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We provide a multiscale analysis of elastic waves in soft microstructured materials including the underlying
molecular chain network mechanisms and micromechanics of hyperelastic fiber composites. First, we examine
the interplay between the crosslinked and entangled polymer chains and elastic wave characteristics in finitely de-
formed materials. Next, we study the shear wave propagation in a class of heterogeneous hyperelastic composites.
In particular, we consider the transversely isotropic fiber composites with phases characterized by the stiffening
behavior stemming from the non-Gaussian statistics of polymer chains. By employing a micromechanics-based

approach, we derive explicit expressions for phase velocities in terms of material properties and volume fraction
of the phases. Our results indicate the significant influence of the variety of length-scales mechanisms on the
elastic wave characteristics. We provide examples to illustrate the influence of the mechanisms under different
loading conditions, wave propagation directionality, and material microstructure parameters.

1. Introduction

Understanding of elastic wave propagation is essential for a variety
of applications including non-invasive evaluation [1-3], waveguides [4—
6], and medical imaging [7]. Moreover, acoustic or mechanical metama-
terials offer ways to achieve desirable or unusual wave characteristics
[81, such as frequency filtering [9], cloaking [10], negative phase and
group velocities [11,12]. In turn, soft microstructured materials open
the possibility of controlling and tuning these properties through defor-
mation [13-17]. Remarkably, even the acoustic characteristics of com-
paratively simple homogeneous soft materials can be significantly trans-
formed by deformation [18,19]. For instance, soft hyperelastic materials
can be used to split pressure and shear waves [20,21]. Furthermore, soft
materials can develop large deformations in response to external stim-
uli [22-28], therefore, the wave characteristics can also be controlled
remotely, for example, by magnetic field [29-32].

Soft materials exhibit very rich and complex mechanical behav-
ior by virtue of their underlying microstructures at different length-
scales. At microscale, for instance, biphasic microstructures are widely
present in natural and biological soft materials, simultaneously provid-
ing them with high strength, lightweight, and flexibility. For example,
fiber-matrix microstructure (schematically shown in Fig. 1(a)) is no-
tably found in many soft biological tissues [33], such as tendons and
ligaments [34]. At molecular length-scales, the microstructure is de-
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fined by the long molecular chain networks. These networks consist
of crosslinked and entangled polymer chains [35-39] (schematically
shown in Fig. 1(b)). While the connection of these microstructures with
the static macroscopic mechanical behavior of soft materials have been
investigated actively [40-43], less is known about the influence of mi-
croscopic parameters on the elastic wave characteristics. In this paper,
we provide a multiscale analysis of elastic wave propagation in soft mi-
crostructured materials.

In regard to the analysis of elastic wave propagation, the frame-
work of small amplitude motions superimposed on finite deformations
is widely used. The seminal work of Biot [44] laid the foundation for the
wave propagation analysis in finitely deformed homogeneous isotropic
materials. By the application of the invariant theory, Destrade and Og-
den [45] generalized the problem of infinitesimal wave propagation
in finitely deformed hyperelastic materials. Scott and Hayes [46] em-
ployed the nonlinear elastic theory [47] together with the phenomeno-
logical constitutive approach to study small-amplitude plane waves su-
perimposed on homogeneous deformation in the fiber-reinforced mate-
rials with inextensible fibers. Scott [48,49] generalized the analysis for
a broader class of anisotropic materials. Ogden and Singh [50] revis-
ited the problem for transversely isotropic (TI) solids with the presence
of initial stresses. In particular, Ogden and Singh [50] used the phe-
nomenological theory of invariants and presented a clear formulation
for small-amplitude wave propagation in incompressible TI hyperelas-
tic materials. This methodology was used for analyzing homogeneous
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Fig. 1. Schematic of microstructures present in soft matter at different length-scales. (a) Microscale — biphasic fiber-matrix microstructure, and (b) Molecular

length-scale — crosslinked and entangled polymer chains.

plane waves (see Vinh and Merodio [51]) and non-principal Rayleigh
waves (see Nam et al. [52], Vinh et al. [53]) in various TI solids.

Recently, Galich et al. [54] employed a micromechanics-based ap-
proach to study the wave propagation in finitely deformed 3D fiber
composites (FCs). They also investigated the influence of the composite
microstructure parameters on the elastic wave characteristics. More re-
cently, Galich et al. [55] employed the Bloch wave analysis to study the
periodic 3D fiber composites having neo-Hookean constituents with var-
ious in-plane periodicity. While the studies by Galich et al. [54,55] ac-
count for the spatial distribution of phases, they consider composites
with weakly non-linear neo-Hookean hyperelastic phases. Soft mate-
rials, however, exhibit strong nonlinearities, especially prominent at
large strain levels. For example, the stiffening behavior, which can be
captured using the non-Gaussian polymer network statistics [56]. As
we shall show, such nonlinear effects significantly influence the elas-
tic wave characteristics of homogeneous as well as heterogeneous soft
materials.

In the first part of our paper, Sec. 3, we study the elastic wave charac-
teristics of isotropic soft elastomers with a special focus on the influence
of inter-molecular polymer chain entanglements. We employ a constitu-
tive model accounting for the crosslinking and entanglement of polymer
chains [57]. Based on the entangled network (EN) model, we drive ex-
plicit expressions of phase velocities for various deformation modes and
wave directionality, and illustrate the role of entanglement of polymer
chains on the elastic wave characteristics. Next, in Sec. 4, we exam-
ine the shear wave propagation in the transversely isotropic 3D FCs
with stiffening phases. We employ a micromechanics-based approach
and derive the explicit expression for the wave velocities. We obtain the
important wave characteristic in terms of volume fraction and material
properties of the phases, for general propagation direction. Using the
derived relations, we categorically show the influence of the stiffening
behavior of phases and applied deformation on the shear wave propa-
gation in FCs. To begin with, in Sec. 2, we provide the theoretical back-
ground on finite elasticity and small amplitude motions superimposed
on finite deformations.

2. Theoretical background

Consider a continuum body, in which each point is identified by its
position vector X in the undeformed configuration. In the deformed con-
figuration, the new position vector x(X) defines the location of the cor-
responding points. The deformation gradient is defined as F = 0x/0X,
and its determinant is J = det F > 0. Consider a hyperelastic material
with a strain energy density function (SEDF), y (F), thus, the first Piola-
Kirchhoff stress tensor is

= v®

P
JoF

(€]

For an incompressible material, J = 1, and Eq. (1) modifies as

oy (F) T
P=——-—-pF ", 2
FT (@)
where p is an unknown Lagrange multiplier.
In the undeformed configuration, the equation of motion for quasi-

static deformation and without any body forces is written as
V-P=0. ®3)

Next, consider small-amplitude motions superimposed on the finitely
deformed state. The incremental equation of motion is
D*u
D2’
where p,, is the initial mass density, P is the incremental change in the
18t Piola-Kirchhoff stress tensor, and u is the incremental displacement,
related to the corresponding change in the deformation gradient as F =
Vu. The linearized constitutive law is

V-P=p, (G}

P=A":F, 5)
where AU is the tensor of elastic moduli defined as
2
0_ 9 W(F). ©)
0FoF
Substitution of Eq. (5) into Eq. (4) yields
0 D%y,
Attt = P03 D
In the updated Lagrangian form, Eq. (7) can be written as
u;
Ajjraig = Poa ®)
where 4, = J ! A?j 1 Fpj Fyr 1s the updated tensor of elastic moduli, and

p=J !p, is the current mass density.
We seek a solution for Eq. (8) in the form of plane waves with con-
stant polarization

u=msf(n-x—ct), 9

where m is a unit vector denoting the polarization; n is a unit vector
along the wave propagation direction; f is a twice continuously dif-
ferentiable function, and c¢ is the wave phase velocity. Substituting the
solution (9) into (8), we obtain

Q) - m = pc’m, (10)
where Q is the acoustic tensor defined as

Qi = Ajjranjhy- an
For incompressible materials, Eq. (8) modifies as

u;

L. 12
v (12)

Ajjraigj + 0 =
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The incompressibility implies that V-u=0, and combined with
Eq. (9) it yields

m-n=0. (13)

Substituting the displacement solution form (9) together with p=
pof(m-x — ct) into (12) and using (13), we obtain

Q) - m = pc’m, (14)
where Q=1-Q-fandi=I-n®n.

3. Shear waves characteristics of elastomers with crosslinked and
entangled molecular chain network

In this section, we study the relations between polymer molecular
chain mechanisms and elastic wave propagation. In particular, we ex-
amine the role of the crosslinked networks and entangled chains on shear
wave propagation in incompressible soft elastomers. To this end, we
consider a SEDF consisting of two parts responsible for crosslinked net-
works and entanglements [57], namely,

3
w:GCN1n<%>+Ge;%, 15)
where I, is the first invariant of the right Cauchy-Green deformation
tensor C = FTF; and 4, (i = 1,2,3) are the principal stretches; recall that
the principal stretches of the right and left Cauchy-Green deformation
tensors coincide, 4;(C) = 4,(B), where B = FF”. For incompressible ma-
terials, 4;A,4; = 1, and I; = A% + A2 + 47%A;2. The initial elastic moduli
of the crosslinked network (G,) and entanglements (G,) are related to
the microscopic molecular chain quantities via

G, =nkgT and G, = anNkBTﬁ, (16)

3d2
where 7 is the number of chains per unit volume (or chain number den-
sity) of the crosslinked chains; N is the number of the Kuhn monomers
per chain and b is the length of the Kuhn monomer; k 5 is the Boltzmann
constant and T is Kelvin temperature; « is the geometrical parameter
and d,, represents the equivalent diameter of the tube characterizing the
entanglement constraints (see Xiang et al. [57] for additional details).
The acoustic tensor corresponding to the SEDF (15) is

QU p,m) =g i-g0 - B-1+¢1-B-n®B-n)-i
-¢i-B-B-n®@B-n)-I+I-B-n®B-B-n)-1] 17
+¢s1-B-B-n®B-B-n)-i

Here, the expressions for the scalar coefficients ¢; are given in
Appendix A, and B = FFT is the left Cauchy-Green deformation ten-
sor. Let us adopt the coordinate system defined by the orthogonal unit
vectors e, e,, e; coinciding with the principal directions of B. Subse-
quently, for an incompressible material, the deformation gradient is F =
e, ®e; + e, ®e, + (44,) ' e; ® e;. The corresponding phase veloc-
ities of two distinct shear waves are

M =+v/a;/py and @ =1/ay/p,, (18)

where a; and a, are the eigenvalues of the acoustic tensor given by
Eq. (17) (with their eigenvectors perpendicular to n). In general, the
two phase velocities in Eq. (18) are distinct, however, for some special
cases they can be identical. For example, shear waves traveling in the
principal direction of the left Cauchy-Green deformation tensor (n = e;)
with 4; = /1;2 = /1;2 (i,j,k=1,2,3, and i # j # k) have identical phase
velocities

W =c®=1/(q, - 471/ py. (19)

In the following, we specify the results for the uniaxial, equi-biaxial,
and pure shear finite deformation modes. The corresponding deforma-
tion gradients are

F© =je, ®e; + 172 (I-¢; Qe¢),
F = J(e; ®e; +e,®¢€,) + 1 %e; ®e;, and (20)
FP® = je, Qe +e, e, + 1 le; ey,

International Journal of Mechanical Sciences 200 (2021) 106433

Table 1
The parameters for Entangled Network (EN) model and the Gent model

(a) EN model G, =0.0378 (MPa) N =1133 G, = 0.0695 (MPa)

(b) Gent model  p =0.0735 (MPa) J,, = 3890

where 1 is the stretch ratio. Thus, the phases velocities can be given
explicitly as the function of the applied stretch ratio for the deformation
modes. The general expressions for the shear waves propagating along
n = cos fe; + sinfe, are given in Appendix B. For illustration, consider
some special cases. For the shear waves propagating along n = e, the
phase velocities ¢’ with m = e, and ¢ with m = e,, corresponding to
these deformation states are

e = \/(9/1—1(9;1@ +(2+252)7'6,)/p, and

¢? = \/(94716;1G, +054112G,) /py. @

I _ @ _ —4@- -1
Cb = b = \,/<9)L 4®eblGC + (/1+ 14) G")/po’ @)

ol = \/(9/1—261;;@ +(A+ /13)’166.)/,;0 and

o = \/(9/1—2@;51@ +(+ A)’1G5>/p0. (23)

Note that in case of equi-biaxial deformation, equal wave velocities are
obtained because of the symmetry of the deformation state in (e, e,)
plane.

For completeness, we compare our results for EN model with Gent
model [58]. Recall that the Gent model considers the limiting extensi-
bility of polymer chains only, while the EN model accounts for both the
inter-molecular entanglements and the limited chain extensibility. The
SEDF of the Gent model is

1 1, -3
v =—gudyin (1- 2 24)

m

where y is the initial shear modulus and J,, is the locking parameter.
The corresponding acoustic tensor is

Qc(F,n) =g i+gzl-B-n®@B-n)-i (25)
where
41 = O 'm-B-n) and gqg, =207ul, (26)

where © =3+ J,, — I;. The acoustic tensor Qg has two non-trivial
eigenvalues ag, and ag,, and the corresponding shear wave phase ve-
locities are

) _ (1) @) _ (2
¢ =1\ ag /pO and ¢’ =1/aj'/p. 27

The explicit expression for Gent materials can be found in Galich and
Rudykh [59], and the specification of the results for the deformation
modes considered here are provided in Appendix C for completeness.
To compare the predictions of the two models, we first adopt the cor-
responding material parameters based on a set of available experimen-
tal data. In particular, we use the experimental data for silicone rubber
subjected to uniaxial deformation [57]. Fig. 2 shows the comparison of
the experimental data (black square symbols) and the modeling results
(see red and blue solid curves) in terms of the first Piola-Kirchhoff stress
component (P;,) plotted versus the applied stretch ratio. To ensure both
models produce identical phase velocities in the undeformed state, iden-
tical initial shear moduli for Gent and EN models are used. The moduli
are y =G, /[(1-1/N)1+1/2N)]+ G,/2 = uy; where py is the initial
shear modulus of the silicone rubber. The fitting parameters for both
material models are summarized in Table 1. Clearly, EN model accu-
rately emulates the mechanical response of the silicone rubber, whereas
Gent model fails to capture the material softening behavior under large
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Fig. 2. The fitting results for Entangled Network (EN) and Gent model on the
experimental data corresponding to uniaxial deformation of silicone rubber. The
data is adapted from Xiang et al. [57].

deformation. More specifically, the relative error between the model-
ing results of Gent model and experimental data is higher than 50% for
A > 2.546. If the initial shear modulus constraint is relaxed, Gent model
can capture the mechanical response over the considered deformation
range (the corresponding fitting results for Gent model without the ini-
tial shear modulus constraint are denoted by the blue dashed curve in
Fig. 2). This agreement, however, comes at the cost of significantly un-
derestimated shear modulus in the undeformed state. In particular, the
shear modulus is reduced by a factor of ~ 0.64. While it is a common ap-
proach in the stress-strain material characterization, this approach pro-
duces significant inaccuracies in the shear wave velocity values that do
not agree with the classical results for the linear elasticity, ¢, = 1/uy/po-
Therefore, we use the constrained fitting results in our comparison of
the model predictions.

In the following subsections, we will show the comparison of the
shear wave velocities obtained for the two models with their parameters
summarized in Table 1. In particular, we will examine the influence of
(i) deformation and (ii) direction of propagation by making use of the
derived expressions.

3.1. Effect of deformation on wave propagation in soft elastomers

In this subsection, we examine the dependence of shear wave charac-
teristics on the deformation of soft elastomers. To this end, in Fig. 3 we
plot the normalized phase velocities c¢/c, as functions of stretch ratio.
The results are shown for both models with their material parameters
given in Table 1. We show the results for uniaxial (a), equi-biaxial (b),
and pure shear (c) deformation modes. We consider the shear waves
propagating in the direction n = e; with polarizations m = e; (dashed
curves) and m = e, (dotted curves). These phase velocities are governed
by Egs. (21)-(23). Recall that for the Gent model, equal phase velocities
are obtained for both shear waves traveling in the direction n = e; (see
Egs. (C.2)-(C.4)); the corresponding results of the Gent model denoted
by the black solid curves are added for comparison.

The plots clearly indicate the significant influence of applied defor-
mation on the phase velocities for both models. Recall that the elas-
tomer experiences compression along the direction e; when subjected
to tension (In(4) > 0) along e, and vice versa. Therefore, the velocities
of shear waves propagating along this direction (n = e;) decrease with
an increase in A. This holds true for both models for the considered
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deformation mode and polarizations of shear waves, with the excep-
tion of one scenario. This exceptional scenario corresponds to shear
waves with m = e, in EN material subjected to the uniaxial loading
(see the dotted curve in Fig. 3 (a)). This case illustrates the competing
mechanism between the crosslinked and entanglement terms in the gov-
erning equation (21). As the stretch ratio is increased, the crosslinked
term contributed to decreasing the phase velocity, whereas the entan-
glement term contributes to increasing the phase velocity. Therefore,
in the crosslinked part dominant region, we observe that the phase ve-
locity decreases with an increase in 1; however, after a certain stretch
level (4 = 1.7), the intermolecular entanglement start dominating, and
the phase velocities start increasing. Accordingly, a further increase in
4 results in an increase in the phase velocity.

As expected, both models predict equal value of phase velocities
(¢ = ¢p) in the undeformed elastomer (4 = 1). However, in the deformed
state, the values of wave velocities predicted by the models differ. More-
over, the difference in their estimates increases with an increase in the
applied deformation level. The disparity between the wave characteris-
tics predictions of Gent and EN model can be attributed to the influence
of entanglements on wave propagation in soft elastomers. The effect
of entanglements varies with deformation modes. For example, in the
case of uniaxial deformation, the velocity of the shear wave with m = ¢,
is higher (or lower) for EN model than Gent model, when In(1) <0
(or In(4) > 0) (compare the dashed and solid curves in Fig. 3 (a)). For
the equi-biaxial deformation mode, however, the phase velocities for
the Gent model are higher (or lower) when the elastomer experiences
tensile (or compressive) strains in the wave propagation direction (see
Fig. 3 (b)). In contrast, under pure shear deformation, the velocity of the
shear wave with m = e, is always higher for the Gent model for both of
tensile and compressive regimes (see Fig. 3 (c)).

We observe that for uniaxial and pure shear deformation modes, EN
model predicts different phase velocities for waves with different polar-
izations. This difference in the velocities arises from the unequal defor-
mation in the polarization direction (m = ¢; and m = e,). In particular,
the phase velocities of shear waves with m = e, is higher than that of
shear waves with m = e, under tension in the direction of wave prop-
agation, while opposite behavior is observed when In(4) > 0 (compare
the dashed and dotted curves in Fig. 3 (a) and (c)). However, in the case
of equi-biaxial deformation, the elastomer undergoes equal deformation
along the e, and e, directions. Therefore, equal phase velocities are ob-
tained for both polarizations (22). The shear wave velocity estimates of
the Gent model do not depend on the polarization direction.

3.2. Effect of propagation direction on shear wave propagation in finitely
deformed elastomers

Here, we study the effect of propagation direction on shear waves in
finitely deformed elastomers. Recall that the shear waves traveling in
the loading plane, i.e., n = cos fe, + sin fe,, have two distinct phase ve-
locities. These phase velocities strongly depend on angle 6, with their ex-
pressions given by Egs. (B.1)-(B.3) for EN model, and Egs. (C.5)-(C.7)
for Gent model. To illustrate the velocity dependence on angle 6, we plot
the polar diagrams for shear wave phase velocities traveling in (e, e,)
plane. We consider uniaxial ((a), (d)), equi-biaxial ((b), (e)), and pure
shear ((c), (f)) deformation modes. The results are shown for EN (solid
curves) and Gent (dashed curves) materials subjected to compression
A=0.5 (red curves) and tension A =3 (blue curves); black curves de-
note the results for the undeformed state (1 = 1). We illustrate the phase
velocities for shear waves with out-of-plane polarization m = e; (Fig. 4
(a)-(c)) and in-plane polarization m = sin fe; — cos fe, (Fig. 4 (d)-(f)).

In the undeformed state, as expected, the phase velocities are in-
dependent of propagation direction. Moreover, the wave velocities in
elastomer subjected to equi-biaxial deformation are also independent of
angle 6 (see Fig. 4 (b) and (e)), for both the EN (B.2) and Gent model
(C.5). However, under the uniaxial and pure shear deformation modes,
the shear wave velocities significantly depend on the direction of prop-
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Fig. 3. The normalized phase velocities c/c, vs In(A) for the three deformation modes: (a) uniaxial, (b) equi-biaxial, and (c) pure shear. The phase velocities are
shown for waves traveling in the direction n = e; with polarizations m = e, (dashed curves) and m = e, (dotted curves). The results of Gent model are added for

comparison (solid curves).

agation. We note that the maxima and minima of phase velocities are
always found along either of the principal axes. This holds true regard-
less of the wave polarization. In particular, EN model produce the max-
imum and minimum phase velocities when the shear wave propagate
in the direction with the largest tensile and compressive deformation,
respectively.

For 4 = 3, the highest tensile and compressive deformation levels are
encountered by the waves traveling at =0 (n=¢;) and 6 = 7/2 (n =
e,), respectively. Therefore, phase velocity monotonically decreases as
the propagation direction angle varies from 6 =0 to 6 = z/2 (see the
blue curves in Fig. 4 (a), (c), (d) and (f)). For 4 = 0.5, however, maxima
and minima occurs in e, and e, directions, respectively (see red curves
in Fig. 4 (a), (¢), (d) and ().

Clearly, the two models predict different velocities, and the differ-
ence between their predictions significantly varies with propagation di-
rection. For example, in the elastomers subjected to uniaxial and pure
shear deformations with A = 3, the phase velocity of shear waves with
m = e; predicted by EN model is higher than Gent model when the
wave propagates along the compressive direction § = r /2, whereas it is
higher for Gent model when propagating in tensile direction 6 = 0 (see
blue curves in Fig. 4 (a) and (c)). For the compression case of A = 0.5,
similar behavior is observed. In particular, the phase velocity of the
waves propagating in the compressive (tensile) direction, predicted by
EN model is higher (lower) than those predicted by the Gent model (see
the red curves). We find that for the waves with in-plane polarization
m = sin fe; — cos fe,, wave velocity predicted by Gent model are higher
at all the angles when A = 3, while for 4 = 0.5, EN model estimates com-
paratively higher velocities (see Fig. 4 (d) and (f)).

These results clearly show the significant differences in the elastic
wave characteristics predicted by the two models. The difference in the
results can be attributed to the inter-molecular entanglements of poly-
mer chains. We examine the influence of inter-molecular entanglements
on the shear waves in the next subsection.

3.3. Effect of inter-molecular entanglements on shear wave propagation

Finally, we study the effect of inter-molecular entanglements on
the shear wave characteristics. We consider the shear waves propagat-
ing along the direction n = e;. To eliminate the effects of the limiting
chain extensibility, we set the parameters J,, and N to infinity. Hence,
Egs. (21)-(23) reduce to

D = 72\ (Ge+ G/ (14 #12)) [y and

@ = 1712/(G, + 2*/2G,) / py (28)

¢ = = 12\/(G, + G/ (1+47%)) /1. 29)

eV = i\ (G,+ G/ (a+ 7)) /py and

¢ = 7 (Go+ G/ (472 + 471)) /g (30)

and Egs. (C.2)-(C.4) simplifies to the expressions corresponding to neo-
Hookean material, namely,

1 2 —

g = cou = 4"\ u/po. 3D
@O _ @ _ 42

SGeb = Caep =4 Vo> (32)

O _ Q) _ -1
CGps - CGps =4

u/pg- (33)
To ensure that both models produce identical results for the undeformed
material, we maintain identical values for the initial shear moduli, i.e.,
u =G, +G,/2. To quantify the extent of entanglements, we introduce
the entanglement strength as the ratio G,/G,.

Fig. 5 shows the normalized phase velocity ¢/c, (given by Eqs. (28)-
(30)) as functions of the entanglement strength. The dashed and dotted
curves correspond to the shear waves with polarizationsm = ¢; and m =
e,, respectively. The elastomer is subjected to uniaxial (Fig. 5 (a)), equi-
biaxial (Fig. 5 (b)), and pure shear (Fig. 5 (c)) deformation modes with
A=0.5 (red curves) and A =3 (blue curves); black curves denote the
velocities in the undeformed elastomer. The phase velocities for Gent
model (given by Eq. (31)-(33)) correspond to the case G,/G. = 0; these
values are marked by the horizontal solid lines in Fig. 5.

The phase velocities are independent of G,/G, in the undeformed
elastomer. The entanglement strength, however, significantly affects the
phase velocities in the deformed elastomer. Similar to the observations
in Sec. 3.1, we find that the effect of entanglements on the wave char-
acteristics varies with the wave’s polarization and deformation modes.
For example, under uniaxial tension (4 = 3), the phase velocity corre-
sponding to the shear waves with m = e, decreases with an increase in
entanglement strength, whereas for waves with polarization m = e, the
velocity increases (see blue curves in Fig. 5 (a)). However, a completely
reverse trend is observed under uniaxial compression (4 = 0.5) (see red
curves).

For equi-biaxial deformation, identical wave velocities are obtained
for both polarizations. Moreover, an increase in G,/G, leads to a de-
crease in these phase velocities under compression (4 = 0.5), and leads
to an increase when subjected to tension (see Fig. 5 (b)). Similar to the
uniaxial deformation case, under pure shear deformation, unequal de-
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¢

= EN model (A\=0.5)
= EN model (A\=1)
= EN model (\=3)

= = = Gent model (A=0.5)
= = = Gent model (A\=1)
= = = Gent model (A\=3)

GO

Fig. 4. The phase velocity polar diagrams for waves with polarizations: (a, b, ¢) m = e; (out-of-plane) and (d, e, f) m = sin fe, — cos fe, (in-plane). Three deformation
modes are considered: (a, d) uniaxial; (b, e) equi-biaxial; and (c, f) pure shear. The results for Gent model are added for comparison (dashed curves).

formation also takes place along the polarization directions, m = e; and
m = e,; this results in distinct phase velocities of the waves with those
polarization. Moreover, the phase velocity corresponding to waves with
m = e¢; decreases with an increase in entanglement strength irrespec-
tive of compression or tension. However, the velocity of waves with
polarization m = e, increases with an increase in G,/G, for the tensile
case (4 = 3), and decreases for the compressive case (1 = 0.5) (see dotted
curves in Fig. 5 (c)).

4. Elastic wave estimates for finitely deformed fiber composites
with stiffening phases

In this section, we examine the shear wave propagation in microstruc-
tured hyperelastic fiber composites. In particular, we consider trans-

versely isotropic (TI) fiber composites with random distribution of fibers
aligned along the direction L = e; (as shown in Fig. 6). Here and there-
after, the fields and parameters corresponding to the fiber and matrix
phase are denoted as (+)/) and (s)™, respectively. The volume fraction
of fiber phase is v(/) and that of the matrix phase is v =1 — /), The
macroscopic deformation gradient is defined as

F=_L

F(X)dX, (34)
By /s,

where B, is the volume occupied by the composite in the reference

configuration. To capture the effect of stiffening behavior due to finite

extensibility of the polymer chains, we employ the Gent model (24) to

describe the behavior of the matrix and fiber phases.
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Fig. 5. Normalized shear wave velocities c/c, as functions of entanglement strength G,/G..The shear waves propagation direction is n = e;, with polarizations m = e,
(dashed curve) and m = e, (dotted curve). The horizontal solid lines denote the results for Gent model.

€3
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€1

Fig. 6. Schematic representation of transversely isotropic fiber composite with
random distribution of fibers, aligned along the direction L.

For simplicity, we consider the FCs undergoing uniaxial deformation,
hence, the macroscopic deformation gradient is

F=1le;0e+ 1 2(1-¢;Qey), (35)

where 1 is the applied macroscopic stretch ratio along the fiber direc-
tion. The effective behavior of the TI FCs with incompressible Gent
phases under the uniaxial tension can be described using the following
SEDF [60]

7(m) #(f)
~ iy — L om om pom _h -3 o), N _h -3
w(F) = 3 [v g In 1 o +v PP In | 1 I s
m m

(36)
where
ifr) =0+ 21—4—1/2 i a(r)<1-1 iy - 21—4—1/2), 37
with
- 2
) = (1 -V G(f)v(rg (:G_ugél)Jr v(/‘))) 9

and

o _ gm
™ = [ 140 Gr-G
GOV + G (1 + D)

2
o) G — Ggm ) 39)
GOV + G (1 4+ D) ’

here G® = J ) /4" is the phase effective shear modulus, with y) =
JO —(f, =3); I,=1rC, [, =L-C-L; C=FTF is the average right
Cauchy-Green deformation tensor.”? We note that, in small strain limit,
the effective behavior of incompressible hyperelastic FCs described by
Eq. (36) is in agreement with the mathematical results for linear elastic
FCs [61].

The acoustic tensor (11) corresponding to the effective SEDF
(36) takes the form

Qm) =71+3B-m@B-m)+4[B-mF-L)+(F-L)® B n)
+q(F-L)® (F-L), (40)

where B = FF” is the average left Cauchy-Green deformation tensor;
and

G =Gm-B-n)+(G-6(1-1m-F-Ly?,
a4, =2p,

G =2((1-13)n-F-L), and

Gy =[G -G +2:(1 - I37|m -F-Ly>.

(40

with

B = vGmgm? 1y 4 (NGUD? ),

¢ = VMG (1= gm) /3 4 (DGDN (1 - D) /yF), and  (42)
n=vmGm (1 - a(”’))2 Sy + VNG (1 - a(f))2 Iy,

The effective moduli G and G are

G =G (1 + V)G 4 ym Glm)
- VWG + (1 + V)G

and G =vGY) +yMGm. (43)

The acoustic tensor Q given in Eq. (40) has two non-trivial eigenvalues:
a, and a,, with the eigenvectors lying in the plane perpendicular to n.
Hence, we have two distinct shear waves with the corresponding phase
velocities

_(1 — - (2 - -
&h=1va/p, and &) =1/a/p (44)
(m)

where j, = v\ péf ) 4 y(m) P

posite.

is the average initial density of the com-

2 Notethat [, =trC=trBand I, =L-C-L =L-B-L; B = FF’ is the average
left Cauchy-Green deformation tensor.
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While, in general, the two shear wave velocities are distinct, they
do coincide for some propagation directions. For example, the shear
waves propagating perpendicular to the direction of fibers, n L L, so
that n = cos e, + sin fe,, are characterized by identical phase velocities,
namely

& =0 =1/1"1G/p. (45)

Moreover, the velocities are independent of the angle 6.
For shear waves propagating along the fiber direction (n = L = e;3),
the phase velocities also coincide

&l =& = 1\/(G + (G - &I/ ho, (46)

as the corresponding elastic moduli tensor components of fiber compos-
ite are equal, specifically, A,313 = Aj33-

However, for the oblique shear waves (n = cos ¢e, + sin ¢es), two dis-
tinct phase velocities are obtained

G +sin(p)G(3 - 1
& = \/M m=e,), @7
Apo
and
o 2sin2<¢)cos2(¢)f‘(i3 -1 )2 +§(G‘+3 (G-—E)sinA(zi)H (5(293 )730)51112(4;))
Csw = 3 > (48)
A po
(m = —sin ¢e, + cos ¢e3),

where
_ (m) ;(m) HglH)
A Cald + w6 (49)

4 om) %)

Clearly, expressions (47) and (48) produce identical values only at ¢ = 0
(n=e,), and at ¢ = 7/2 (n = e;). The expressions (47) and (48) reduce
to Eq. (45) for ¢ =0, and to Eq. (46) for ¢p = = /2. For other directions
(¢ #0,7/2), two distinct phase velocities exist. For instance, for ¢ =
/4, these phase velocities are

A ~073
dh_ [2EHCH D (50)
‘ 240y
and
(13 —1)2 ~() 14 7 ~ 7 —
553:\/%(,1 D24 GQI A DHGL | (&) h

4220 V2

We note that Eq. (46) yields an explicit expression for critical stretch
corresponding to the onset of macroscopic instability in the TI FCs with
Gent phases [60], namely,

T G \1/3
Ag=|1—-= . 52
er < G) (52)

In the next subsection, we will make use of the derived analytical ex-
pressions to illustrate the effect of composite microstructure parameters
- volume fraction of the constituents and initial shear modulus contrast
— on the shear wave propagation in the FCs with Gent phases.

4.1. Effect of microstructure parameters on wave propagation in FCs

Fig. 7 shows the phase velocities of the shear waves traveling along
the direction of fibers as functions of fiber volume fraction v/) (a) and
initial shear modulus contrast u/)/u®™ (b). The phase velocities are
calculated using the expression (46). The value of initial shear modulus
contrast is /) /u™ = 10 in Fig. 7 (a), and fiber volume fraction is v\/) =
0.2 in Fig. 7 (b). The results are shown for the FCs with (i) Gent fibers
with J, ,E,f 7 = 0.1 and neo-Hookean matrix (green dashed curves) ; (ii) with
neo-Hookean fibers and Gent matrix with J,<,,'") = 0.1 (red dotted curves);
and (iii) with all-Gent phases with J,(,,f ) = J,;”’) = 0.1 (blue dash-dotted
curves). For comparison, the curves corresponding to neo-Hookean FC
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are also included (blac_k curves). We consider the FCs with identical
densities for phases pf)/ ) = pg”). The FCs are subjected the macroscopic

deformation level of 1 = 1.15. The phase velocities are normalized by

the factor of ¢, = 1/ u™/ pg").

As expected, the phase velocities increase for all the FCs, with an
increase in fiber volume fraction (see Fig. 7 (a)). This increase occurs
regardless of their material properties. In FCs with a given volume frac-
tion, the value of the phase velocities depends on the phase stiffen-
ing characteristics (along with the deformation level). In FCs with ei-
ther or both of the phases with stiffening behavior, the wave velocities
are higher than the ones in the corresponding neo-Hookean compos-
ites; this is regardless of fiber volume fraction. Moreover, shear waves
travel at higher speeds in all-Gent (or Gent-Gent) FCs as compared to
other FCs at the same deformation level (see, for example, the blue
curve in Fig. 7 (a)). This happens because stiffening of both phases con-
tribute together in increasing the effective stiffness of the composite.
We observe that at v(/) = 0, the phase velocities of FCs with Gent ma-
trix (J,(,,m) =0.1) and all-Gent phases (J,, = 0.1) are identical. Also, FCs
with Gent fibers and neo-Hookean phases have equal wave velocities.
Moreover, the magnitude of the former pair is higher than the later one.
This is because, at v(/) = 0, the matrix phase is the only constituent, and
therefore, the wave velocities are dictated by the matrix phase behavior.
In particular, the lowest and highest velocity magnitudes correspond to
the neo-Hookean and Gent (/" = 0.1) matrix phase, respectively. Simi-
larly, at v\/) = 1, fiber phase is the only constitutive material. Hence, for
this homogeneous case, the wave velocities depend on the fiber phase
behavior. We also find that the curves corresponding to the compos-
ites with Gent fibers J = 0.1, neo-Hookean matrix and neo-Hookean
fibers, Gent matrix J™ = 0.1 intersect at v/) » 0.3 (see red and green
curves in Fig. 7 (a)). In particular, for v//) < 0.3, the magnitude of wave
velocities is higher in nH-Gent (J,(,,m) =0.1) FC than Gent-nH (J,(,,f ) = 0.1)
FC. Whereas, at higher values of fiber volume fraction, v/) > 0.3, an
opposite trend is observed.

The phase velocities increase with an increase in the shear modu-
lus contrast. This is regardless of the material properties of phases (see
Fig. 7 (b)). We also observe that the difference between the phase veloci-
ties of all-Gent and Gent-nH FCs decreases as the shear modulus contrast
increases. Moreover, the curves corresponding to the velocities in neo-
Hookean FC and nH-Gent FC aproach each other for large value of the
contrast ") /u™. However, the gap between the velocity magnitudes
of all-Gent and neo-Hookean FCs consistently increases with an increase
in the initial shear modulus contrast.

The results in Fig. 7 indicate that the phase stiffening significantly
influences the shear wave propagation in FCs. In the following subsec-
tions, we investigate this influence in detail by explicitly studying the
effects of (i) deformation, (ii) limiting extensibility of phases, and (iii)
directionality of shear wave propagation in Gent FCs. We illustrate these
effects by the examples of FCs with fiber volume fraction v\) = 0.2 and
initial shear modulus contrast x"/u™ = 10.

4.2. Effect of deformation on wave propagation in FCs

In this subsection, we study the effect of deformation on shear wave
propagation in Gent FCs subjected to uniaxial deformation (35). Fig. 8
shows the phase velocities as functions of applied macroscopic stretch
ratio 1. In particular, we consider the shear waves traveling parallel
(Fig. 8 (a)) and perpendicular (Fig. 8 (b)) to the fiber direction. These
phase velocities are governed by the Eqs. (46) and (45), respectively.
The results are shown for FCs with fiber volume fraction v(/) = 0.2 and
initial shear modulus contrast u/)/u® = 10. Similar to the previous
consideration in Sec. 4.1, we examine the three morphologies of FCs
with different phase stiffening characteristics, and neo-Hookean FC for
comparison. The vertical thin dashed lines indicate the lock-up stretch
values for Gent material with J,, = 0.1: 4;,,4_,, = 0.83 (compression)
and A;,.x_,, = 1.19 (tension). The phase velocities are normalized by
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Fig.7. Normalized phase velocities ¢, /¢, of shear waves traveling parallel to the fibers as the functions of (a) fiber volume fraction v, and (b) initial shear modulus
contrast u)/u™. FCs with initial shear modulus contrast ) /4™ = 10 (a) and fiber volume fraction v\) = 0.2 (b) are subjected to uniaxial tension, 1 = 1.15. The

normalization factor is ¢, = /u™/ pf)'”).
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Fig. 8. Normalized phase velocities ¢,,, /¢ of shear waves traveling parallel (a), and perpendicular (b) to the fibers as the functions of stretch ratio 1. FCs are considered
with fiber volume fraction v") = 0.2 and initial shear modulus contrast u"/u™ = 10.

¢ = +/ji/py, where

o (1 4 VDY) g )y m)
VO () 4 (1 + VD)

(53)

We observe that in the small deformation range (strain ~ +3%), the
phase velocities of the shear waves in Gent FCs with the propagation
direction n = L are barely different from those in the neo-Hookean FCs
(see Fig. 8 (a)). At higher deformation levels, however, the effect of the
phase stiffening becomes more prominent. In particular, in contrast to
the neo-Hookean FCs (which show a consistent decrease in wave ve-
locities under contraction), we do not observe a monotonous decrease
in composites with Gent matrix and all-Gent phases (see red and blue
curves in Fig. 8 (a)). In these Gent composites, the phase velocities de-
crease only up to their certain compressive strain levels. At higher com-
pressive strains, the shear wave velocities start increasing with a further
contraction along the fibers, as these composites experience stiffening
of phase(s) at larger deformation levels. Therefore, even in the case of
extension, these FCs show a comparatively larger increase in the wave
velocities than the neo-Hookean FCs, when deformation approaches the
locking limit 4;,.4_,, (see blue and red curves in Fig. 8(a)).

In a similar manner, the shear wave velocities significantly increase
with 1 in composites with Gent FCs subjected to tensile loadings. How-
ever, in contrast to FCs with Gent matrix and all-Gent phases, the phase

velocities in FCs with Gent fibers monotonously decrease with a de-
crease in A, under compressive loadings (see green dashed curve in
Fig. 8(a)). Moreover, the shear wave velocity attains zero value at a cer-
tain stretch ratio. This stretch ratio is referred to as the critical stretch ra-
tio, 4,,, and it indicates the onset of macroscopic instability [62]. For the
FCs considered in Fig. 8(a), with Gent fibers J,;f ) = 0.1 and neo-Hookean
matrix, the critical stretch ratio is 1., = 0.88 (marked as “1,,”).

In FCs with Gent matrix and all-Gent phases, the stiffening of
phase(s) also dictates the wave propagation perpendicular to the fibers
(n L L), at higher deformation levels. In particular, the wave velocity
in these composites decreases with an increase in 1 only up to a certain
value of tensile strain (see the inset in Fig. 8(b)). Under higher tensile
strains, however, these composites show an increase in the wave veloc-
ity with an increase in deformation level (see the blue and red curves).
Here, the influence of fiber phase stiffening on the wave velocities is
rather weak (see the green dashed curve in Fig. 8(b)). We observe that
the values of the shear wave velocities are close to those in the neo-
Hookean FCs, even for 1 approaching the locking deformation level,

/11 ock—up*

4.3. Effect of phases’ finite extensibility on wave propagation in FCs

Next, we study the effect of phase stiffening on the shear wave
phase velocities in the TI FCs. Fig. 9 shows the velocity as a func-
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Fig. 9. Normalized phase velocities ¢, /¢ of shear waves as the functions of: fiber locking parameter J./’ (a); matrix locking parameter J (b); and J,, = JP = Jm
(c). The dashed and solid curves correspond to the shear waves traveling parallel and perpendicular to the fibers, respectively. The fiber volume fraction is v¢/) = 0.2

and initial shear modulus contrast is x” /™ = 10.

tion of the phase locking parameters for the FCs with (a) Gent fibers
and neo-Hookean matrix, (b) neo-Hookean fibers and Gent matrix, and
(c) both Gent phases with identical locking parameters J,, = J& = J™
(Fig. 9(c)). The results are shown for the shear waves traveling in the
direction perpendicular (solid curves) and parallel (dashed curves) to
the fibers. The FCs are subjected to the uniaxial compression of 1 = 0.90
(blue curves) and tension of 1 = 1.15 (red curves). For comparison, the
results for the undeformed FCs (1 = 1) are included as horizontal black
lines. Note that all the FC morphologies in Fig. 9 are macroscopically
stable for the considered deformation range.

In the undeformed FCs (1 = 1), the phase velocities are indeed in-
dependent of the phase locking parameters (see the horizontal black
lines in Fig. 9). In the deformed FCs, however, the stiffening behavior
of the phases significantly influences the shear wave propagation. In
particular, we observe that in the composites with Gent matrix and neo-
Hookean fibers, a decrease in the matrix locking parameter J,(,,'") leads
to an increase in phase velocities. This happens for both tension or com-
pression deformations (see Fig. 9(b)). Similarly, in FCs with all-Gent
phases, the phase velocities increase with a decrease in J,, = J, ,(,,f )=y ,(,,’"),
for both propagation directions — perpendicular and parallel to the fibers
(see Fig. 9(c)). In contrast, in composites with Gent fibers and neo-
Hookean matrix, the stiffening of fibers only affects the phase veloci-
ties of waves traveling along the direction of fibers (n = L). However,
the stiffening effect of fiber phase is weak for the waves with n L L.
Moreover, the influence of fiber locking parameter J,(,,f ) is different in
the compression and tension cases. In particular, the wave velocity for
n = L decreases with an increase in J$ in the FCs under tension 1 = 1.15
(see the dashed red curves in Fig. 9(a)), whereas the opposite behavior is
observed for compressed FCs with 1 = 0.90 (see the dashed blue curves
in Fig. 9(a)). Furthermore, we note that at higher values of locking pa-
rameters, the phase velocities approach the values corresponding to the
TI FCs with neo-Hookean phases, for each deformation level.

4.4. Effect of propagation direction on shear wave velocity in FCs

Finally, we illustrate how the propagation direction affects the phase
velocities of the shear waves in the TI FCs with Gent phases. Recall that
the shear waves traveling in the plane perpendicular to the fibers, i.e.,
(e;,e,) plane with n = cos fe, + sinfe,, have identical phase velocities
and are independent of angle §. These velocities are given by Eq. (45).

However, the shear waves traveling at an oblique angle to the fibers,
for example, n = cos ¢pe, + sin pe;, have two distinct phase velocities.
These velocities are given by Eq. (47) and Eq. (48) showing their strong
dependence on angle ¢. To illustrate the velocity dependence on angle
¢, we plot the polar diagrams for the slowness 5, (¢) = 1/¢,,(¢) for
the waves traveling in (e,, e;) plane. The slowness curves are shown for
shear waves with two polarizations: m = e, (out-of-plane, Fig. 10(a) and
(b)) and m = — sin ¢pe, + cos ¢e; (in-plane, Fig. 10(c) and (d)). The results
are shown for the FCs with (i) neo-Hookean phases (solid curves), (ii)
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Gent fibers (J,(,,f )= 0.1) and neo-Hookean matrix (dotted curve), and (iii)
neo-Hookean fibers and Gent matrix (J,(,,'") = 0.1) (dash-dotted curves).
The FCs are subjected to uniaxial compression of 1 = 0.90 (blue curves)
and tension of 1 = 1.15 (red curves); the results for the undeformed FCs
(2 = 1) are denoted by the black curves.

We observe that for the out-of-plane shear waves, the maximum of
phase velocities always lies in either of the principal directions, regard-
less of phase properties and deformation. In particular, when the FC is
subjected to compressive loading, the maximum phase velocity is ob-
tained along the direction n = e, among all the directions in (e,, e;)
plane (see Fig. 10(a)). Whereas in the case of tension, the maximum lies
along the direction of propagation n = e; (see Fig. 10(b)). In contrast,
the maximum phase velocity for in-plane shear waves does not lie at the
principal axes. Moreover, the directions along which the wave travels at
the maximum speed (n,,,, = cos ¢ye, + sin ¢ye3), depend on the combi-
nation of the phase properties and deformation level. The corresponding
¢, can be explicitly expressed as

G -1)

- = — (54)
2B = 1T +3(G-G)A

¢o=i%cos"1 ( >+7rn,n=0,1.

In the undeformed FCs, the wave velocity maxima lies in the direction

n=(e+ e3)/\/5.
5. Conclusions

In this paper, we have analyzed elastic wave propagation in soft mi-
crostructured materials. We have studied the effects arising at different
length-scales — from underlying molecular chain network mechanisms
to the micromechanics of hyperelastic heterogeneous composites.

First, we examine the interplay between the crosslinked and entan-
gled polymer chains and elastic wave characteristics in finitely deformed
homogeneous materials. We have derived explicit expressions for phase
velocity, and illustrated the influence of the inter-molecular entangle-
ments on the wave propagation for various deformation states uniaxial,
equi-biaxial, and pure shear. In addition, we compared these derived
results with the Gent material model (a commonly used non-Gaussian
hyperelastic model). The comparison was based on the material param-
eters corresponding to relevant sets of experimental data for silicone
rubber. By the application of these results, we have demonstrated the
variation of the wave characteristics with the level of deformation and
propagation direction. Furthermore, we have shown how the extent of
entanglements (or entanglement strength G,/G.) influences the wave
propagation in soft elastomers.

Next, we study the shear wave propagation in a class of hetero-
geneous hyperelastic composites. In particular, we analyze the trans-
versely isotropic fiber composites with phases characterized by the stiff-
ening behavior stemming from the non-Gaussian statistics of polymer
chains. We have employed a micromechanics-based approach to derive
explicit expressions for phase velocities in terms of volume fraction and
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Fig. 10. Slowness curves for the out-of-plane (a),(b) and in-plane (c),(d) shear waves. Scale is 0.2 per division. FCs are considered with fiber volume fraction v\/) = 0.2
and initial shear modulus contrast x)/u™ = 10. The labels n, /¢ and n,/¢ are used to represent principal directions of propagation and physical quantity on the

polar plot.

material properties of phases. By making use of the derived expressions,
we have shown the influence of stiffening behavior varying with the
deformation levels and the direction of wave propagation.

We conclude by noting that our results can aid in exploiting the com-
plex multiscale behaviors of soft materials arising from their microstruc-
tures, for the design and development of mechano-tunable acoustic ma-
terials.
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Appendix A. EN material acoustic tensor coefficients in Eq. (17)

Here, we provide the EN material acoustic tensor coefficients g;, in-
troduced in of Eq. (17)

g =m-B-n)g, —(m-B-B-n)g,,
¢ =m-B-n)g,,

43 = 8 + g3 + 28411 +gs17. (A1)
q4 = g4 + 851, and
qs = 85,
where,
= — 1
& =96, (G+1,/2N)(3-1,/N)

29549235, 33744 3354 43 3,4252 -1,-1
(/1142+/12/11+/11Az+/12/11+/11/12+/11/12+/11/12+41+12)+Al 5
(r+an) (1 22+1) (4 23+1)

M (1A (A1 +4p)+1)

e - s
(41+/12)(121f+1)(A14§+1)

(3/@N)+1;/N?)

e B

8 =G

& =18 € 3+1,/@N))* (3-1;/N)? + 8w
_ aad (/11/1‘2‘+3/ﬁ/1§+3/1%/1§+A§+A§+3/1./12)
84="Te (/1]+/12)3(/12/1§+1)3(11/1§+1)3
o A?Ag(/1]/12(A?A§+/1%AZ+3A‘I‘A;+3A?4‘2‘+3/1?/12+341A%+7A%ﬂ§+341+312)+1)
5= TYe

(i+i) (23 +1 )3 (11 2+1)
(A2)
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Appendix B. Phase velocities of in-plane shear waves in EN
material

Here, we consider the in-plane shear waves propagating along n =
cos fe; + sin fe,. The corresponding phase velocities (Eq. (18)) in EN
materials undergoing the considered deformation modes are given be-
low.

For uniaxial loading (20),,

96, (zzcos29+r‘sin20) G, (/12c0529+/11/2sm29+/12)

) — Ze 1/2
G =\ 0, o 2B72+1)

Q@ _ G, 9(/12cos2(0)+/l-lsin2(g)) 9/ 3 24251 1,2(13_1)2sz(29)
¢y = E —(")u + 2 (m + N2 ) @E

+2e( 2(A12 = 271) cos(20)
0
1 2 1/2 -1/2 —1Y(33/2 _1)2
RS (B2 +54+3A2+ 1712 44271 (4 1)2 cos(46)

+1324%3 =524 + 3142 =31+ 3517/2 4 925/2
+37A12 - 3712 L 127! 1/2

B.1)
For equibiaxial loading (20),,

%, 2
eb p0 Ocp

G, i

o _ G,
¢ po 1443
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2 _
o =\ 0 0

%G, 2 4 Ge 1

po 24

For pure shear deformation (20);,

9G, (lzcoszﬁ+sin29) G, Az(lc0529+sin29+/12)

PO -
(A+1)(A2+1)

(A 12
ps P0 0 20

20082 0+sin2
c(z) _|e. 9(& cos~f+sin 0) + 9( 3 +
s T py 05 2\ 2N

(22-1)7sin?20)
02,

A4+l
N2

J&W]m

2 4203+
(B.3)

The velocities ¢V and ¢® correspond to the wave polarizations m = e,
and m = sin fe; — cos fe,, respectively. In addition, we use the following
quantities in Egs. (B.1)-(B.3),

©,= (3+ (22 +2471)/@N))(3 - (2 +247")/N)
Oy = (3+ (247 +27%)/2N)) (3 - (24* + 27*)/N)
0, = (3+ (2 +12+1)/CN))(3- (2 + 412 +1)/N)

(B.4)

Appendix C. Shear wave velocities in Gent materials

Here, we provide explicit expressions for the phase velocities corre-
sponding to the incompressible Gent materials subjected to three basic
deformation modes defined in Eq. (20). In general, the acoustic tensor
of Gent model (25) has two distinct nonzero eigenvalues, and hence,
there exist two distinct phase velocities (27) corresponding to differ-
ent polarizations. For some special cases, the value of the velocity is
identical. For instance, the shear waves propagating along the principal
directions of the left Cauchy-Green deformation tensor (n = e;) produce
identical phase velocities

I _ . _ /o1
6 =% = A ®G ﬂJm/pO’

where 4; (i =1,2,3) are the principal stretches in the direction of e;.
Consider the shear waves traveling along the direction n = e;, the phase
velocities for three basic deformation states are

2 — —
cgr =42\ @G ud /oo

€D

m _

Gu ~ (C2)

12
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O _ @ _ -2 -1

CGeb = SGeb =4\ OgesHdml Po (C3)
O _ @ _ 1 fot 5

pos - pos =4 ®Gp3”']m//70 (C.4)

For the shear waves traveling along n = cos fe, + sin fe,, the phase
velocities also coincide for equi-biaxial deformation (4, =4, = 4),

namely
=4 \ gaib”Jm/pOs

where O, =3 + J,, — (24% + A7%).

Next we provide the examples for phase velocities in Gent materials
undergoing uniaxial and pure shear deformation modes, for waves prop-
agating in the direction n = cos fe, + sin fe,. The corresponding phase
velocities are

)

@ _
CGeb

Geb — (C.5)

[

@ _
Gu —

@) _
Gu ™~

¢ \/ (120520 + 4~5in0) O ud,,/ py

e = ((#eos?0+4715in?0+0.5272 (4 = 1)°07!5in*(260) )O3 s/ 0 ) 2

(C.6)

@)
CGps

()]
CG ps

= \/(izcosze + sin20)®g.}us;um/p0
= (#2050 +sin0 +0.5(22 = 1)) 5in*20) )0, ud,u/py )/
(ek)

where Og, =3+J, — (A2 +247") and O, =2+ J, — (A2 + A72); the

wave velocities cg) and c(GD correspond to the waves with polarizations

m = e; and m = sin fe; — cos fe,, respectively.
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