterial, and
potentially enabling elastic cloaking.

© 2023 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Elastic metamaterials [1] draw their performance from neat
icrostructures, giving rise to topological phase transitions, ex-

reme (and negative) effective parameters, and the bandgap (BG)
henomenon. The potential metamaterial applications range from
ibration isolation [2–5] and switching [6] to subwavelength
aveguiding [7–9] and focusing [10], to the topological state
f matter [11–15] that enables elastic wave flows immune to
ackscattering losses. Moreover, soft active materials offer ways
o control the metamaterial performance through mechanical
eformation [16,17] or external field activation [18–20], lead-
ng to reversible property changes and shape transformations.
he transformative ability of magnetic active elastomers (MAEs)
nd their remote principle of actuation make them a promising
aterial platform for untethered devices.
Typically, MAEs consist of magnetizable particles embedded

n a soft matrix. The application of an external magnetic field
roduces complex interactions between the magnetized particles,
esulting in overall material deformation and modification of the
ffective properties [21–24]. Furthermore, MAEs can be designed
o capitalize on buckling or instability phenomena, triggering
ramatic changes in material microstructures and, thus, pro-
ucing reversible switches in material properties [25–28]. These
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so-called soft-Magnetic Active Elastomers contain active parti-
cles made of iron, soft ferrite, or iron–silicon alloys. These soft-
magnetic materials are characterized by a low coercivity and do
not retain remanent magnetization once the external magnetic
field has been removed [29].

Recently, particles of high-coercivity ferromagnetic materials
(such as NdFeB, hard ferrite, and alnico alloys) have been utilized
to fabricate hard-Magnetic Active Elastomers (hMAEs) [30,31].
Once exposed to a large enough magnetic field and saturated,
hard-magnetic materials retain their magnetization even after
removing the external field. The high coercivity allows the hard-
magnetic materials to sustain their remanent magnetization over
a wide range of applied magnetic fields (that are below the
coercive field strength). When the applied magnetic field is not
aligned with the magnetization direction of the hard-magnetic
particles, the induced magnetic body torque acts to align the
particle’s magnetization direction with the field direction. This
microscopic effect leads to a macroscale response of the hMAE
composite in the form of complex shape transformations at low
magnetic fields [30–38]. Such rapid, reversible, and remotely-
controlled shape-transforming behavior of hMAEs has enabled
functionalities in areas such as soft robotics [39] and biomed-
ical devices [40]. More recently, the hMAEs have been used
for phononic crystal designs with tunable Bragg scattering BG
whose operating frequency is defined by the unit cell length scale
[34,41,42].
rticle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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Fig. 1. Schematics of the magnetoactive elastic metamaterials. (a) The undeformed configuration comprises resonators embedded into a soft matrix. (b) The resonator
unit cell consists of the hMAE core (with remanent magnetization in the +y direction) connected to the matrix by the curved beams. (c) and (d) The magnetic-field
ctivated configuration.
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Here, we put forward a novel design of hMAE-based meta-
aterials functioning beyond the subwavelength limit. The mi-
rostructure and operating frequency of the proposed local reso-
ant metamaterials can be tuned, through reconfigurable inter-
ctions between the magnetic domains remotely controlled by
n external magnetic field. The tunability of the metamaterials is
acilitated by the pre-designed snap-through and bistable system
ehavior. The proposed magnetoactive elastic metamaterials can
chieve vibration mitigation over a broadband low-frequency
ange.

. Results and discussions

Fig. 1 illustrates the proposed magnetoactive metamaterial
esign. The system consists of an array of resonators embedded
nto a matrix (Fig. 1a). The resonating cores are made of hMAE
upported by four curved deformable beams. The resonating core
an be fabricated by casting and curing the mixture of hard-
agnetic particles (e.g., NdFeB) and the elastomer resin in molds.
fter being exposed to a large enough magnetic field and satu-
ated, these cores maintain a remanent magnetization M (in the
y direction, Fig. 1b). The application of an external magnetic field
whose direction is not aligned with M, such as in the horizontal
irection), induces the magnetic body torque τ = M × B acting
o align the core’s magnetization direction with the applied mag-
etic field (Fig. 1c and d). The induced rotation of the core leads
o compression or stretching (depending on the direction of the
xternal magnetic field) of the curved beams. Such field-induced
eformation alters the stiffness of the beams and consequently
he natural frequency of the resonators. Interestingly, the rotation
f the core and the induced compression of the curved beam may
esult in snap-through and bistable behavior; in such an event,
he curved beam will remain in the new stable configuration even
fter the external magnetic field is removed.
We start by investigating the effect of external magnetic fields

n the deformation of the system. Consider the unit cell shown
n Fig. 2a. The lattice constant is L = 30.0 mm and the radius
f the hMAE core is r = 6.0 mm; the side length of the hollow
ectangle is l = 23.0 mm, and the radius of its four arc chamfers
s R = 6.9 mm. The thickness of the curved beam is t = 0.8 mm,
nd the horizontal distance between the two ends of the beam
enterline is W = 5.0 mm (as illustrated by the upper panel in
2

ig. 2a). The centerline shape of the curved beam is obtained by
hamfering the two right angles of the ‘‘N’’-shaped polyline, and
he radius of the two chamfers equals W /2. The distance between
he common endpoint (point P) of the two arc chamfers and the
enter of the unit cell is h = (l/2 + r)/2.
The initial shear modulus and density of the matrix and beams

re G0 = 200 kPa and ρ0 = 1160 kg/m3 (corresponding to
he commercial polydimethylsiloxane (PDMS) used in Ref. [40]),
espectively. The hMAE core is modeled as PDMS doped with
eodymium-iron-boron (NdFeB, with remanent magnetization
N = 640 kA/m and density ρN = 7610 kg/m3, see Ref. [40])
articles. The volume fraction of NdFeB particles in the hMAE
ore is denoted by φ; the remanent magnetization of the core
s approximated as the volume average of the total magnetic
oment of individual particles, i.e., M = MNφ. Following the
ooney model [43], the shear modulus of the hMAE core is
stimated as G(φ) = G0 exp[2.5φ/(1 − 1.35φ)]. Here, the NdFeB

particle volume fraction of the hMAE core is taken to be φ = 0.2;
thus, the core is modeled with shear modulus G = 396.7 kPa,
density ρ = 2450 kg/m3, and remanent magnetization M = 128
kA/m.

To determine the magneto-mechanical response of the pe-
riodic system, a representative unit cell is constructed in 2D
under the plane strain conditions, and periodic boundary con-
ditions are applied to the boundaries of the unit cell [26]. The
equilibrium equation and the magnetostatic equations are solved
in COMSOL Multiphysics 6.0. The magneto-mechanical coupling
is established via introducing the total stress depending on the
magnetic field [41], namely

σtotal = σel +
1
µ
B ⊗ B −

1
µr

M ⊗ B, (1)

where σel denotes the purely elastic stress component, µ is the
material permeability, and µr = µ/µ0(µ0 is the permeability of
the vacuum) is the relative magnetic permeability. The magnetic
field B in the horizontal direction (B = Be1, where e1 is the
unit vector of the x-axis; see Fig. 1) is applied by specifying the
magnetic scalar potential difference on the boundary of the unit
cell. The mechanical response of the constitutive materials is de-
scribed by the neo-Hookean model. The remanent magnetization
in the core is assumed to be in the positive +y direction (see
Fig. 2a).
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Fig. 2. Magnetic activation mechanism of the metamaterial. (a) Geometric parameters of the unit cell. (b) Magnetic field-induced rotation of the hMAE core. The
blue curve corresponds to the compression of the curved beam (the core rotates clockwise). Snap-through occurs at the peak that is denoted as the switching
point C (when the unit is activated by a magnetic field in the +x direction). The red curve corresponds to the stretch of the curved beam, corresponding to the
ounterclockwise rotation of the core under a magnetic field applied in the negative x direction. (c) The activated configurations correspond to states C, E, and F
marked in (b)). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 2b displays the magnetic actuation of the metamaterials.
he response curve is obtained by calculating the resultant mag-
etic field level B for varying core rotation angle θ . The angle
is defined to be positive when the core rotates clockwise and
egative otherwise. An extremum of magnetic field level B is ob-

served at the peak denoted as position C, and the corresponding
deformed configuration is shown in Fig. 2c(i). One can see that the
curved beams are significantly compressed. If the metamaterial
is activated by gradually increasing magnetic field in the +x
irection, snap-through occurs at the switching point (position
) where the curve enters a negative stiffness regime. Moreover,
here is a range of negative magnetic field (part of the blue curve
from 0.70 and 1.31 rad), indicating the bistable system behav-

or. As the magnetic field is gradually reduced to zero, the system
ecomes stable at position E (note the positive curve slope); the
orresponding deformed configuration is presented in Fig. 2c(ii).
he bistable characteristic provides a shape-locking mechanism
or the design of magnetoelastic metamaterials. This mechanism
llows the transformed microstructure to be preserved without
continuous application of the external magnetic field. Note

hat the transformed microstructure (position E) can reversibly
ecover to the initial configuration (position O) under the appli-
ation of a magnetic field in the -x (negative) direction (B < 0).
If the initial undeformed metamaterial is actuated by a magnetic
field in the -x direction, the hMAE core rotates counterclockwise,
and the beams are stretched (a typical deformed configuration is
shown in Fig. 2c(iii)); in this case, no snap-through is observed.

Next, we consider how the snap-through and bistable be-
havior can be tuned through the geometry of the connected
beams. Fig. 3a shows the variations in core rotation versus the
applied magnetic field for the metamaterial with various beam
thicknesses t. The results are shown for the metamaterial with
the fixed beam centerline span W /L = 0.15 and the other
geometric parameters remaining fixed, as considered in Fig. 2a.
 c

3

As the beam thickness t increases, the critical rotation angle (at
which the snap-through happens) barely changes (θ ≈ 0.32 rad).
Meanwhile, the magnetic field level (i.e., the local maxima in B)
required to trigger the snap-through increases from 8.9 mT to
25.3 mT, as the thickness is increased from t/L = 1/50 to t/L =

/37.5. We note that the beam thickness t almost does not affect
he stability behavior of the system. In particular, the position of
he (non-trivial) stable state barely changes. This is because the
ystem stability behavior is mainly defined by the beam curvature
parameterized as the beam centerline span W ). Fig. 3b illustrates
he dependence of the magnetic field-induced core rotation be-
avior on the initial beam curvature W. The results are shown
or the system with the fixed beam thickness t/L = 1/37.5. The
ritical rotation angle and the magnetic field level of the critical
oint (at the peak) change significantly with an increase in W.
or instance, in the metamaterial system with W /L = 1/30, snap-
hrough is triggered at the position with a rotation angle of 0.11
ad, and the required magnetic field level is 3.4 mT. By contrast,
he rotation angle for triggering snap-through is increased to
.22 rad in the system with W /L = 1/12, and the corresponding
agnetic field level shifts to 13.5 mT. Moreover, the instability
ehavior undergoes a transition with an increase in W. For lower
alues of W (e.g., W /L = 1/30), the system exhibits snap-through
ut does not have the bistable range. Above a critical value of

(about W /L ≈ 1/16.5), the magnetoactive system becomes
istable (e.g., W /L = 1/12).
Next, we investigate the effect of magnetic field-induced mi-

rostructure transformation on the propagation of small am-
litude elastic waves. To this end, we calculate the dispersion
elations for the periodic system using the eigenfrequency anal-
sis in COMSOL Multiphysics 6.0, accounting for the effect of
re-deformation induced by magnetic fields. In the simulations,
he material and geometric parameters are identical to those

onsidered in Fig. 2.
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Fig. 3. Magnetic field-induced core rotation. (a) The effect of beam thickness t on the snap-through and bi-stability. (b) The effect of beam curvature W on the
nap-through and bi-stability.
Fig. 4. Effect of the applied magnetic field on the local resonant BG. (a) The band structure of the magnetoactive elastic metamaterial in the inactivated configuration,
with the first local resonant BG highlighted by the shaded area. (b) The evolution of the first local resonant BG with respect to the applied magnetic field.
The band structure of the periodic system in the undeformed
tate, together with four typical eigenmodes, is presented in
ig. 4a. The resonating core, together with the deformable curved
eams, constitutes a classical local resonator. We can see that
he first and second modes at M show a strong vibration lo-
calization, with the displacement concentrated in the resonator.
By contrast, in the third and fourth modes, the displacement
of the matrix is comparable to that of the resonator. Moreover,
due to the chiral characteristics of the unit cell, the eigenmodes
exhibit elliptical polarization instead of linear polarization. For
instance, the first (second) local resonant mode at M (the cor-
responding wave vector is along the x-axis) is polarized in a
direction close to the x- (y-) axis, rather than exactly along the
x- (y-) axis, as shown by the white arrow in the eigenmode. The
coupling between the local resonator and the propagating wave
in the media generates a local resonant BG, as highlighted by
the shaded area in Fig. 4a. The effect of the external magnetic
field on the propagation of elastic waves is illustrated in Fig. 4b.
Fig. 4b displays the variation of the local resonant BG frequency
range with the level and direction of the applied magnetic field.
Under the action of the magnetic field applied in the +x direction,
the curved beams experience compression, and their stiffness
gradually reduces before reaching the critical switching point
where the snap-through is triggered. Correspondingly, the local
resonant BG is shifted to lower frequencies, as shown in the
right half quadrant of Fig. 4b. By contrast, with the application
of the magnetic field in the opposite direction (-x direction), the
beams are stretched, and their stiffness increases; therefore, the

BG frequency range increases. Our results demonstrate that the

4

proposed magnetoactive metamaterial can change its operating
frequency on demand by remotely applied magnetic fields.

Finally, we calculate the transmittance spectra for the finite-
size metamaterial sample (see Fig. 5a). The results are calculated
for the numerical model comprising 10 × 1 unit cells, with
periodic boundary conditions assigned on the upper and lower
boundaries. First, a magnetic excitation in the horizontal direc-
tion is applied, and the metamaterial sample is pre-deformed;
next, a harmonic perturbation at the left boundary of the de-
formed sample is imposed. The induced harmonic response at
the right boundary is captured, and the transmittance spectrum
is computed as the ratio between the output and input dis-
placements, reported as 20 log10 ∥Aout (ω) /Ain (ω)∥. The material
and microstructure geometric parameters are identical to those
considered in Fig. 2.

Fig. 5b displays the transmittance spectra of the metamaterial
sample calculated at B = 24 mT, 0 mT, and −40 mT. In the
inactivated state (i.e., B = 0 mT), a significant transmittance
drop is observed between 49.1 Hz and 62.1 Hz (as highlighted
by the green area). The starting frequency (that is 49.1 Hz) of
the low transmittance area quantitatively agrees with the lower
edge (that is 48.5 Hz) of the BG shown in Fig. 4a. In agreement
with the independent BG calculation, the low transmittance range
shifts when a magnetic field is applied. In particular, for B = 24
mT the drop in the transmittance is shifted to the range between
26.7 Hz and 32.6 Hz (the blue area in Fig. 5b), and for B = −40 mT,
the transmittance drop is shifted to the range between 72.3 Hz
and 90.7 Hz (the red area in Fig. 5b). Therefore, by continuously
changing the applied magnetic field from −40 mT to 24 mT,
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Fig. 5. Effect of the applied magnetic field on the transmittance spectra of
finite-size magnetoactive metamaterial samples. (a) Schematics of the finite-size
numerical model. (b) The transmittance spectra of a sample with ten unit cells
under magnetic fields with different strengths and directions. Here η denotes
the damping coefficient used in the numerical simulations. (For interpretation
of the references to color in this figure legend, the reader is referred to the web
version of this article.)

the attenuation performance can be achieved over a broadband
low-frequency range from 26.7 Hz to 90.7 Hz.

The BG tuning effects may be affected by the damping of
the soft matrix PDMS. To illustrate the effect, we calculate the
transmittance spectra considering material damping, as shown in
Fig. 5b. Here η denotes the damping coefficient. One can see that
damping smoothens the resonant peaks with high transmittance.
Moreover, the width of the low transmittance range increases as
the damping coefficient η increases. For experimental studies of
wave transmission in soft metamaterials exhibiting damping, in-
terested readers are referred to the works of [16,44], considering
relatively low frequencies. Finally, we note that the analysis of
dispersion and wave manipulation is built on the assumption that
all unit cells in the metamaterial experience the same intensity
of the magnetic field. This may not be the case for the finite-size
metamaterial, where the magnetic field may be inhomogeneous,
leading to different responses of the unit cells. This is not nec-
essarily unfordable, as, for example, these differences can be
potentially utilized to achieve vibration attenuation in a broad
frequency regime. In this scenario, the resonators in the unit
cells undergo varying degrees of rotational deformation, thus,
generating resonance effects at different operating frequencies.
Consequently, a broad frequency regime superimposed by the
multiple local resonant BGs may be generated.

3. Conclusions

We have proposed an hMAE-based metamaterial with mag-

netically tunable local resonant BG. The design strategy utilizes

5

the transformative ability of hMAEs coupled with the local res-
onant metamaterial characteristics. The interaction between the
hMAE intrinsic magnetization and activation gives rise to the
unusual asymmetric mechanical behavior (with the total Cauchy
stress being asymmetric). The complex magneto-mechanical cou-
pling and, hence, the metamaterial performance can be tailored
through tuning the microstructure. For instance, the microstruc-
ture can be designed to exhibit snap-through and bistable be-
havior triggered by magnetic field-induced body torque. The lo-
calized deformed microstructure can be locked in and retained,
even after removing the activating magnetic field. Thanks to
the dramatic microstructure switches, the metamaterial exhibits
rich tunability in its mechanical stiffness and local resonant BG.
We note that the hMAE properties offer the intriguing potential
of the asymmetric elastic metamaterials – stemming from the
interaction of the external magnetic field and initially magnetized
hMAE phases – extending the potential application beyond the
local resonant BG phenomenon. For example, the asymmetric
metamaterials can be exploited to induce polarity and chirality –
two extra degrees of freedom of the elasticity tensor – potentially
enabling elastic cloaking [45,46].
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