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We provide a multiscale analysis of elastic waves in soft microstructured materials including the underlying 

molecular chain network mechanisms and micromechanics of hyperelastic fiber composites. First, we examine 

the interplay between the crosslinked and entangled polymer chains and elastic wave characteristics in finitely de- 

formed materials. Next, we study the shear wave propagation in a class of heterogeneous hyperelastic composites. 

In particular, we consider the transversely isotropic fiber composites with phases characterized by the stiffening 

behavior stemming from the non-Gaussian statistics of polymer chains. By employing a micromechanics-based 

approach, we derive explicit expressions for phase velocities in terms of material properties and volume fraction 

of the phases. Our results indicate the significant influence of the variety of length-scales mechanisms on the 

elastic wave characteristics. We provide examples to illustrate the influence of the mechanisms under different 

loading conditions, wave propagation directionality, and material microstructure parameters. 
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. Introduction 

Understanding of elastic wave propagation is essential for a variety

f applications including non-invasive evaluation [1–3] , waveguides [4–

] , and medical imaging [7] . Moreover, acoustic or mechanical metama-

erials offer ways to achieve desirable or unusual wave characteristics

8] , such as frequency filtering [9] , cloaking [10] , negative phase and

roup velocities [11,12] . In turn, soft microstructured materials open

he possibility of controlling and tuning these properties through defor-

ation [13–17] . Remarkably, even the acoustic characteristics of com-

aratively simple homogeneous soft materials can be significantly trans-

ormed by deformation [18,19] . For instance, soft hyperelastic materials

an be used to split pressure and shear waves [20,21] . Furthermore, soft

aterials can develop large deformations in response to external stim-

li [22–28] , therefore, the wave characteristics can also be controlled

emotely, for example, by magnetic field [29–32] . 

Soft materials exhibit very rich and complex mechanical behav-

or by virtue of their underlying microstructures at different length-

cales. At microscale , for instance, biphasic microstructures are widely

resent in natural and biological soft materials, simultaneously provid-

ng them with high strength, lightweight, and flexibility. For example,

ber-matrix microstructure (schematically shown in Fig. 1 (a)) is no-

ably found in many soft biological tissues [33] , such as tendons and

igaments [34] . At molecular length-scales, the microstructure is de-
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ned by the long molecular chain networks. These networks consist

f crosslinked and entangled polymer chains [35–39] (schematically

hown in Fig. 1 (b)). While the connection of these microstructures with

he static macroscopic mechanical behavior of soft materials have been

nvestigated actively [40–43] , less is known about the influence of mi-

roscopic parameters on the elastic wave characteristics. In this paper,

e provide a multiscale analysis of elastic wave propagation in soft mi-

rostructured materials. 

In regard to the analysis of elastic wave propagation, the frame-

ork of small amplitude motions superimposed on finite deformations

s widely used. The seminal work of Biot [44] laid the foundation for the

ave propagation analysis in finitely deformed homogeneous isotropic

aterials. By the application of the invariant theory, Destrade and Og-

en [45] generalized the problem of infinitesimal wave propagation

n finitely deformed hyperelastic materials. Scott and Hayes [46] em-

loyed the nonlinear elastic theory [47] together with the phenomeno-

ogical constitutive approach to study small-amplitude plane waves su-

erimposed on homogeneous deformation in the fiber-reinforced mate-

ials with inextensible fibers. Scott [48,49] generalized the analysis for

 broader class of anisotropic materials. Ogden and Singh [50] revis-

ted the problem for transversely isotropic (TI) solids with the presence

f initial stresses. In particular, Ogden and Singh [50] used the phe-

omenological theory of invariants and presented a clear formulation

or small-amplitude wave propagation in incompressible TI hyperelas-

ic materials. This methodology was used for analyzing homogeneous
ril 2021 
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Fig. 1. Schematic of microstructures present in soft matter at different length-scales. (a) Microscale – biphasic fiber-matrix microstructure, and (b) Molecular 

length-scale – crosslinked and entangled polymer chains. 
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lane waves (see Vinh and Merodio [51] ) and non-principal Rayleigh

aves (see Nam et al. [52] , Vinh et al. [53] ) in various TI solids. 

Recently, Galich et al. [54] employed a micromechanics-based ap-

roach to study the wave propagation in finitely deformed 3D fiber

omposites (FCs). They also investigated the influence of the composite

icrostructure parameters on the elastic wave characteristics. More re-

ently, Galich et al. [55] employed the Bloch wave analysis to study the

eriodic 3D fiber composites having neo-Hookean constituents with var-

ous in-plane periodicity. While the studies by Galich et al. [54,55] ac-

ount for the spatial distribution of phases, they consider composites

ith weakly non-linear neo-Hookean hyperelastic phases. Soft mate-

ials, however, exhibit strong nonlinearities, especially prominent at

arge strain levels. For example, the stiffening behavior, which can be

aptured using the non-Gaussian polymer network statistics [56] . As

e shall show, such nonlinear effects significantly influence the elas-

ic wave characteristics of homogeneous as well as heterogeneous soft

aterials. 

In the first part of our paper, Sec. 3 , we study the elastic wave charac-

eristics of isotropic soft elastomers with a special focus on the influence

f inter-molecular polymer chain entanglements. We employ a constitu-

ive model accounting for the crosslinking and entanglement of polymer

hains [57] . Based on the entangled network (EN) model, we drive ex-

licit expressions of phase velocities for various deformation modes and

ave directionality, and illustrate the role of entanglement of polymer

hains on the elastic wave characteristics. Next, in Sec. 4 , we exam-

ne the shear wave propagation in the transversely isotropic 3D FCs

ith stiffening phases. We employ a micromechanics-based approach

nd derive the explicit expression for the wave velocities. We obtain the

mportant wave characteristic in terms of volume fraction and material

roperties of the phases, for general propagation direction. Using the

erived relations, we categorically show the influence of the stiffening

ehavior of phases and applied deformation on the shear wave propa-

ation in FCs. To begin with, in Sec. 2 , we provide the theoretical back-

round on finite elasticity and small amplitude motions superimposed

n finite deformations. 

. Theoretical background 

Consider a continuum body, in which each point is identified by its

osition vector 𝐗 in the undeformed configuration. In the deformed con-

guration, the new position vector 𝐱( 𝐗 ) defines the location of the cor-

esponding points. The deformation gradient is defined as 𝐅 = 𝜕 𝐱∕ 𝜕 𝐗 ,

nd its determinant is 𝐽 ≡ det 𝐅 > 0 . Consider a hyperelastic material

ith a strain energy density function (SEDF), 𝜓( 𝐅 ) , thus, the first Piola-

irchhoff stress tensor is 

 = 

𝜕𝜓( 𝐅 ) 
. (1)
𝜕𝐅 

2 
or an incompressible material, 𝐽 = 1 , and Eq. (1) modifies as 

 = 

𝜕𝜓( 𝐅 ) 
𝜕𝐅 

− 𝑝 𝐅 − 𝑇 , (2)

here 𝑝 is an unknown Lagrange multiplier. 

In the undeformed configuration, the equation of motion for quasi-

tatic deformation and without any body forces is written as 

 ⋅ 𝐏 = 𝟎 . (3)

Next, consider small-amplitude motions superimposed on the finitely

eformed state. The incremental equation of motion is 

 ⋅ 𝐏̇ = 𝜌0 
𝐷 

2 𝐮 
𝐷𝑡 2 

, (4)

here 𝜌0 is the initial mass density, 𝐏̇ is the incremental change in the

 

st Piola-Kirchhoff stress tensor, and 𝐮 is the incremental displacement,

elated to the corresponding change in the deformation gradient as 𝐅̇ =
 𝐮 . The linearized constitutive law is 

̇
 = 𝔸 

0 ∶ 𝐅̇ , (5)

here 𝔸 

0 is the tensor of elastic moduli defined as 

 

0 = 

𝜕 2 𝜓( 𝐅 ) 
𝜕 𝐅 𝜕 𝐅 

. (6)

ubstitution of Eq. (5) into Eq. (4) yields 

 

0 
𝑖𝑗𝑘𝑙 

𝑢 𝑘,𝑙𝑗 = 𝜌0 
𝐷 

2 𝑢 𝑖 

𝐷𝑡 2 
. (7)

n the updated Lagrangian form, Eq. (7) can be written as 

 𝑖𝑗𝑘𝑙 𝑢 𝑘,𝑙𝑗 = 𝜌
𝜕 2 𝑢 𝑖 

𝜕𝑡 2 
, (8)

here 𝐴 𝑖𝑝𝑘𝑞 = 𝐽 −1 𝐴 

0 
𝑖𝑗𝑘𝑙 

𝐹 𝑝𝑗 𝐹 𝑞𝑙 is the updated tensor of elastic moduli, and

= 𝐽 −1 𝜌0 is the current mass density. 

We seek a solution for Eq. (8) in the form of plane waves with con-

tant polarization 

 = 𝐦 𝑓 ( 𝐧 ⋅ 𝐱 − 𝑐𝑡 ) , (9)

here 𝐦 is a unit vector denoting the polarization; 𝐧 is a unit vector

long the wave propagation direction; 𝑓 is a twice continuously dif-

erentiable function, and 𝑐 is the wave phase velocity. Substituting the

olution (9) into (8) , we obtain 

 ( 𝐧 ) ⋅𝐦 = 𝜌𝑐 2 𝐦 , (10)

here 𝐐 is the acoustic tensor defined as 

 𝑖𝑘 = 𝐴 𝑖𝑗𝑘𝑙 𝑛 𝑗 𝑛 𝑙 . (11)

or incompressible materials, Eq. (8) modifies as 

 𝑖𝑗𝑘𝑙 𝑢 𝑘,𝑙𝑗 + 𝑝̇ ,𝑖 = 𝜌
𝜕 2 𝑢 𝑖 

2 . (12)

𝜕𝑡 
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Table 1 

The parameters for Entangled Network (EN) model and the Gent model 

(a) EN model 𝐺 𝑐 = 0 . 0378 (MPa) 𝑁 = 1133 𝐺 𝑒 = 0 . 0695 (MPa) 

(b) Gent model 𝜇 = 0 . 0735 (MPa) 𝐽 𝑚 = 3890 
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G  
he incompressibility implies that ∇ ⋅ 𝐮 = 0 , and combined with

q. (9) it yields 

 ⋅ 𝐧 = 0 . (13)

ubstituting the displacement solution form (9) together with 𝑝̇ =
 0 𝑓 ( 𝐧 ⋅ 𝐱 − 𝑐𝑡 ) into (12) and using (13) , we obtain 

̂
 ( 𝐧 ) ⋅𝐦 = 𝜌𝑐 2 𝐦 , (14)

here 𝐐̂ = ̂𝐈 ⋅𝐐 ⋅ 𝐈̂ and ̂𝐈 = 𝐈 − 𝐧 ⊗ 𝐧 . 

. Shear waves characteristics of elastomers with crosslinked and 

ntangled molecular chain network 

In this section, we study the relations between polymer molecular

hain mechanisms and elastic wave propagation. In particular, we ex-

mine the role of the crosslinked networks and entangled chains on shear

ave propagation in incompressible soft elastomers. To this end, we

onsider a SEDF consisting of two parts responsible for crosslinked net-

orks and entanglements [57] , namely, 

 = 𝐺 𝑐 𝑁 ln 
( 

3 𝑁 + 𝐼 1 ∕2 
3 𝑁 − 𝐼 1 

) 

+ 𝐺 𝑒 

3 ∑
𝑖 =1 

1 
𝜆𝑖 

, (15)

here 𝐼 1 is the first invariant of the right Cauchy-Green deformation

ensor 𝐂 = 𝐅 𝑇 𝐅 ; and 𝜆𝑖 ( 𝑖 = 1 , 2 , 3) are the principal stretches; recall that

he principal stretches of the right and left Cauchy-Green deformation

ensors coincide, 𝜆𝑖 ( 𝐂 ) = 𝜆𝑖 ( 𝐁 ) , where 𝐁 = 𝐅𝐅 𝑇 . For incompressible ma-

erials, 𝜆1 𝜆2 𝜆3 = 1 , and 𝐼 1 = 𝜆2 1 + 𝜆2 2 + 𝜆−2 1 𝜆
−2 
2 . The initial elastic moduli

f the crosslinked network ( 𝐺 𝑐 ) and entanglements ( 𝐺 𝑒 ) are related to

he microscopic molecular chain quantities via 

 𝑐 = 𝑛𝑘 𝐵 𝑇 and 𝐺 𝑒 = 𝛼𝑛𝑁𝑘 𝐵 𝑇 
𝑏 2 

3 𝑑 2 0 
, (16)

here 𝑛 is the number of chains per unit volume (or chain number den-

ity) of the crosslinked chains; 𝑁 is the number of the Kuhn monomers

er chain and 𝑏 is the length of the Kuhn monomer; 𝑘 𝐵 is the Boltzmann

onstant and 𝑇 is Kelvin temperature; 𝛼 is the geometrical parameter

nd 𝑑 0 represents the equivalent diameter of the tube characterizing the

ntanglement constraints (see Xiang et al. [57] for additional details). 

The acoustic tensor corresponding to the SEDF (15) is 

̂
 ( 𝜆1 , 𝜆2 , 𝐧 ) = 𝑞 1 𝐈̂ − 𝑞 2 𝐈̂ ⋅ 𝐁 ⋅ 𝐈̂ + 𝑞 3 𝐈̂ ⋅ ( 𝐁 ⋅ 𝐧 ⊗ 𝐁 ⋅ 𝐧 ) ⋅ 𝐈̂ 

− 𝑞 4 [ ̂𝐈 ⋅ ( 𝐁 ⋅ 𝐁 ⋅ 𝐧 ⊗ 𝐁 ⋅ 𝐧 ) ⋅ 𝐈̂ + ̂𝐈 ⋅ ( 𝐁 ⋅ 𝐧 ⊗ 𝐁 ⋅ 𝐁 ⋅ 𝐧 ) ⋅ 𝐈̂ ] 
+ 𝑞 5 𝐈̂ ⋅ ( 𝐁 ⋅ 𝐁 ⋅ 𝐧 ⊗ 𝐁 ⋅ 𝐁 ⋅ 𝐧 ) ⋅ 𝐈̂ . 

(17) 

Here, the expressions for the scalar coefficients 𝑞 𝑖 are given in

ppendix A , and 𝐁 = 𝐅𝐅 𝑇 is the left Cauchy-Green deformation ten-

or. Let us adopt the coordinate system defined by the orthogonal unit

ectors 𝐞 1 , 𝐞 2 , 𝐞 3 coinciding with the principal directions of 𝐁 . Subse-

uently, for an incompressible material, the deformation gradient is 𝐅 =
1 𝐞 1 ⊗ 𝐞 1 + 𝜆2 𝐞 2 ⊗ 𝐞 2 + ( 𝜆1 𝜆2 ) −1 𝐞 3 ⊗ 𝐞 3 . The corresponding phase veloc-

ties of two distinct shear waves are 

 

(1) = 

√
𝑎 1 ∕ 𝜌0 and 𝑐 (2) = 

√
𝑎 2 ∕ 𝜌0 , (18)

here 𝑎 1 and 𝑎 2 are the eigenvalues of the acoustic tensor given by

q. (17) (with their eigenvectors perpendicular to 𝐧 ). In general, the

wo phase velocities in Eq. (18) are distinct, however, for some special

ases they can be identical. For example, shear waves traveling in the

rincipal direction of the left Cauchy-Green deformation tensor ( 𝐧 = 𝐞 𝑖 )
ith 𝜆𝑖 = 𝜆−2 

𝑗 
= 𝜆−2 

𝑘 
( 𝑖, 𝑗, 𝑘 = 1 , 2 , 3 , and 𝑖 ≠ 𝑗 ≠ 𝑘 ) have identical phase

elocities 

 

(1) = 𝑐 (2) = 

√ 

( 𝑞 1 − 𝑞 2 𝜆
−1 
𝑖 
)∕ 𝜌0 . (19)

In the following, we specify the results for the uniaxial, equi-biaxial,

nd pure shear finite deformation modes. The corresponding deforma-

ion gradients are 

 

( 𝑢 ) = 𝜆𝐞 1 ⊗ 𝐞 1 + 𝜆−1∕2 
(
𝐈 − 𝐞 1 ⊗ 𝐞 1 

)
, 

 

( 𝑒𝑏 ) = 𝜆
(
𝐞 1 ⊗ 𝐞 1 + 𝐞 2 ⊗ 𝐞 2 

)
+ 𝜆−2 𝐞 3 ⊗ 𝐞 3 , and 

 

( 𝑝𝑠 ) = 𝜆𝐞 1 ⊗ 𝐞 1 + 𝐞 2 ⊗ 𝐞 2 + 𝜆−1 𝐞 3 ⊗ 𝐞 3 , 
(20) 
3 
here 𝜆 is the stretch ratio. Thus, the phases velocities can be given

xplicitly as the function of the applied stretch ratio for the deformation

odes. The general expressions for the shear waves propagating along

 = cos 𝜃𝐞 1 + sin 𝜃𝐞 2 are given in Appendix B . For illustration, consider

ome special cases. For the shear waves propagating along 𝐧 = 𝐞 3 , the

hase velocities 𝑐 (1) with 𝐦 = 𝐞 1 and 𝑐 (2) with 𝐦 = 𝐞 2 , corresponding to

hese deformation states are 

 

( 1 ) 
𝑢 

= 

√ (
9 𝜆−1 Θ−1 

𝑢 
𝐺 𝑐 + 

(
𝜆 + 𝜆5∕2 

)−1 
𝐺 𝑒 

)
∕ 𝜌0 and 

 

( 2 ) 
𝑢 

= 

√ (
9 𝜆−1 Θ−1 

𝑢 
𝐺 𝑐 + 0 . 5 𝜆1∕2 𝐺 𝑒 

)
∕ 𝜌0 , (21) 

 

( 1 ) 
eb 

= 𝑐 
( 2 ) 
eb 

= 

√ (
9 𝜆−4 Θ−1 

eb 
𝐺 𝑐 + 

(
𝜆 + 𝜆4 

)−1 
𝐺 𝑒 

)
∕ 𝜌0 , (22) 

 

( 1 ) 
ps = 

√ (
9 𝜆−2 Θ−1 

ps 𝐺 𝑐 + 

(
𝜆 + 𝜆3 

)−1 
𝐺 𝑒 

)
∕ 𝜌0 and 

 

( 2 ) 
ps = 

√ (
9 𝜆−2 Θ−1 

ps 𝐺 𝑐 + ( 1 + 𝜆) −1 𝐺 𝑒 

)
∕ 𝜌0 . (23) 

ote that in case of equi-biaxial deformation, equal wave velocities are

btained because of the symmetry of the deformation state in ⟨𝐞 1 , 𝐞 2 ⟩
lane. 

For completeness, we compare our results for EN model with Gent

odel [58] . Recall that the Gent model considers the limiting extensi-

ility of polymer chains only, while the EN model accounts for both the

nter-molecular entanglements and the limited chain extensibility. The

EDF of the Gent model is 

 𝐺 = − 

1 
2 
𝜇𝐽 𝑚 ln 

( 

1 − 

𝐼 1 − 3 
𝐽 𝑚 

) 

(24)

here 𝜇 is the initial shear modulus and 𝐽 𝑚 is the locking parameter.

he corresponding acoustic tensor is 

̂
 𝐺 ( 𝐅 , 𝐧 ) = 𝑞 𝐺1 𝐈̂ + 𝑞 𝐺2 𝐈̂ ⋅ ( 𝐁 ⋅ 𝐧 ⊗ 𝐁 ⋅ 𝐧 ) ⋅ 𝐈̂ (25)

here 

 𝐺1 = 𝜇𝐽 𝑚 Θ𝐺 
−1 ( 𝐧 ⋅ 𝐁 ⋅ 𝐧 ) and 𝑞 𝐺2 = 2Θ−2 

𝐺 
𝜇𝐽 𝑚 (26)

here Θ𝐺 = 3 + 𝐽 𝑚 − 𝐼 1 . The acoustic tensor 𝐐̂ 𝐺 has two non-trivial

igenvalues 𝑎 𝐺1 and 𝑎 𝐺2 , and the corresponding shear wave phase ve-

ocities are 

 

(1) 
𝐺 

= 

√ 

𝑎 
(1) 
𝐺 
∕ 𝜌

0 
and 𝑐 

(2) 
𝐺 

= 

√ 

𝑎 
(2) 
𝐺 
∕ 𝜌0 . (27)

he explicit expression for Gent materials can be found in Galich and

udykh [59] , and the specification of the results for the deformation

odes considered here are provided in Appendix C for completeness. 

To compare the predictions of the two models, we first adopt the cor-

esponding material parameters based on a set of available experimen-

al data. In particular, we use the experimental data for silicone rubber

ubjected to uniaxial deformation [57] . Fig. 2 shows the comparison of

he experimental data (black square symbols) and the modeling results

see red and blue solid curves) in terms of the first Piola-Kirchhoff stress

omponent ( 𝑃 11 ) plotted versus the applied stretch ratio. To ensure both

odels produce identical phase velocities in the undeformed state, iden-

ical initial shear moduli for Gent and EN models are used. The moduli

re 𝜇 = 𝐺 𝑐 ∕[(1 − 1∕ 𝑁)(1 + 1∕(2 𝑁))] + 𝐺 𝑒 ∕2 = 𝜇0 ; where 𝜇0 is the initial

hear modulus of the silicone rubber. The fitting parameters for both

aterial models are summarized in Table 1 . Clearly, EN model accu-

ately emulates the mechanical response of the silicone rubber, whereas

ent model fails to capture the material softening behavior under large
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Fig. 2. The fitting results for Entangled Network (EN) and Gent model on the 

experimental data corresponding to uniaxial deformation of silicone rubber. The 

data is adapted from Xiang et al. [57] . 
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eformation. More specifically, the relative error between the model-

ng results of Gent model and experimental data is higher than 50 % for

> 2 . 546 . If the initial shear modulus constraint is relaxed, Gent model

an capture the mechanical response over the considered deformation

ange (the corresponding fitting results for Gent model without the ini-

ial shear modulus constraint are denoted by the blue dashed curve in

ig. 2 ). This agreement, however, comes at the cost of significantly un-

erestimated shear modulus in the undeformed state. In particular, the

hear modulus is reduced by a factor of ≈ 0 . 64 . While it is a common ap-

roach in the stress-strain material characterization, this approach pro-

uces significant inaccuracies in the shear wave velocity values that do

ot agree with the classical results for the linear elasticity, 𝑐 0 = 

√
𝜇0 ∕ 𝜌0 .

herefore, we use the constrained fitting results in our comparison of

he model predictions. 

In the following subsections, we will show the comparison of the

hear wave velocities obtained for the two models with their parameters

ummarized in Table 1 . In particular, we will examine the influence of

i) deformation and (ii) direction of propagation by making use of the

erived expressions. 

.1. Effect of deformation on wave propagation in soft elastomers 

In this subsection, we examine the dependence of shear wave charac-

eristics on the deformation of soft elastomers. To this end, in Fig. 3 we

lot the normalized phase velocities 𝑐∕ 𝑐 0 as functions of stretch ratio.

he results are shown for both models with their material parameters

iven in Table 1 . We show the results for uniaxial (a), equi-biaxial (b),

nd pure shear (c) deformation modes. We consider the shear waves

ropagating in the direction 𝐧 = 𝐞 3 with polarizations 𝐦 = 𝐞 1 (dashed

urves) and 𝐦 = 𝐞 2 (dotted curves). These phase velocities are governed

y Eqs. (21) –(23) . Recall that for the Gent model, equal phase velocities

re obtained for both shear waves traveling in the direction 𝐧 = 𝐞 3 (see

qs. (C.2) –(C.4) ); the corresponding results of the Gent model denoted

y the black solid curves are added for comparison. 

The plots clearly indicate the significant influence of applied defor-

ation on the phase velocities for both models. Recall that the elas-

omer experiences compression along the direction 𝐞 3 when subjected

o tension ( ln ( 𝜆) > 0 ) along 𝐞 1 and vice versa. Therefore, the velocities

f shear waves propagating along this direction ( 𝐧 = 𝐞 3 ) decrease with

n increase in 𝜆. This holds true for both models for the considered
4 
eformation mode and polarizations of shear waves, with the excep-

ion of one scenario. This exceptional scenario corresponds to shear

aves with 𝐦 = 𝐞 2 in EN material subjected to the uniaxial loading

see the dotted curve in Fig. 3 (a)). This case illustrates the competing

echanism between the crosslinked and entanglement terms in the gov-

rning equation (21) . As the stretch ratio is increased, the crosslinked

erm contributed to decreasing the phase velocity, whereas the entan-

lement term contributes to increasing the phase velocity. Therefore,

n the crosslinked part dominant region, we observe that the phase ve-

ocity decreases with an increase in 𝜆; however, after a certain stretch

evel ( 𝜆 ≈ 1 . 7 ), the intermolecular entanglement start dominating, and

he phase velocities start increasing. Accordingly, a further increase in

results in an increase in the phase velocity. 

As expected, both models predict equal value of phase velocities

 𝑐 = 𝑐 0 ) in the undeformed elastomer ( 𝜆 = 1 ). However, in the deformed

tate, the values of wave velocities predicted by the models differ. More-

ver, the difference in their estimates increases with an increase in the

pplied deformation level. The disparity between the wave characteris-

ics predictions of Gent and EN model can be attributed to the influence

f entanglements on wave propagation in soft elastomers. The effect

f entanglements varies with deformation modes. For example, in the

ase of uniaxial deformation, the velocity of the shear wave with 𝐦 = 𝐞 1 
s higher (or lower) for EN model than Gent model, when ln ( 𝜆) < 0
or ln ( 𝜆) > 0 ) (compare the dashed and solid curves in Fig. 3 (a)). For

he equi-biaxial deformation mode, however, the phase velocities for

he Gent model are higher (or lower) when the elastomer experiences

ensile (or compressive) strains in the wave propagation direction (see

ig. 3 (b)). In contrast, under pure shear deformation, the velocity of the

hear wave with 𝐦 = 𝐞 1 is always higher for the Gent model for both of

ensile and compressive regimes (see Fig. 3 (c)). 

We observe that for uniaxial and pure shear deformation modes, EN

odel predicts different phase velocities for waves with different polar-

zations. This difference in the velocities arises from the unequal defor-

ation in the polarization direction ( 𝐦 = 𝐞 1 and 𝐦 = 𝐞 2 ). In particular,

he phase velocities of shear waves with 𝐦 = 𝐞 1 is higher than that of

hear waves with 𝐦 = 𝐞 2 under tension in the direction of wave prop-

gation, while opposite behavior is observed when ln ( 𝜆) > 0 (compare

he dashed and dotted curves in Fig. 3 (a) and (c)). However, in the case

f equi-biaxial deformation, the elastomer undergoes equal deformation

long the 𝐞 1 and 𝐞 2 directions. Therefore, equal phase velocities are ob-

ained for both polarizations (22) . The shear wave velocity estimates of

he Gent model do not depend on the polarization direction. 

.2. Effect of propagation direction on shear wave propagation in finitely 

eformed elastomers 

Here, we study the effect of propagation direction on shear waves in

nitely deformed elastomers. Recall that the shear waves traveling in

he loading plane, i.e., 𝐧 = cos 𝜃𝐞 1 + sin 𝜃𝐞 2 , have two distinct phase ve-

ocities. These phase velocities strongly depend on angle 𝜃, with their ex-

ressions given by Eqs. (B.1) –(B.3) for EN model, and Eqs. (C.5) –(C.7)

or Gent model. To illustrate the velocity dependence on angle 𝜃, we plot

he polar diagrams for shear wave phase velocities traveling in ⟨𝐞 1 , 𝐞 2 ⟩
lane. We consider uniaxial ((a), (d)), equi-biaxial ((b), (e)), and pure

hear ((c), (f)) deformation modes. The results are shown for EN (solid

urves) and Gent (dashed curves) materials subjected to compression

= 0 . 5 (red curves) and tension 𝜆 = 3 (blue curves); black curves de-

ote the results for the undeformed state ( 𝜆 = 1 ). We illustrate the phase

elocities for shear waves with out-of-plane polarization 𝐦 = 𝐞 3 ( Fig. 4

a)–(c)) and in-plane polarization 𝐦 = sin 𝜃𝐞 1 − cos 𝜃𝐞 2 ( Fig. 4 (d)–(f)). 

In the undeformed state, as expected, the phase velocities are in-

ependent of propagation direction. Moreover, the wave velocities in

lastomer subjected to equi-biaxial deformation are also independent of

ngle 𝜃 (see Fig. 4 (b) and (e)), for both the EN (B.2) and Gent model

C.5) . However, under the uniaxial and pure shear deformation modes,

he shear wave velocities significantly depend on the direction of prop-
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Fig. 3. The normalized phase velocities 𝑐∕ 𝑐 0 vs ln (λ) for the three deformation modes: (a) uniaxial, (b) equi-biaxial, and (c) pure shear. The phase velocities are 

shown for waves traveling in the direction 𝐧 = 𝐞 3 with polarizations 𝐦 = 𝐞 1 (dashed curves) and 𝐦 = 𝐞 2 (dotted curves). The results of Gent model are added for 

comparison (solid curves). 
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gation. We note that the maxima and minima of phase velocities are

lways found along either of the principal axes. This holds true regard-

ess of the wave polarization. In particular, EN model produce the max-

mum and minimum phase velocities when the shear wave propagate

n the direction with the largest tensile and compressive deformation,

espectively. 

For 𝜆 = 3 , the highest tensile and compressive deformation levels are

ncountered by the waves traveling at 𝜃 = 0 ( 𝐧 = 𝐞 1 ) and 𝜃 = 𝜋∕2 ( 𝐧 =
 2 ), respectively. Therefore, phase velocity monotonically decreases as

he propagation direction angle varies from 𝜃 = 0 to 𝜃 = 𝜋∕2 (see the

lue curves in Fig. 4 (a), (c), (d) and (f)). For 𝜆 = 0 . 5 , however, maxima

nd minima occurs in 𝐞 2 and 𝐞 1 directions, respectively (see red curves

n Fig. 4 (a), (c), (d) and (f)). 

Clearly, the two models predict different velocities, and the differ-

nce between their predictions significantly varies with propagation di-

ection. For example, in the elastomers subjected to uniaxial and pure

hear deformations with 𝜆 = 3 , the phase velocity of shear waves with

 = 𝐞 3 predicted by EN model is higher than Gent model when the

ave propagates along the compressive direction 𝜃 = 𝜋∕2 , whereas it is

igher for Gent model when propagating in tensile direction 𝜃 = 0 (see

lue curves in Fig. 4 (a) and (c)). For the compression case of 𝜆 = 0 . 5 ,
imilar behavior is observed. In particular, the phase velocity of the

aves propagating in the compressive (tensile) direction, predicted by

N model is higher (lower) than those predicted by the Gent model (see

he red curves). We find that for the waves with in-plane polarization

 = sin 𝜃𝐞 1 − cos 𝜃𝐞 2 , wave velocity predicted by Gent model are higher

t all the angles when 𝜆 = 3 , while for 𝜆 = 0 . 5 , EN model estimates com-

aratively higher velocities (see Fig. 4 (d) and (f)). 

These results clearly show the significant differences in the elastic

ave characteristics predicted by the two models. The difference in the

esults can be attributed to the inter-molecular entanglements of poly-

er chains. We examine the influence of inter-molecular entanglements

n the shear waves in the next subsection. 

.3. Effect of inter-molecular entanglements on shear wave propagation 

Finally, we study the effect of inter-molecular entanglements on

he shear wave characteristics. We consider the shear waves propagat-

ng along the direction 𝐧 = 𝐞 3 . To eliminate the effects of the limiting

hain extensibility, we set the parameters 𝐽 𝑚 and 𝑁 to infinity. Hence,

qs. (21) –(23) reduce to 

 

(1) 
𝑢 

= 𝜆−1∕2 
√ (

𝐺 𝑐 + 𝐺 𝑒 ∕ 
(
1 + 𝜆3∕2 

))
∕ 𝜌0 and 

 

(2) 
𝑢 

= 𝜆−1∕2 
√ (

𝐺 𝑐 + 𝜆3∕2 𝐺 𝑒 

)
∕ 𝜌0 (28) 
5 
 

( 1 ) 
eb 

= 𝑐 
( 2 ) 
eb 

= 𝜆−2 
√ (

𝐺 𝑐 + 𝐺 𝑒 ∕ 
(
1 + 𝜆−3 

))
∕ 𝜌0 , (29) 

 

(1) 
𝑝𝑠 

= 𝜆−1 
√ (

𝐺 𝑐 + 𝐺 𝑒 ∕ 
(
𝜆 + 𝜆−1 

))
∕ 𝜌0 and 

 

(2) 
𝑝𝑠 

= 𝜆−1 
√ (

𝐺 𝑐 + 𝐺 𝑒 ∕ 
(
𝜆−2 + 𝜆−1 

))
∕ 𝜌0 (30) 

nd Eqs. (C.2) –(C.4) simplifies to the expressions corresponding to neo-

ookean material, namely, 

 

( 1 ) 
Gu 

= 𝑐 
( 2 ) 
Gu 

= 𝜆−1∕2 
√
𝜇∕ 𝜌0 , (31) 

 

( 1 ) 
Geb 

= 𝑐 
( 2 ) 
Geb 

= 𝜆−2 
√
𝜇∕ 𝜌0 , (32) 

 

( 1 ) 
Gps 

= 𝑐 
( 2 ) 
Gps 

= 𝜆−1 
√
𝜇∕ 𝜌0 . (33) 

o ensure that both models produce identical results for the undeformed

aterial, we maintain identical values for the initial shear moduli, i.e.,

= 𝐺 𝑐 + 𝐺 𝑒 ∕2 . To quantify the extent of entanglements, we introduce

he entanglement strength as the ratio 𝐺 𝑒 ∕ 𝐺 𝑐 . 

Fig. 5 shows the normalized phase velocity 𝑐∕ 𝑐 0 (given by Eqs. (28) –

30) ) as functions of the entanglement strength. The dashed and dotted

urves correspond to the shear waves with polarizations 𝐦 = 𝐞 1 and 𝐦 =
 2 , respectively. The elastomer is subjected to uniaxial ( Fig. 5 (a)), equi-

iaxial ( Fig. 5 (b)), and pure shear ( Fig. 5 (c)) deformation modes with

= 0 . 5 (red curves) and 𝜆 = 3 (blue curves); black curves denote the

elocities in the undeformed elastomer. The phase velocities for Gent

odel (given by Eq. (31) –(33) ) correspond to the case 𝐺 𝑒 ∕ 𝐺 𝑐 = 0 ; these

alues are marked by the horizontal solid lines in Fig. 5 . 

The phase velocities are independent of 𝐺 𝑒 ∕ 𝐺 𝑐 in the undeformed

lastomer. The entanglement strength, however, significantly affects the

hase velocities in the deformed elastomer. Similar to the observations

n Sec. 3.1 , we find that the effect of entanglements on the wave char-

cteristics varies with the wave’s polarization and deformation modes.

or example, under uniaxial tension ( 𝜆 = 3 ), the phase velocity corre-

ponding to the shear waves with 𝐦 = 𝐞 1 decreases with an increase in

ntanglement strength, whereas for waves with polarization 𝐦 = 𝐞 2 the

elocity increases (see blue curves in Fig. 5 (a)). However, a completely

everse trend is observed under uniaxial compression ( 𝜆 = 0 . 5 ) (see red

urves). 

For equi-biaxial deformation, identical wave velocities are obtained

or both polarizations. Moreover, an increase in 𝐺 𝑒 ∕ 𝐺 𝑐 leads to a de-

rease in these phase velocities under compression ( 𝜆 = 0 . 5 ), and leads

o an increase when subjected to tension (see Fig. 5 (b)). Similar to the

niaxial deformation case, under pure shear deformation, unequal de-
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Fig. 4. The phase velocity polar diagrams for waves with polarizations: (a, b, c) 𝐦 = 𝐞 3 (out-of-plane) and (d, e, f) 𝐦 = sin 𝜃𝐞 1 − cos 𝜃𝐞 2 (in-plane). Three deformation 

modes are considered: (a, d) uniaxial; (b, e) equi-biaxial; and (c, f) pure shear. The results for Gent model are added for comparison (dashed curves). 
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ormation also takes place along the polarization directions, 𝐦 = 𝐞 1 and

 = 𝐞 2 ; this results in distinct phase velocities of the waves with those

olarization. Moreover, the phase velocity corresponding to waves with

 = 𝐞 1 decreases with an increase in entanglement strength irrespec-

ive of compression or tension. However, the velocity of waves with

olarization 𝐦 = 𝐞 2 increases with an increase in 𝐺 𝑒 ∕ 𝐺 𝑐 for the tensile

ase ( 𝜆 = 3 ), and decreases for the compressive case ( 𝜆 = 0 . 5 ) (see dotted

urves in Fig. 5 (c)). 

. Elastic wave estimates for finitely deformed fiber composites 

ith stiffening phases 

In this section, we examine the shear wave propagation in microstruc-

ured hyperelastic fiber composites. In particular, we consider trans-
6 
ersely isotropic (TI) fiber composites with random distribution of fibers

ligned along the direction 𝐋 ≡ 𝐞 3 (as shown in Fig. 6 ). Here and there-

fter, the fields and parameters corresponding to the fiber and matrix

hase are denoted as (∙) ( 𝑓 ) and (∙) ( 𝑚 ) , respectively. The volume fraction

f fiber phase is 𝜈( 𝑓 ) and that of the matrix phase is 𝜈( 𝑚 ) = 1 − 𝜈( 𝑓 ) . The

acroscopic deformation gradient is defined as 

 = 

1 
𝔅 0 ∫𝔅 0 𝐅 ( 𝐗 ) 𝑑𝐗 , (34) 

here 𝔅 0 is the volume occupied by the composite in the reference

onfiguration. To capture the effect of stiffening behavior due to finite

xtensibility of the polymer chains, we employ the Gent model (24) to

escribe the behavior of the matrix and fiber phases. 
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Fig. 5. Normalized shear wave velocities 𝑐∕ 𝑐 0 as functions of entanglement strength 𝐺 𝑒 ∕ 𝐺 𝑐 .The shear waves propagation direction is 𝐧 = 𝐞 3 , with polarizations 𝐦 = 𝐞 1 
(dashed curve) and 𝐦 = 𝐞 2 (dotted curve). The horizontal solid lines denote the results for Gent model. 

Fig. 6. Schematic representation of transversely isotropic fiber composite with 

random distribution of fibers, aligned along the direction 𝐋 . 
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2 Note that 𝐼 1 = 𝑡𝑟 ̄𝐂 = 𝑡𝑟 ̄𝐁 and 𝐼 4 = 𝐋 ⋅ 𝐂̄ ⋅ 𝐋 = 𝐋 ⋅ 𝐁̄ ⋅ 𝐋 ; ̄𝐁 = 𝐅̄ ̄𝐅 𝑇 is the average 

left Cauchy-Green deformation tensor. 
For simplicity, we consider the FCs undergoing uniaxial deformation,

ence, the macroscopic deformation gradient is 

̄
 = 𝜆̄𝐞 3 ⊗ 𝐞 3 + 𝜆̄−1∕2 ( 𝐈 − 𝐞 3 ⊗ 𝐞 3 ) , (35)

here 𝜆̄ is the applied macroscopic stretch ratio along the fiber direc-

ion. The effective behavior of the TI FCs with incompressible Gent

hases under the uniaxial tension can be described using the following

EDF [60] 

̄  ( ̄𝐅 ) = − 

1 
2 

[ 
𝜈( 𝑚 ) 𝜇( 𝑚 ) 𝐽 ( 𝑚 ) 

𝑚 
ln 

( 

1 − 

𝐼 
( 𝑚 ) 
1 − 3 

𝐽 
( 𝑚 ) 
𝑚 

) 

+ 𝜈( 𝑓 ) 𝜇( 𝑓 ) 𝐽 ( 𝑓 ) 
𝑚 

ln 

( 

1 − 

𝐼 
( 𝑓 ) 
1 − 3 

𝐽 
( 𝑓 ) 
𝑚 

) ] 
, 

(36) 

here 

 ̃

( 𝑟 ) 
1 = 𝐼 4 + 2 ̄𝐼 4 

−1∕2 + 𝛼( 𝑟 ) 
(
𝐼 1 − 𝐼 4 − 2 ̄𝐼 4 

−1∕2 
)
, (37)

ith 

( 𝑓 ) = 

( 

1 − 𝜈( 𝑚 ) 
𝐺 

( 𝑓 ) − 𝐺 

( 𝑚 ) 

𝐺 

( 𝑓 ) 𝜈( 𝑚 ) + 𝐺 

( 𝑚 ) (1 + 𝜈( 𝑓 ) ) 

) 2 

(38)
7 
nd 

( 𝑚 ) = 

( 

1 + 𝜈( 𝑓 ) 
𝐺 

( 𝑓 ) − 𝐺 

( 𝑚 ) 

𝐺 

( 𝑓 ) 𝜈( 𝑚 ) + 𝐺 

( 𝑚 ) 
(
1 + 𝜈( 𝑓 ) 

)) 2 

+ 𝜈( 𝑓 ) 

( 

𝐺 

( 𝑓 ) − 𝐺 

( 𝑚 ) 

𝐺 

( 𝑓 ) 𝜈( 𝑚 ) + 𝐺 

( 𝑚 ) 
(
1 + 𝜈( 𝑓 ) 

)) 2 

; (39) 

ere 𝐺 

( 𝑟 ) = 𝐽 
( 𝑟 ) 
𝑚 𝜇

( 𝑟 ) ∕ 𝛾 ( 𝑟 ) is the phase effective shear modulus, with 𝛾 ( 𝑟 ) =
 

( 𝑟 ) 
𝑚 − ( ̄𝐼 1 − 3) ; 𝐼 1 = 𝑡𝑟 ̄𝐂 , 𝐼 4 = 𝐋 ⋅ 𝐂̄ ⋅ 𝐋 ; 𝐂̄ = 𝐅̄ 𝑇 𝐅̄ is the average right

auchy-Green deformation tensor. 2 We note that, in small strain limit,

he effective behavior of incompressible hyperelastic FCs described by

q. (36) is in agreement with the mathematical results for linear elastic

Cs [61] . 

The acoustic tensor (11) corresponding to the effective SEDF

36) takes the form 

 ( 𝐧 ) = 𝑞 1 𝐈 + 𝑞 2 ( ̄𝐁 ⋅ 𝐧 ) ⊗ ( ̄𝐁 ⋅ 𝐧 ) + 𝑞 3 
[
( ̄𝐁 ⋅ 𝐧 ) ⊗ ( ̄𝐅 ⋅ 𝐋 ) + ( ̄𝐅 ⋅ 𝐋 ) ⊗ ( ̄𝐁 ⋅ 𝐧 ) 

]
+ ̄𝑞 4 ( ̄𝐅 ⋅ 𝐋 ) ⊗ ( ̄𝐅 ⋅ 𝐋 ) , (40) 

here 𝐁̄ = 𝐅̄ ̄𝐅 𝑇 is the average left Cauchy-Green deformation tensor;

nd 

̄ 1 = 𝐺̃ ( 𝐧 ⋅ 𝐁̄ ⋅ 𝐧 ) + ( ̄𝐺 − 𝐺̃ )(1 − 𝜆̄−3 )( 𝐧 ⋅ 𝐅̄ ⋅ 𝐋 ) 2 , 
̄ 2 = 2 𝛽, 
̄ 3 = 2 𝜁 (1 − 𝜆̄−3 )( 𝐧 ⋅ 𝐅̄ ⋅ 𝐋 ) , and 

̄ 4 = 

[
3( ̄𝐺 − 𝐺̃ ) ̄𝜆−5 + 2 𝜂(1 − 𝜆̄−3 ) 2 

]
( 𝐧 ⋅ 𝐅̄ ⋅ 𝐋 ) 2 . 

(41) 

ith 

= 𝜈( 𝑚 ) 𝐺 

( 𝑚 ) 𝛼( 𝑚 ) 
2 ∕ 𝛾 ( 𝑚 ) + 𝜈( 𝑓 ) 𝐺 

( 𝑓 ) 𝛼( 𝑓 ) 
2 ∕ 𝛾 ( 𝑓 ) , 

= 𝜈( 𝑚 ) 𝐺 

( 𝑚 ) 𝛼( 𝑚 ) 
(
1 − 𝛼( 𝑚 ) 

)
∕ 𝛾 ( 𝑚 ) + 𝜈( 𝑓 ) 𝐺 

( 𝑓 ) 𝛼( 𝑓 ) 
(
1 − 𝛼( 𝑓 ) 

)
∕ 𝛾 ( 𝑓 ) , and 

= 𝜈( 𝑚 ) 𝐺 

( 𝑚 ) (1 − 𝛼( 𝑚 ) 
)2 ∕ 𝛾 ( 𝑚 ) + 𝜈( 𝑓 ) 𝐺 

( 𝑓 ) (1 − 𝛼( 𝑓 ) 
)2 ∕ 𝛾 ( 𝑓 ) . (42) 

he effective moduli 𝐺̃ and 𝐺̄ are 

̃
 = 𝐺 

( 𝑚 ) (1 + 𝜈( 𝑓 ) ) 𝐺 

( 𝑓 ) + 𝜈( 𝑚 ) 𝐺 

( 𝑚 ) 

𝜈( 𝑚 ) 𝐺 

( 𝑓 ) + (1 + 𝜈( 𝑓 ) ) 𝐺 

( 𝑚 ) and 𝐺̄ = 𝜈( 𝑓 ) 𝐺 

( 𝑓 ) + 𝜈( 𝑚 ) 𝐺 

( 𝑚 ) . (43)

The acoustic tensor 𝐐̂ given in Eq. (40) has two non-trivial eigenvalues:

̄ 1 and 𝑎̄ 2 , with the eigenvectors lying in the plane perpendicular to 𝐧 .
ence, we have two distinct shear waves with the corresponding phase

elocities 

̄ 
(1) 
𝑠𝑤 = 

√
𝑎̄ 1 ∕ ̄𝜌0 and 𝑐 

(2) 
𝑠𝑤 = 

√
𝑎̄ 2 ∕ ̄𝜌0 , (44)

here 𝜌̄0 = 𝜈( 𝑓 ) 𝜌( 𝑓 ) 0 + 𝜈( 𝑚 ) 𝜌( 𝑚 ) 0 is the average initial density of the com-

osite. 
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While, in general, the two shear wave velocities are distinct, they

o coincide for some propagation directions. For example, the shear

aves propagating perpendicular to the direction of fibers, 𝐧 ⟂ 𝐋 , so

hat 𝐧 = cos 𝜃𝐞 1 + sin 𝜃𝐞 2 , are characterized by identical phase velocities,

amely 

̄ 
(1) 
𝑠𝑤 = 𝑐 

(2) 
𝑠𝑤 = 

√ 

𝜆̄−1 𝐺̃ ∕ ̄𝜌0 . (45)

oreover, the velocities are independent of the angle 𝜃. 

For shear waves propagating along the fiber direction ( 𝐧 = 𝐋 = 𝐞 3 ),
he phase velocities also coincide 

̄ 
(1) 
𝑠𝑤 = 𝑐 

(2) 
𝑠𝑤 = 𝜆̄

√ 

( ̄𝐺 + ( ̃𝐺 − 𝐺̄ ) ̄𝜆−3 )∕ ̄𝜌0 , (46)

s the corresponding elastic moduli tensor components of fiber compos-

te are equal, specifically, 𝐴 1313 = 𝐴 2323 . 

However, for the oblique shear waves ( 𝐧 = cos 𝜙𝐞 2 + sin 𝜙𝐞 3 ), two dis-

inct phase velocities are obtained 

̄ 
(1) 
𝑠𝑤 = 

√ 

𝐺̃ + sin 2 ( 𝜙) ̄𝐺 ( ̄𝜆3 − 1) 
𝜆̄𝜌̄0 

, ( 𝐦 = 𝐞 1 ) , (47)

nd 

 

( 2 ) 
sw = 

√ √ √ √ 

2 sin 2 ( 𝜙) cos 2 ( 𝜙) Γ
(
𝜆
3 
−1 

)2 
+ 𝜆

(
𝐺̃ +3 

(
𝐺̃ − 𝐺 

)
sin 4 ( 𝜙) + 

(
𝐺 

(
2+ 𝜆

3 )
−3 ̃𝐺 

)
sin 2 ( 𝜙) 

)
𝜆
2 
𝜌0 

, (
𝐦 = − sin 𝜙𝐞 2 + cos 𝜙𝐞 3 

)
, 

(48) 

here 

̄ = 

𝜈( 𝑚 ) 𝐺 

( 𝑚 ) 

𝛾 ( 𝑚 ) 
+ 

𝜈( 𝑓 ) 𝐺 

( 𝑓 ) 

𝛾 ( 𝑓 ) 
. (49)

learly, expressions (47) and (48) produce identical values only at 𝜙 = 0
 𝐧 = 𝐞 2 ), and at 𝜙 = 𝜋∕2 ( 𝐧 = 𝐞 3 ). The expressions (47) and (48) reduce

o Eq. (45) for 𝜙 = 0 , and to Eq. (46) for 𝜙 = 𝜋∕2 . For other directions

 𝜙 ≠ 0 , 𝜋∕2 ), two distinct phase velocities exist. For instance, for 𝜙 =
∕4 , these phase velocities are 

̄ 
(1) 
𝑠𝑤 = 

√ 

2 ̃𝐺 + 𝐺̄ ( ̄𝜆3 − 1) 
2 ̄𝜆𝜌̄0 

, 𝐦 = 𝐞 1 (50)

nd 

̄ 
(2) 
𝑠𝑤 = 

√ 

2 ̄Γ( ̄𝜆3 − 1) 2 + 𝐺̄ (2 ̄𝜆4 + 𝜆̄) + 𝐺̃ ̄𝜆

4 ̄𝜆2 𝜌̄0 
, 𝐦 = 

( 𝐞 3 − 𝐞 2 ) √
2 

. (51)

We note that Eq. (46) yields an explicit expression for critical stretch

orresponding to the onset of macroscopic instability in the TI FCs with

ent phases [60] , namely, 

̄
𝑐𝑟 = 

( 

1 − 

𝐺̃ 

𝐺̄ 

) 

1∕3 . (52)

In the next subsection, we will make use of the derived analytical ex-

ressions to illustrate the effect of composite microstructure parameters

volume fraction of the constituents and initial shear modulus contrast

on the shear wave propagation in the FCs with Gent phases. 

.1. Effect of microstructure parameters on wave propagation in FCs 

Fig. 7 shows the phase velocities of the shear waves traveling along

he direction of fibers as functions of fiber volume fraction 𝜈( 𝑓 ) (a) and

nitial shear modulus contrast 𝜇( 𝑓 ) ∕ 𝜇( 𝑚 ) (b). The phase velocities are

alculated using the expression (46) . The value of initial shear modulus

ontrast is 𝜇( 𝑓 ) ∕ 𝜇( 𝑚 ) = 10 in Fig. 7 (a), and fiber volume fraction is 𝜈( 𝑓 ) =
 . 2 in Fig. 7 (b). The results are shown for the FCs with (i) Gent fibers

ith 𝐽 
( 𝑓 ) 
𝑚 = 0 . 1 and neo-Hookean matrix (green dashed curves) ; (ii) with

eo-Hookean fibers and Gent matrix with 𝐽 
( 𝑚 ) 
𝑚 = 0 . 1 (red dotted curves);

nd (iii) with all-Gent phases with 𝐽 
( 𝑓 ) 
𝑚 = 𝐽 

( 𝑚 ) 
𝑚 = 0 . 1 (blue dash-dotted

urves). For comparison, the curves corresponding to neo-Hookean FC
8 
re also included (black curves). We consider the FCs with identical

ensities for phases 𝜌
( 𝑓 ) 
0 = 𝜌

( 𝑚 ) 
0 . The FCs are subjected the macroscopic

eformation level of 𝜆̄ = 1 . 15 . The phase velocities are normalized by

he factor of 𝑐 0 = 

√ 

𝜇( 𝑚 ) ∕ 𝜌( 𝑚 ) 0 . 

As expected, the phase velocities increase for all the FCs, with an

ncrease in fiber volume fraction (see Fig. 7 (a)). This increase occurs

egardless of their material properties. In FCs with a given volume frac-

ion, the value of the phase velocities depends on the phase stiffen-

ng characteristics (along with the deformation level). In FCs with ei-

her or both of the phases with stiffening behavior, the wave velocities

re higher than the ones in the corresponding neo-Hookean compos-

tes; this is regardless of fiber volume fraction. Moreover, shear waves

ravel at higher speeds in all-Gent (or Gent-Gent) FCs as compared to

ther FCs at the same deformation level (see, for example, the blue

urve in Fig. 7 (a)). This happens because stiffening of both phases con-

ribute together in increasing the effective stiffness of the composite.

e observe that at 𝜈( 𝑓 ) = 0 , the phase velocities of FCs with Gent ma-

rix ( 𝐽 
( 𝑚 ) 
𝑚 = 0 . 1 ) and all-Gent phases ( 𝐽 𝑚 = 0 . 1 ) are identical. Also, FCs

ith Gent fibers and neo-Hookean phases have equal wave velocities.

oreover, the magnitude of the former pair is higher than the later one.

his is because, at 𝜈( 𝑓 ) = 0 , the matrix phase is the only constituent, and

herefore, the wave velocities are dictated by the matrix phase behavior.

n particular, the lowest and highest velocity magnitudes correspond to

he neo-Hookean and Gent ( 𝐽 
( 𝑚 ) 
𝑚 = 0 . 1 ) matrix phase, respectively. Simi-

arly, at 𝜈( 𝑓 ) = 1 , fiber phase is the only constitutive material. Hence, for

his homogeneous case, the wave velocities depend on the fiber phase

ehavior. We also find that the curves corresponding to the compos-

tes with Gent fibers 𝐽 
( 𝑓 ) 
𝑚 = 0 . 1 , neo-Hookean matrix and neo-Hookean

bers, Gent matrix 𝐽 
( 𝑚 ) 
𝑚 = 0 . 1 intersect at 𝜈( 𝑓 ) ≈ 0 . 3 (see red and green

urves in Fig. 7 (a)). In particular, for 𝜈( 𝑓 ) < 0 . 3 , the magnitude of wave

elocities is higher in nH-Gent ( 𝐽 
( 𝑚 ) 
𝑚 = 0 . 1 ) FC than Gent-nH ( 𝐽 

( 𝑓 ) 
𝑚 = 0 . 1 )

C. Whereas, at higher values of fiber volume fraction, 𝜈( 𝑓 ) > 0 . 3 , an

pposite trend is observed. 

The phase velocities increase with an increase in the shear modu-

us contrast. This is regardless of the material properties of phases (see

ig. 7 (b)). We also observe that the difference between the phase veloci-

ies of all-Gent and Gent-nH FCs decreases as the shear modulus contrast

ncreases. Moreover, the curves corresponding to the velocities in neo-

ookean FC and nH-Gent FC aproach each other for large value of the

ontrast 𝜇( 𝑓 ) ∕ 𝜇( 𝑚 ) . However, the gap between the velocity magnitudes

f all-Gent and neo-Hookean FCs consistently increases with an increase

n the initial shear modulus contrast. 

The results in Fig. 7 indicate that the phase stiffening significantly

nfluences the shear wave propagation in FCs. In the following subsec-

ions, we investigate this influence in detail by explicitly studying the

ffects of (i) deformation, (ii) limiting extensibility of phases, and (iii)

irectionality of shear wave propagation in Gent FCs. We illustrate these

ffects by the examples of FCs with fiber volume fraction 𝜈( 𝑓 ) = 0 . 2 and

nitial shear modulus contrast 𝜇( 𝑓 ) ∕ 𝜇( 𝑚 ) = 10 . 

.2. Effect of deformation on wave propagation in FCs 

In this subsection, we study the effect of deformation on shear wave

ropagation in Gent FCs subjected to uniaxial deformation (35) . Fig. 8

hows the phase velocities as functions of applied macroscopic stretch

atio 𝜆̄. In particular, we consider the shear waves traveling parallel

 Fig. 8 (a)) and perpendicular ( Fig. 8 (b)) to the fiber direction. These

hase velocities are governed by the Eqs. (46) and (45) , respectively.

he results are shown for FCs with fiber volume fraction 𝜈( 𝑓 ) = 0 . 2 and

nitial shear modulus contrast 𝜇( 𝑓 ) ∕ 𝜇( 𝑚 ) = 10 . Similar to the previous

onsideration in Sec. 4.1 , we examine the three morphologies of FCs

ith different phase stiffening characteristics, and neo-Hookean FC for

omparison. The vertical thin dashed lines indicate the lock-up stretch

alues for Gent material with 𝐽 𝑚 = 0 . 1 : 𝜆𝑙𝑜𝑐𝑘 − 𝑢𝑝 = 0 . 83 (compression)

nd 𝜆𝑙𝑜𝑐𝑘 − 𝑢𝑝 = 1 . 19 (tension). The phase velocities are normalized by
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Fig. 7. Normalized phase velocities ̄𝑐 𝑠𝑤 ∕ ̄𝑐 0 of shear waves traveling parallel to the fibers as the functions of (a) fiber volume fraction 𝜈( 𝑓 ) , and (b) initial shear modulus 

contrast 𝜇( 𝑓 ) ∕ 𝜇( 𝑚 ) . FCs with initial shear modulus contrast 𝜇( 𝑓 ) ∕ 𝜇( 𝑚 ) = 10 (a) and fiber volume fraction 𝜈( 𝑓 ) = 0 . 2 (b) are subjected to uniaxial tension, 𝜆̄ = 1 . 15 . The 

normalization factor is 𝑐 0 = 
√ 

𝜇( 𝑚 ) ∕ 𝜌( 𝑚 ) 0 . 

Fig. 8. Normalized phase velocities ̄𝑐 𝑠𝑤 ∕ ̄𝑐 of shear waves traveling parallel (a), and perpendicular (b) to the fibers as the functions of stretch ratio 𝜆̄. FCs are considered 

with fiber volume fraction 𝜈( 𝑓 ) = 0 . 2 and initial shear modulus contrast 𝜇( 𝑓 ) ∕ 𝜇( 𝑚 ) = 10 . 
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p  
̄ = 

√
𝜇̃∕ ̄𝜌0 , where 

̃ = 𝜇( 𝑚 ) (1 + 𝜈( 𝑓 ) ) 𝜇( 𝑓 ) + 𝜈( 𝑚 ) 𝜇( 𝑚 ) 

𝜈( 𝑚 ) 𝜇( 𝑓 ) + (1 + 𝜈( 𝑓 ) ) 𝜇( 𝑚 ) . (53)

We observe that in the small deformation range (strain ≈ ±3% ), the

hase velocities of the shear waves in Gent FCs with the propagation

irection 𝐧 = 𝐋 are barely different from those in the neo-Hookean FCs

see Fig. 8 (a)). At higher deformation levels, however, the effect of the

hase stiffening becomes more prominent. In particular, in contrast to

he neo-Hookean FCs (which show a consistent decrease in wave ve-

ocities under contraction), we do not observe a monotonous decrease

n composites with Gent matrix and all-Gent phases (see red and blue

urves in Fig. 8 (a)). In these Gent composites, the phase velocities de-

rease only up to their certain compressive strain levels. At higher com-

ressive strains, the shear wave velocities start increasing with a further

ontraction along the fibers, as these composites experience stiffening

f phase(s) at larger deformation levels. Therefore, even in the case of

xtension, these FCs show a comparatively larger increase in the wave

elocities than the neo-Hookean FCs, when deformation approaches the

ocking limit 𝜆𝑙𝑜𝑐𝑘 − 𝑢𝑝 (see blue and red curves in Fig. 8 (a)). 

In a similar manner, the shear wave velocities significantly increase

ith 𝜆̄ in composites with Gent FCs subjected to tensile loadings. How-

ver, in contrast to FCs with Gent matrix and all-Gent phases, the phase
9 
elocities in FCs with Gent fibers monotonously decrease with a de-

rease in 𝜆̄, under compressive loadings (see green dashed curve in

ig. 8 (a)). Moreover, the shear wave velocity attains zero value at a cer-

ain stretch ratio. This stretch ratio is referred to as the critical stretch ra-

io, 𝜆̄𝑐𝑟 , and it indicates the onset of macroscopic instability [62] . For the

Cs considered in Fig. 8 (a), with Gent fibers 𝐽 
( 𝑓 ) 
𝑚 = 0 . 1 and neo-Hookean

atrix, the critical stretch ratio is 𝜆̄𝑐𝑟 = 0 . 88 (marked as “𝜆̄𝑐𝑟 ”). 

In FCs with Gent matrix and all-Gent phases, the stiffening of

hase(s) also dictates the wave propagation perpendicular to the fibers

 𝐧 ⟂ 𝐋 ), at higher deformation levels. In particular, the wave velocity

n these composites decreases with an increase in 𝜆̄ only up to a certain

alue of tensile strain (see the inset in Fig. 8 (b)). Under higher tensile

trains, however, these composites show an increase in the wave veloc-

ty with an increase in deformation level (see the blue and red curves).

ere, the influence of fiber phase stiffening on the wave velocities is

ather weak (see the green dashed curve in Fig. 8 (b)). We observe that

he values of the shear wave velocities are close to those in the neo-

ookean FCs, even for 𝜆̄ approaching the locking deformation level,

𝑙𝑜𝑐𝑘 − 𝑢𝑝 . 

.3. Effect of phases’ finite extensibility on wave propagation in FCs 

Next, we study the effect of phase stiffening on the shear wave

hase velocities in the TI FCs. Fig. 9 shows the velocity as a func-
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Fig. 9. Normalized phase velocities 𝑐 𝑠𝑤 ∕ ̄𝑐 of shear waves as the functions of: fiber locking parameter 𝐽 
( 𝑓 ) 
𝑚 (a); matrix locking parameter 𝐽 ( 𝑚 ) 

𝑚 
(b); and 𝐽 𝑚 = 𝐽 

( 𝑓 ) 
𝑚 = 𝐽 ( 𝑚 ) 

𝑚 

(c). The dashed and solid curves correspond to the shear waves traveling parallel and perpendicular to the fibers, respectively. The fiber volume fraction is 𝜈( 𝑓 ) = 0 . 2 
and initial shear modulus contrast is 𝜇( 𝑓 ) ∕ 𝜇( 𝑚 ) = 10 . 
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ion of the phase locking parameters for the FCs with (a) Gent fibers

nd neo-Hookean matrix, (b) neo-Hookean fibers and Gent matrix, and

c) both Gent phases with identical locking parameters 𝐽 𝑚 = 𝐽 
( 𝑓 ) 
𝑚 = 𝐽 

( 𝑚 ) 
𝑚 

 Fig. 9 (c)). The results are shown for the shear waves traveling in the

irection perpendicular (solid curves) and parallel (dashed curves) to

he fibers. The FCs are subjected to the uniaxial compression of 𝜆̄ = 0 . 90
blue curves) and tension of 𝜆̄ = 1 . 15 (red curves). For comparison, the

esults for the undeformed FCs ( ̄𝜆 = 1 ) are included as horizontal black

ines. Note that all the FC morphologies in Fig. 9 are macroscopically

table for the considered deformation range. 

In the undeformed FCs ( ̄𝜆 = 1 ), the phase velocities are indeed in-

ependent of the phase locking parameters (see the horizontal black

ines in Fig. 9 ). In the deformed FCs, however, the stiffening behavior

f the phases significantly influences the shear wave propagation. In

articular, we observe that in the composites with Gent matrix and neo-

ookean fibers, a decrease in the matrix locking parameter 𝐽 
( 𝑚 ) 
𝑚 leads

o an increase in phase velocities. This happens for both tension or com-

ression deformations (see Fig. 9 (b)). Similarly, in FCs with all-Gent

hases, the phase velocities increase with a decrease in 𝐽 𝑚 = 𝐽 
( 𝑓 ) 
𝑚 = 𝐽 

( 𝑚 ) 
𝑚 ,

or both propagation directions – perpendicular and parallel to the fibers

see Fig. 9 (c)). In contrast, in composites with Gent fibers and neo-

ookean matrix, the stiffening of fibers only affects the phase veloci-

ies of waves traveling along the direction of fibers ( 𝐧 = 𝐋 ). However,

he stiffening effect of fiber phase is weak for the waves with 𝐧 ⟂ 𝐋 .

oreover, the influence of fiber locking parameter 𝐽 
( 𝑓 ) 
𝑚 is different in

he compression and tension cases. In particular, the wave velocity for

 = 𝐋 decreases with an increase in 𝐽 
( 𝑓 ) 
𝑚 in the FCs under tension 𝜆̄ = 1 . 15

see the dashed red curves in Fig. 9 (a)), whereas the opposite behavior is

bserved for compressed FCs with 𝜆̄ = 0 . 90 (see the dashed blue curves

n Fig. 9 (a)). Furthermore, we note that at higher values of locking pa-

ameters, the phase velocities approach the values corresponding to the

I FCs with neo-Hookean phases, for each deformation level. 

.4. Effect of propagation direction on shear wave velocity in FCs 

Finally, we illustrate how the propagation direction affects the phase

elocities of the shear waves in the TI FCs with Gent phases. Recall that

he shear waves traveling in the plane perpendicular to the fibers, i.e.,

𝐞 1 , 𝐞 2 ⟩ plane with 𝐧 = cos 𝜃𝐞 1 + sin 𝜃𝐞 2 , have identical phase velocities

nd are independent of angle 𝜃. These velocities are given by Eq. (45) .

However, the shear waves traveling at an oblique angle to the fibers,

or example, 𝐧 = cos 𝜙𝐞 2 + sin 𝜙𝐞 3 , have two distinct phase velocities.

hese velocities are given by Eq. (47) and Eq. (48) showing their strong

ependence on angle 𝜙. To illustrate the velocity dependence on angle

, we plot the polar diagrams for the slowness 𝑠̄ 𝑠𝑤 ( 𝜙) = 1∕ ̄𝑐 𝑠𝑤 ( 𝜙) for

he waves traveling in ⟨𝐞 2 , 𝐞 3 ⟩ plane. The slowness curves are shown for

hear waves with two polarizations: 𝐦 = 𝐞 1 (out-of-plane, Fig. 10 (a) and

b)) and 𝐦 = − sin 𝜙𝐞 2 + cos 𝜙𝐞 3 (in-plane, Fig. 10 (c) and (d)). The results

re shown for the FCs with (i) neo-Hookean phases (solid curves), (ii)
10 
ent fibers ( 𝐽 
( 𝑓 ) 
𝑚 = 0 . 1 ) and neo-Hookean matrix (dotted curve), and (iii)

eo-Hookean fibers and Gent matrix ( 𝐽 
( 𝑚 ) 
𝑚 = 0 . 1 ) (dash-dotted curves).

he FCs are subjected to uniaxial compression of 𝜆̄ = 0 . 90 (blue curves)

nd tension of 𝜆̄ = 1 . 15 (red curves); the results for the undeformed FCs

 ̄𝜆 = 1 ) are denoted by the black curves. 

We observe that for the out-of-plane shear waves, the maximum of

hase velocities always lies in either of the principal directions, regard-

ess of phase properties and deformation. In particular, when the FC is

ubjected to compressive loading, the maximum phase velocity is ob-

ained along the direction 𝐧 = 𝐞 2 among all the directions in ⟨𝐞 2 , 𝐞 3 ⟩
lane (see Fig. 10 (a)). Whereas in the case of tension, the maximum lies

long the direction of propagation 𝐧 = 𝐞 3 (see Fig. 10 (b)). In contrast,

he maximum phase velocity for in-plane shear waves does not lie at the

rincipal axes. Moreover, the directions along which the wave travels at

he maximum speed ( 𝐧 𝑚𝑎𝑥 = cos 𝜙0 𝐞 2 + sin 𝜙0 𝐞 3 ), depend on the combi-

ation of the phase properties and deformation level. The corresponding

0 can be explicitly expressed as 

0 = ± 

1 
2 
cos −1 

( 

𝜆̄𝐺̄ ( ̄𝜆3 − 1) 
2( ̄𝜆3 − 1) 2 Γ̄ + 3( ̄𝐺 − 𝐺̃ ) ̄𝜆

) 

+ 𝜋𝑛, 𝑛 = 0 , 1 . (54)

In the undeformed FCs, the wave velocity maxima lies in the direction

 = ( 𝐞 2 ± 𝐞 3 )∕ 
√
2 . 

. Conclusions 

In this paper, we have analyzed elastic wave propagation in soft mi-

rostructured materials. We have studied the effects arising at different

ength-scales – from underlying molecular chain network mechanisms

o the micromechanics of hyperelastic heterogeneous composites. 

First, we examine the interplay between the crosslinked and entan-

led polymer chains and elastic wave characteristics in finitely deformed

omogeneous materials. We have derived explicit expressions for phase

elocity, and illustrated the influence of the inter-molecular entangle-

ents on the wave propagation for various deformation states uniaxial,

qui-biaxial, and pure shear. In addition, we compared these derived

esults with the Gent material model (a commonly used non-Gaussian

yperelastic model). The comparison was based on the material param-

ters corresponding to relevant sets of experimental data for silicone

ubber. By the application of these results, we have demonstrated the

ariation of the wave characteristics with the level of deformation and

ropagation direction. Furthermore, we have shown how the extent of

ntanglements (or entanglement strength 𝐺 𝑒 ∕ 𝐺 𝑐 ) influences the wave

ropagation in soft elastomers. 

Next, we study the shear wave propagation in a class of hetero-

eneous hyperelastic composites. In particular, we analyze the trans-

ersely isotropic fiber composites with phases characterized by the stiff-

ning behavior stemming from the non-Gaussian statistics of polymer

hains. We have employed a micromechanics-based approach to derive

xplicit expressions for phase velocities in terms of volume fraction and
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Fig. 10. Slowness curves for the out-of-plane (a),(b) and in-plane (c),(d) shear waves. Scale is 0.2 per division. FCs are considered with fiber volume fraction 𝜈( 𝑓 ) = 0 . 2 
and initial shear modulus contrast 𝜇( 𝑓 ) ∕ 𝜇( 𝑚 ) = 10 . The labels 𝑛 2 ∕ ̄𝑐 and 𝑛 3 ∕ ̄𝑐 are used to represent principal directions of propagation and physical quantity on the 

polar plot. 
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(A.2) 
aterial properties of phases. By making use of the derived expressions,

e have shown the influence of stiffening behavior varying with the

eformation levels and the direction of wave propagation. 

We conclude by noting that our results can aid in exploiting the com-

lex multiscale behaviors of soft materials arising from their microstruc-

ures, for the design and development of mechano-tunable acoustic ma-

erials. 
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ppendix A. EN material acoustic tensor coefficients in Eq. (17) 

Here, we provide the EN material acoustic tensor coefficients 𝑞 𝑖 , in-

roduced in of Eq. (17) 

 1 = ( 𝐧 ⋅ 𝐁 ⋅ 𝐧 ) 𝑔 1 − ( 𝐧 ⋅ 𝐁 ⋅ 𝐁 ⋅ 𝐧 ) 𝑔 2 , 
 2 = ( 𝐧 ⋅ 𝐁 ⋅ 𝐧 ) 𝑔 2 , 
 3 = 𝑔 2 + 𝑔 3 + 2 𝑔 4 𝐼 1 + 𝑔 5 𝐼 

2 
1 , 

 4 = 𝑔 4 + 𝑔 5 𝐼 1 , and 

 5 = 𝑔 5 , 

(A.1) 

here, 

 1 = 9 𝐺 𝑐 
1 

( 3+ 𝐼 1 ∕ ( 2 𝑁 ) ) ( 3− 𝐼 1 ∕ 𝑁 ) 

+ 𝐺 𝑒 

(
𝜆2 1 𝜆

5 
2 + 𝜆

2 
2 𝜆

5 
1 + 𝜆

3 
1 𝜆

4 
2 + 𝜆

3 
2 𝜆

4 
1 + 𝜆

3 
1 𝜆2 + 𝜆1 𝜆

3 
2 + 𝜆

2 
1 𝜆

2 
2 + 𝜆1 + 𝜆2 

)
+ 𝜆−1 1 𝜆

−1 
2 

( 𝜆1 + 𝜆2 ) 
(
𝜆2 𝜆

2 
1 +1 

)(
𝜆1 𝜆

2 
2 +1 

) , 

 2 = 𝐺 𝑒 

𝜆1 𝜆2 ( 𝜆1 𝜆2 ( 𝜆1 + 𝜆2 ) +1 ) 
( 𝜆1 + 𝜆2 ) 

(
𝜆2 𝜆

2 
1 +1 

)(
𝜆1 𝜆

2 
2 +1 

) , 
 3 = 18 𝐺 𝑐 

(
3∕ ( 2 𝑁 ) + 𝐼 1 ∕ 𝑁 

2 )
( 3+ 𝐼 1 ∕ ( 2 𝑁 ) ) 2 ( 3− 𝐼 1 ∕ 𝑁 ) 2 

+ 𝑔 4 , 

 4 = − 𝐺 𝑒 

𝜆4 1 𝜆
4 
2 

(
𝜆4 1 𝜆

4 
2 +3 𝜆

3 
1 𝜆

2 
2 +3 𝜆

2 
1 𝜆

3 
2 + 𝜆

2 
1 + 𝜆

2 
2 +3 𝜆1 𝜆2 

)
( 𝜆1 + 𝜆2 ) 3 

(
𝜆2 𝜆

2 
1 +1 

)
3 
(
𝜆1 𝜆

2 
2 +1 

)
3 

, 

 5 = − 𝐺 𝑒 

𝜆3 1 𝜆
3 
2 

(
𝜆1 𝜆2 

(
𝜆5 1 𝜆

2 
2 + 𝜆

2 
1 𝜆

5 
2 +3 𝜆

4 
1 𝜆

3 
2 +3 𝜆

3 
1 𝜆

4 
2 +3 𝜆

3 
1 𝜆2 +3 𝜆1 𝜆

3 
2 +7 𝜆

2 
1 𝜆

2 
2 +3 𝜆1 +3 𝜆2 

)
+1 

)
( 𝜆1 + 𝜆2 ) 3 

(
𝜆2 𝜆

2 
1 +1 

)
3 
(
𝜆1 𝜆

2 
2 +1 

)
3 
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ppendix B. Phase velocities of in-plane shear waves in EN 

aterial 

Here, we consider the in-plane shear waves propagating along 𝐧 =
os 𝜃𝐞 1 + sin 𝜃𝐞 2 . The corresponding phase velocities ( Eq. (18) ) in EN

aterials undergoing the considered deformation modes are given be-

ow. 

For uniaxial loading (20) 1 , 

 

(1) 
𝑢 = 

( 

9 𝐺 𝑐 
𝜌0 

(
𝜆2 cos 2 𝜃+ 𝜆−1 sin 2 𝜃

)
Θ𝑢 

+ 

𝐺 𝑒 

𝜌0 

(
𝜆2 cos 2 𝜃+ 𝜆1∕2 sin 2 𝜃+ 𝜆2 

)
2 ( 𝜆3∕2 +1 ) 

) 

1∕2 

 

(2) 
𝑢 = 

{ 

𝐺 𝑐 

𝜌0 

[ 

9 
(
𝜆2 cos 2 ( 𝜃)+ 𝜆−1 sin 2 ( 𝜃) 

)
Θ𝑢 

+ 

9 
2 

(
3 
2 𝑁 

+ 

𝜆2 +2 𝜆−1 
𝑁 

2 

)
𝜆−2 

(
𝜆3 −1 

)2 sin 2 (2 𝜃) 
Θ2 
𝑢 

] 

+ 

𝐺 𝑒 

𝜌0 

( 

1 
2 

(
𝜆1∕2 − 𝜆−1 

)
cos (2 𝜃) 

+ 

1 
32 ( 𝜆3∕2 +1 ) 3 

[ (
3 𝜆2 + 5 𝜆 + 3 𝜆1∕2 + 𝜆−1∕2 + 4 𝜆−1 

)(
𝜆3∕2 − 1 

)2 cos (4 𝜃) 
+ 13 𝜆5 − 5 𝜆4 + 31 𝜆2 − 3 𝜆 + 35 𝜆7∕2 + 9 𝜆5∕2 

+ 37 𝜆1∕2 − 𝜆−1∕2 + 12 𝜆−1 
] ) } 

1∕2 

(B.1) 

For equibiaxial loading (20) 2 , 

𝑐 
(1) 
𝑒𝑏 

= 

√ 

9 𝐺 𝑐 
𝜌0 

𝜆2 

Θ𝑒𝑏 
+ 

𝐺 𝑒 

𝜌0 

𝜆5 

1+ 𝜆3 

𝑐 
(2) 
𝑒𝑏 

= 

√ 

9 𝐺 𝑐 
𝜌0 

𝜆2 

Θ𝑒𝑏 
+ 

𝐺 𝑒 

𝜌0 

1 
2 𝜆

(B.2) 

For pure shear deformation (20) 3 , 

𝑐 
(1) 
𝑝𝑠 = 

( 

9 𝐺 𝑐 
𝜌0 

(
𝜆2 cos 2 𝜃+ sin 2 𝜃

)
Θ𝑝𝑠 

+ 

𝐺 𝑒 

𝜌0 

𝜆2 
(
𝜆cos 2 𝜃+ sin 2 𝜃+ 𝜆2 

)
( 𝜆+1) ( 𝜆2 +1 ) 

) 

1∕2 

𝑐 
(2) 
𝑝𝑠 = 

[ 

𝐺 𝑐 

𝜌0 

( 

9 
(
𝜆2 cos 2 𝜃+ sin 2 𝜃

)
Θ𝑝𝑠 

+ 

9 
2 

(
3 
2 𝑁 

+ 

𝜆2 + 𝜆−2 +1 
𝑁 

2 

) (
𝜆2 −1 

)2 sin 2 (2 𝜃) 
Θ2 
𝑝𝑠 

) 

+ 

𝐺 𝑒 

𝜌0 

(( 𝜆−1) cos (2 𝜃)+ 𝜆+1) 2 
4 𝜆( 𝜆+1) 

]
1∕2 

(B.3) 

he velocities 𝑐 (1) and 𝑐 (2) correspond to the wave polarizations 𝐦 = 𝐞 3 
nd 𝐦 = sin 𝜃𝐞 1 − cos 𝜃𝐞 2 , respectively. In addition, we use the following

uantities in Eqs. (B.1) - (B.3) , 

Θ𝑢 = 

(
3 + 

(
𝜆2 + 2 𝜆−1 

)
∕ ( 2 𝑁 ) 

)(
3 − 

(
𝜆2 + 2 𝜆−1 

)
∕ 𝑁 

)
Θ𝑒𝑏 = 

(
3 + 

(
2 𝜆2 + 𝜆−4 

)
∕ ( 2 𝑁 ) 

)(
3 − 

(
2 𝜆2 + 𝜆−4 

)
∕ 𝑁 

)
Θ𝑝𝑠 = 

(
3 + 

(
𝜆2 + 𝜆−2 + 1 

)
∕ ( 2 𝑁 ) 

)(
3 − 

(
𝜆2 + 𝜆−2 + 1 

)
∕ 𝑁 

) (B.4) 

ppendix C. Shear wave velocities in Gent materials 

Here, we provide explicit expressions for the phase velocities corre-

ponding to the incompressible Gent materials subjected to three basic

eformation modes defined in Eq. (20) . In general, the acoustic tensor

f Gent model (25) has two distinct nonzero eigenvalues, and hence,

here exist two distinct phase velocities (27) corresponding to differ-

nt polarizations. For some special cases, the value of the velocity is

dentical. For instance, the shear waves propagating along the principal

irections of the left Cauchy-Green deformation tensor ( 𝐧 = 𝐞 𝑖 ) produce

dentical phase velocities 

 

(1) 
𝐺 

= 𝑐 
(2) 
𝐺 

= 𝜆𝑖 

√ 

Θ−1 
𝐺 

𝜇𝐽 𝑚 ∕ 𝜌0 , (C.1)

here 𝜆𝑖 ( 𝑖 = 1 , 2 , 3) are the principal stretches in the direction of 𝐞 𝑖 .
onsider the shear waves traveling along the direction 𝐧 = 𝐞 3 , the phase

elocities for three basic deformation states are 

 

(1) 
𝐺𝑢 

= 𝑐 
(2) 
𝐺𝑢 

= 𝜆−1∕2 
√ 

Θ−1 
𝐺𝑢 

𝜇𝐽 𝑚 ∕ 𝜌0 (C.2)
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(1) 
𝐺𝑒𝑏 

= 𝑐 
(2) 
𝐺𝑒𝑏 

= 𝜆−2 
√ 

Θ−1 
𝐺𝑒𝑏 

𝜇𝐽 𝑚 ∕ 𝜌0 (C.3)

 

(1) 
𝐺𝑝𝑠 

= 𝑐 
(2) 
𝐺𝑝𝑠 

= 𝜆−1 
√ 

Θ−1 
𝐺𝑝𝑠 

𝜇𝐽 𝑚 ∕ 𝜌0 (C.4)

For the shear waves traveling along 𝐧 = cos 𝜃𝐞 1 + sin 𝜃𝐞 2 , the phase

elocities also coincide for equi-biaxial deformation ( 𝜆1 = 𝜆2 = 𝜆),

amely 

 

(1) 
𝐺𝑒𝑏 

= 𝑐 
(2) 
𝐺𝑒𝑏 

= 𝜆

√ 

Θ−1 
𝐺𝑒𝑏 

𝜇𝐽 𝑚 ∕ 𝜌0 , (C.5)

here Θ𝐺𝑒𝑏 = 3 + 𝐽 𝑚 − ( 2 𝜆2 + 𝜆−4 ) . 
Next we provide the examples for phase velocities in Gent materials

ndergoing uniaxial and pure shear deformation modes, for waves prop-

gating in the direction 𝐧 = cos 𝜃𝐞 1 + sin 𝜃𝐞 2 . The corresponding phase

elocities are 

 

(1) 
𝐺𝑢 

= 

√ (
𝜆2 cos 2 𝜃 + 𝜆−1 sin 2 𝜃

)
Θ−1 

𝐺𝑢 
𝜇𝐽 𝑚 ∕ 𝜌0 

 

(2) 
𝐺𝑢 

= 

((
𝜆2 cos 2 𝜃+ 𝜆−1 sin 2 𝜃+0 . 5 𝜆−2 

(
𝜆3 − 1 

)2 Θ−1 
𝐺𝑢 
sin 2 (2 𝜃) 

)
Θ−1 

𝐺𝑢 
𝜇𝐽 𝑚 ∕ 𝜌0 

)
1∕2 

(C.6) 

𝑐 
(1) 
𝐺𝑝𝑠 

= 

√ (
𝜆2 cos 2 𝜃 + sin 2 𝜃

)
Θ−1 

𝐺𝑝𝑠 
𝜇𝐽 𝑚 ∕ 𝜌0 

𝑐 
(2) 
𝐺𝑝𝑠 

= 

((
𝜆2 cos 2 𝜃 + sin 2 𝜃 + 0 . 5 

(
𝜆2 − 1 

)2 Θ−1 
𝐺𝑝𝑠 

sin 2 (2 𝜃) 
)
Θ−1 

𝐺𝑝𝑠 
𝜇𝐽 𝑚 ∕ 𝜌0 

)
1∕2

(C.7) 

here Θ𝐺𝑢 = 3 + 𝐽 𝑚 − ( 𝜆2 + 2 𝜆−1 ) and Θ𝐺𝑝𝑠 = 2 + 𝐽 𝑚 − ( 𝜆2 + 𝜆−2 ) ; the

ave velocities 𝑐 
(1) 
𝐺 

and 𝑐 
(2) 
𝐺 

correspond to the waves with polarizations

 = 𝐞 3 and 𝐦 = sin 𝜃𝐞 1 − cos 𝜃𝐞 2 , respectively. 
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