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A B S T R A C T   

In this work, we study the nonlinear behavior of soft photocured polymers typically used in 3D-printing. We 
perform experimental testing of 3D-printed samples cured at various controlled light intensities. The experi-
mental data show the dependency of the material elasticity and rate-sensitivity on the curing light intensity. To 
elucidate these relations, we develop a physically-based visco-hyperelastic model in the continuum thermo-
dynamics framework. In our model, the macroscopic viscoelastic behavior is bridged to the microscopic mole-
cular chain scale. This approach allows us to express the material constants in terms of polymer chain physical 
parameters. We consider different physical mechanisms governing hyperelasticity and rate-dependent behaviors. 
The hyperelastic behavior is dictated by the crosslinked network; whereas, the viscous part originates in the free 
and dangling chains. Based on our experimental data, we illustrate the ability of the new constitutive model to 
accurately describe the influence of the light intensity on photocured polymer viscoelasticity.   

1. Introduction 

3D-printing of soft materials has been employed in numerous areas 
such as tissue engineering [1,2], drug delivery devices [3,4] and soft 
robots [5]. The technology expands the design space by allowing the 
fabrication of complicated geometries, composition, and tailored 
properties [6,7]. A promising soft material fabrication method – Digital 
Light Processing (DLP) 3D printing – utilizes photo-polymerization in 
the layer by layer curing process [8–12]. The produced materials ty-
pically exhibit rich material nonlinearity and rate-sensitivity [13–15], 
and their properties are highly dependent on the printing process 
parameters. Motivated by providing the understanding of the soft di-
gital material behavior, in this work, we develop a new physically- 
based visco-hyperelastic model in the continuum thermodynamics fra-
mework. Previously, Zarrelli et al. [16] – utilizing the Kohlrausch- 
Williams-Watts (KWW) equations [17] – developed a constitutive 
model that describes the dynamic relaxation modulus during curing. 
The model incorporates the four coupled phenomena: photophysics, 
photochemistry, chemomechanical coupling, and mechanical de-
formation. A general thermodynamic framework has been proposed by 
Long et al. [18]; the model allows simulating different mechanisms- 
induced photochemical-thermal-mechanical coupling behavior of 
photo-active polymer undergoing finite deformation. Recently, Zhao 
et al. [19] investigated the effects of oxygen on the stress relaxation and 

bending actuation of the light-activated polymers. Most recently, Wu 
et al. [20] studied the evolution of material properties during the photo- 
polymerization. They applied a phase evolution model to characterize 
the coupling between mechanical and chemical reactions during the 
curing process; the developed “multibranch” viscoelastic model cap-
tures the nonlinear viscoelastic behavior of the photocured polymer. 
Sain et al. [21] proposed a thermal-chemo-mechanically coupled con-
stitutive framework for cured glassy thermoset polymer. Yu et al. [22] 
presented a theoretical framework to consider the effects of light in-
tensity, light wavelength, and photoinitiator concentration on self- 
healing behavior. The shape distortion of the structures created by DLP 
3D printing technology is investigated by using photo-polymerization 
reaction kinetics and Euler–Bernoulli beam theory [15]. 

Photo-polymerized polymers frequently exhibit strong nonlinear 
viscoelastic behavior under finite deformation [20,23]. To model finite 
deformation viscoelastic behaviors, the so-called phenomenological and 
physically-based constitutive models are used. While here, we mostly 
focus on the physically-based models, interested readers are referred to 
the works by [24–30], among many others. 

Physically-based viscoelastic models can be formulated by con-
sideration of the viscous-related micromechanisms, such as the repta-
tional motion of molecular chains [31–33], re-orientation and stretch 
relaxation of chain segments [34], as well as the breaking and re-
attaching of temporary crosslinks [35]. These models, however, include 
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fitting parameters that are not directly related to the underlying phy-
sical mechanisms. For the thermodynamically consistent models 
[29,33,34], appropriate restrictions are imposed on their fitting para-
meters. On the other hand, physically-based models can be developed 
by directly characterizing the viscous related microscopic structures so 
that all material constants can be connected to the microscopic quan-
tities [36–41]. For a more detailed discussion of the topic, the readers 
are referred to the recent review by Xiang et al. [42]. We note that there 
is a large number of viscoelastic models incorporating finite-deforma-
tion, while only a few models consider the specifics of the viscoelasti-
city in the photocured polymer [20,21,43,44]. 

In this paper, we develop a finite-deformation physically-based 
visco-hyperelastic constitutive model for photocured polymers. Our fi-
nite-deformation viscoelastic model incorporates the rate-dependent 
behaviors by considering the microstructure of the polymer, including 
the crosslinked network, and free and dangling chains (schematically 
shown in Fig. 3). Moreover, the light intensity-dependent crosslinked 
network and the nonlinear viscosity of free and dangling chains are also 
included in the model. 

We further apply our model for a particular material – 2-hydro-
xyethyl acrylate (HEA) – that we produce through DLP 3D-printing with 
the light intensity-controlled viscoelasticity. We illustrate the ability of 
the constitutive model to accurately describe the experimentally ob-
served influence of the light intensity on the photocured polymer vis-
coelasticity. 

The paper is organized as follows: Section 2 describes the proce-
dures for 3D printing and mechanical characterization. Section 3 pre-
sents the continuum thermodynamic framework for viscoelastic mate-
rials, the formulation for light intensity-dependent nonlinear viscosity 
of the free and dangling chains, and the expressions for light intensity- 
dependent Helmholtz free energy density. Section 4 includes the 
modeling and experimental results, followed by discussions and con-
cluding remarks. 

2. Material fabrication and experiments 

The sample fabrication procedure is schematically shown in Fig. 1. 
The typical DLP printing system comprises a light projector, moving 
stage, and a resin vat [8,11,45]. The geometrical features of the spe-
cimens are digitally sliced into a series of images. Then, these images 

are sequentially projected by the DLP projector (Optoma HD27 1080p 
DLP Home projector) into the liquid resin vat to cure it into a solid layer 
[12]. Thenceforth, the stage moves vertically to a new position, and the 
next layer is cured. The layer by layer process is repeated until the final 
structure of the specimen is completely printed (depicted in Fig. 1 (b)). 

Specimen preparation. Typical vat photopolymerization resins consist 
of monomers, crosslinkers, and photoinitiators. Our resin consisted of 2- 
hydroxyethyl acrylate (HEA) as the monomer and Irgacure 819 as the 
photoinitiator (0.25 wt % with respect to the monomer mass). No ad-
ditional crosslinker was added as commercial HEA contains several 
single weight percent of diacrylate impurities [12]. Different levels of 
the visible (or white) light intensity I controlled through gray scale 
adjustments in Microsoft PowerPoint were used to produce specimens 
with varying mechanical properties, while keeping other environmental 
variables fixed, including the temperature, the layer exposure time (20 
s), the initial concentration of uncured liquid resin and the thickness of 
each projected layer (100 μm). In particular, we printed the specimens 
at four different visible (or white) light intensities, namely, 

= ±I 12.56 klx 2.58 klx, ±15.10 klx 4.28 klx, ±21.53 klx 3.37 klx, and 
±27.17 klx 3.23 klx. Average intensities were measured using an Extech 

HD450 Light meter at the vat interface. All printed parts were rinsed 
with acetone to remove excess monomer and post-cured by irradiating 
with white light for a minimum of 12 h. For each light intensity, at least 
6 dog bone specimens are printed, each comprised of 30 total cured 
layers. The dimensions of the specimen are provided in Fig. A.1. in 
Appendix A. To ensure the specimen can be tightly fixed by the screw 
grippers, two holes at the ends of the specimen (Fig. 2). 

Experimental setup. The mechanical testing was performed in the 
experimental apparatus schematically shown in Fig. 2. The linear ac-
tuators and a load cell with Labview are used to synchronize dis-
placement measurement, imaging, and force data collection [46]. The 
optical system for recording data (consisting of a control computer, 
camera, a long-distance microscopy lens, polarizing filters, and LED 
light panels) are installed on a vibration-isolated table, and the col-
lected data is analyzed by the DIC. The DIC camera is aligned to the 
uniform deformation area in the middle of the specimen. A secondary 
camera is used to detect possible abnormal deformation conditions. For 
the uniaxial tensile test, screw-actuated grips are attached to the base of 
the load frame and the load cell, and the specimen is tightly gripped 
with the griping-force exerted by the screw grips. 

The uniaxial tensile tests were performed at three different strain 
rates = s10 3 1, s10 2 1, and s10 1 1; the tests were repeated at least 
twice for each strain rate. The nominal stress P is calculated as =P F A/ 0, 
where F is the force data collected by the load cell, and A0 is the ori-
ginal area of the cross-section of the DIC measured region. The results 
show that all the HEA specimens tested here exhibit strong viscoelastic 
behavior. 

3. Theory 

3.1. The continuum thermodynamics 

Consider a polymer molecular network composed of the crosslinked 
network, free and dangling chains, as schematically shown in Fig. 3. 
The free chains are not chemically bound to the crosslinked network, 
while the dangling chains are connected to the crosslinked network by a 
single end-link. Whereas the crosslinked network is attributed to the 
purely hyperelastic mechanical response, the free and dangling chains 
are responsible for the viscous response. The corresponding macro-
scopic mechanical behavior of the polymer can be described by the 
rheological model, as shown in Fig. 4. The branches A, B1 and B2 re-
present the crosslinked network, free chains, and dangling chains, re-
spectively. 

The deformation acting on all the branches is identical (see, Fig. 4); 
hence, the applied deformation gradient tensor F is equal to the de-
formation gradient tensor of the branch A, B1 and B2, i.e., 

Fig. 1. Schematic representation of the DLP 3D printing process. 3D geome-
trical images of specimens are sliced into pictures and are projected sequen-
tially into a liquid resin to cure the layer-by-layer structure. (a) The DLP 3D 
printing system, (b) the procedures for top-down DLP printing. 
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= = =F F F FA B B1 2. For branches B1 and B2, the deformation gradient 
tensor can be multiplicatively decomposed into the elastic part and 
viscous part as =F F FB B

e
B
i

n n n (n = 1,2). FB
e

n and FB
i

n denote the de-
formation gradient tensor of the spring and dashpot, respectively. 

Next, the continuum thermodynamics is introduced to capture the 
viscoelastic behavior [24,33,47]. The Helmholtz free energy density 
functions of the springs are W F( )A A , W F( )B B

e
1 1 and W F( )B B

e
2 2 , so that the 

total Helmholtz free energy density of the printed material is 

= + +W W W WF F F F F F( , , ) ( ) ( ) ( )A B
e

B
e

A A B B
e

B B
e
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= J WT F
F

F( )
A

1 A A T
(3) 

and 

= J
W

T
F

F
F

( )
B

1 B B
e

T
n

n n
(4)  

According to the Clausius-Planck inequality [48] 

WP F: 0 (5) 

where, P is the total first Piola–Kirchhoff stress, we have 

=
W WP
F

F
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where HB
i

n is the inverse of FB
i

n . According to the Eq. (6), we have 

= WP
F (7) 

and 

=
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B
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Introducing the inelastic Cauchy stress 

=
W

T
F

F
F

F1
det( )

( )
( )NEQ

B
B
e

B B
e

B
e B

e T
n

n

n n

n
n (9)  

The Eq. (8) can be rewritten as 

T L: 0NEQ
B B

i
n n (10) 

where =L F F H HB
i

B
e

B
i

B
i

B
e

n n n n n , HB
e

n is the inverse of FB
e

n . Due to the 
symmetry of TNEQ

Bn , the Eq. (10) is rewritten as 

T D: 0NEQ
B B

i
n n (11) 

where = +D L L( ( ) )/2B
i

B
i

B
i T

n n n . To satisfy the Eq. (11), a kinetic evolu-
tion equation is given by Hong [24] as 

=D M T: NEQ
B
i

Bn n (12) 

where M is a positive-definite fourth-order tensor, defined as [47] 

Fig. 2. Schematic of the top and side views of the experimental setup and the front view of the fixtures for the uniaxial tensile test.  

Fig. 3. The schematic diagram of the molecular chain network: the molecular network composed of the crosslinked network, free chains, and dangling chains.  

Fig. 4. The macroscopic rheological representation of viscoelasticity.  
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=M I I1
2

1
3Bn (13) 

where = e e e eik jl i j k l is the fourth-order symmetric iden-
tity tensor, I is the second-order identity tensor. Bn is the viscosity of 
dashpot Bn (for Eq. (13), the incompressibility of the elastomer is as-
sumed). The procedure for determining the nonlinear viscosity coeffi-
cients Bn is described next; to this end, the viscosity of free chains are 
determined based on Wu et al. [20] and Zhou et al. [33], and the 
viscosity of dangling chains is calculated based on Wu et al. [20] and 
Pearson and Helfand [49]. 

3.2. The nonlinear viscosity of free chains and dangling chains 

3.2.1. Free chains 
For describing the free chain contribution, we follow the work of 

Wu et al. [20]. We assume that the relative viscosity of melt changes 
as a function of the degree of conversion of monomers as = exp c p( )p
during curing; here, p is the degree of conversion of monomers, and cp
is a relative viscosity coefficient related to p. Since a higher light in-
tensity can transform more monomers for a given projection time, a 
higher degree of conversion is produced. Therefore, we assume that the 
relative viscosity is the function of light intensity I , namely, 

= exp c I( )I , where cI is a relative viscosity coefficient related to light 
intensity. Thus, for the dashpot in the branch B1 (free chains), the 
nonlinear viscosity is assumed to be dependent on the light intensity I
as 

=I c IF F( , ) ( )exp( )I
B B 11 1

0 (14) 

where c1 is a relative viscosity coefficient for the dashpot B1. The re-
lationship between viscosity and deformation is formulated by Zhou 
et al. [33] as 

=F
F
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( )

I
B

B
0

21
0 1

(15) 

where B
0
1

is the initial viscosity of the dashpot B1 in the reference state, 
and, 
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2

0
2
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where f0 is the statistical distribution function of end to end vector R of 
the free chains (or dangling chains) in the reference state and the 
Gaussian distribution is usually adopted [33,37]; u0 is the initial unit 
tangent vector of free chains (or dangling chains). 

3.2.2. Dangling chains 
Now, we build upon the formulation above Eq. (14), and introduce 

the contribution of the dangling chains into the material viscoelastic 
response. For the dashpot in the branch B2 (dangling chains), similar to 
the dashpot B1, the nonlinear viscosity is also formulated as 

=I c IF F( , ) ( )exp( )I
B B 22 2

0 (18) 

where c2 is a relative viscosity coefficient for the dashpot B2 and F( )B2
can be expressed by Pearson and Helfand [49] (more details are pro-
vided in Appendix B) as 

= =F F
F

( ) ( )exp(
( )

) and 12
25

I
B B

0
'

2
'

2
0

2 (19) 

where = ( ) b n N

vB
0 4

5
1/2

5( )
B B B

2

2
2 2 2

' 5/2 is a parameter related to the viscosity 

of dashpot B2, =v 0.6' and B2 is the friction constant for dangling 

chains, = N b
d
B2

2

2
2 is a tube-related geometrical factor (the arm of dan-

gling chains retract in a confining tube to relax stress), in which b is the 

length of the Kuhn monomers, and d2 is the tube diameter of the dan-
gling chains in the reference state. 

3.3. Helmholtz free energy density 

3.3.1. Crosslinked network 
The Helmholtz free energy density WA of the crosslinked network 

can be expressed as [50] 

=
+

+
=

W G I N I
N I I
N I I

G I
C

C
( ) ( )ln

3 ( ) ( )
3 ( ) ( )

( ) 1
c e i i

A

1
2 1

1 1,2,3
(20) 

where =C F FT is the right Cauchy-Green tensor of spring A (cross-
linked network) and I C( )1 is the first invariant of C; i denotes the 
principal stretches of spring A. G I( )c and G I( )e are the initial elastic 
moduli corresponding to the responses of the crosslinked network and 
the entanglement of the spring A, respectively. The moduli are ex-
pressed as 

= =G I n I k T G I n I N I k T b
d I

( ) ( ) and ( ) ( ) ( )
3( ( ))c B e B

2

0
2 (21) 

where n is the numbers of chains per volume (or chain number density) 
in the crosslinked network; N is the number of the Kuhn monomers per 
chain in the crosslinked network; kB and T are the Boltzmann constant 
and Kelvin temperature; is a tube-related geometrical factor; d0 is the 
tube diameter of the crosslinked network in the reference state, and it is 
proportional to nNb( )2 1 [51], so that the entanglement modulus can be 
expressed as 

=G k Tb nN( )
3e

B
4 2

(22) 

where is a proportionality factor. The chain density n and number of 
the Kuhn monomers per chain N of the crosslinked network depends on 
light intensity. Here, we assume that 

= = > >n n I I N N I Iexp( ( )); exp( ( )); ( 0, 0)g g0 1 0 2 1 2 (23) 

where Ig is the critical light intensity for the gel point1 ; 1 and 2 are 
light intensity-dependent factors for chain number density and the 
number of Kuhn monomers per chain of the crosslinked network, re-
spectively; n0 and N0 are the number density of chains and the number 
of the Kuhn monomers per chain in the crosslinked network at the gel 
point; nN is the number density of monomers of the crosslinked net-
work, and nN increases with an increase in light intensity, thus, 

> 01 2 . Substituting Eq. (23) into (21), we have 

= =G I G I I G I G I I( ) exp( ( )) and ( ) exp(2( )( ))c c g e e g
0

1
0

1 2 (24) 

where 

= =G n k T G k Tb n Nand ( )
3c B e

B0
0

0
4

0 0
2

(25) 

are the initial moduli corresponding to the response of the crosslinked 
network and the entanglement of the spring A (crosslinked network) at 
the gel point, respectively. Thus, Eq. (20) can be rewritten as 

=

+

+ =

W G I I N I

I
N I I I
N I I I

G I I

C
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exp( ( )) exp( (

))ln(
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c g
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g

g

e g i i

A
0

1 0 2

0 2
1
2 1

0 2 1

0
1 2 1,2,3 (26)  

We note that the adopted microstructure-based model for the spe-
cific Helmholtz free energy density functions for the crosslinked net-
work WA [50] will also be used for describing free and dangling chains 

1 The materials are in a liquid state if the light intensities is lower than Ig 
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WBn. The model allows us to connect the material parameters to viscous- 
related microscopic quantities and this characteristic can be further 
utilized to capture the light intensity-dependent viscoelastic behavior. 
In addition, the entanglements between chains play an important role 
in the mechanical behavior of the crosslinked network, free and dan-
gling chains. We note that alternative models, such as 3-chain model 
[52], Arruda–Boyce model [53], or Gent model [54], could also be 
used. On the other hand, the utilized model accounts for the en-
tanglement mechanism, thus, potentially improving the accuracy for 
describing the mechanical behavior of polymer chains. 

3.3.2. Free and dangling chains 
The hyperelasticity of the free and dangling chains (of the springs in 

branches Bn =( n 1,2)) is assumed to be governed by a similar 
Helmholtz free energy density WBn, namely, 

=
+

+
=

W G N
N I
N I

G
C

C
ln

3 ( )
3 ( )

1
c

e

e e i i
eB B

B
1
2 1 B

B 1 B 1,2,3n n n
n n

n n
n

n (27) 

Here, Gcn and Gen are initial modulus of the temporary crosslinked net-
work and the entanglement modulus of the spring in branches B ,n re-
spectively; NBn is the number of the Kuhn monomers in a single free or 
dangling chain; Ce

Bn is the right Cauchy-Green tensor of spring Bn ; 
I (C )e
1 Bn is the first invariant of Ce

Bn , and i
e
n represents the principal 

stretches of spring Bn. Here, we assume the material parameters for 
spring Bn (temporary hyperelastic properties of free chains and dan-
gling chains) to be independent of light intensity. At certain projection 
times, high light intensities can transform a more significant number of 
free chains or dangling chains into the crosslinked network, as com-
pared to low light intensities; however, simultaneously producing more 
free and dangling chains. Therefore, overall, the light intensities have 
much more effect on the crosslinked network in comparison to the in-
significant effect on the free and dangling chains. 

Thus, the combination of Eqs. (2)–(4),(12)–(14),(18),(26), and (27), 
comprises the visco-hyperelastic constitutive model for photocured 
polymers. 

4. Results 

Here, we specify the visco-hyperelastic model for the uniaxial 
loading and apply the analysis to the experimental data on the 3D- 
printed HEA polymer material. For the uniaxial tensile deformation, the 
gradient deformation tensor of the spring A and Bn (shown in Fig. 4) 
can be expressed as 

= = = = +F F F F F e e I e e( )A B B
e

B
i

1 1
1/2

1 1n n n (28)  

= + =

+

F e e I e e F e

e I e e

( ) ( );
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B
e

B
e

1 1 B
e -1/2

1 1 B
i

B
i

1

1 B
i -1/2

1 1

n n n n n

n (29) 

where λ represents the uniaxial stretch ratio, the superscripts “e” and 
“i” indicate the elastic (spring) and inelastic (viscous dashpot), re-
spectively. Here, we consider the materials to be incompressible. 

Substituting Eq. (28) and (29) into Eq.(26) and (27) using Eq. (2), 
the total nominal stress is determined as 
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where = +I 21
2 1. The first term of Eq.(30) represents the stress of 

branch A (crosslinked network) and the second term denotes the stress 

from branches B1 and B2 (free chains and dangling chains). Then, 
substituting the expressions of the viscosity of free chains (14) and 
dangling chains (18) into the kinetic evolution Eq. (12), we have 

=
+

+
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where = + = +I ( ) 2( ) ( ) 2e
e e i i

1
B

B
2

B
1 2

B
2 1

B
n

n n n n is the first in-
variant of the right Cauchy-Green tensor of spring Bn. 

The material constants are determined as follows. First, we de-
termine the time-independent material constants Gc

0, 1, N0, Ge
0, and Ig

by using the data at a low strain rate ( = s10 3 1) in Section 4.1. Then, 
these material constants are used for determining the time-dependent 
material constants Gc1, N1, Ge1, B

0
1
, c1, Gc2, N2, Ge2, B

0
2
, ' and c2 by fitting 

Fig. 5. The model and experimental results for specimens with the strain rate 
= s10 3 1 and different light intensities (12.56 klx , 15.10 klx , 21.53 klx and 

27.17 klx). The circles and curves denote the experimental and modeling results, 
respectively. 

Table 1 
The material parameters of the hyperelastic (crosslinked network) part of 
specimens.        

Gc
0(MPa) 1(1/lx) N0 Ge

0(MPa) 2(1/lx) Ig(lx)  

0.1048 ×6.80 10 6 1030 0.1941 ×6.77 10 6 999 
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the data with strain rates s10 2 1 and s10 1 1 (Section 4.2). We note 
that a proper initial guess of material constants is essential, and is based 
on the physical meaning of the material constants, thus, the parameters 
need to be positive, and, additionally, > 01 2 . 

4.1. Material constants of the crosslinked network 

Here we use the data of quasistatic deformation at a low strain rate 
( = s10 3 1) to extract the material parameters of the hyperelastic part 
(crosslinked network). To this end, the first term in Eq. (30) is used. In  
Fig. 5, we show the comparison of experimental data (circular symbols) 
and simulation results (curves) for the specimens printed at the light 
intensities: =I 12.56 klx (magenta), 15.10 klx (black), 21.53 klx (blue), 

and 27.17 klx (red). As expected, the response becomes stiffer as the 
light intensity is increased. This is also captured by the hyperelastic 
material model based on the crosslinked network. The obtained mate-
rial parameters are provided in Table 1. 

4.2. Material constants of the free and dangling chains 

Once the material constants describing material hyperelasticity are 
obtained, we can evaluate the material parameters corresponding to the 
viscoelasticity (related to the free and dangling chains). In Fig. 6, we 
show the dependence of the nominal stress on the stretch ratio obtained 
from the uniaxial tests (triangular, square, and circles). In particular, 
the results are shown for the specimens prepared at light intensities 

Fig. 6. Comparison of modeling and experimental results for specimens subjected to strain rates = s10 3 1 (red circles), = s10 2 1 (blue squares), and = s10 1 1

(magenta triangles) with projected light intensities (a) =I 12.56 klx ; (b) =I 15.10 klx ; (c) =I 21.53 klx and (d) =I 27.17 klx . 

Table 2 
The material parameters of the viscoelastic (free and dangling chains) part of specimens.             

Gc1(MPa) N1 Ge1(MPa) (MPa s)B1
0 c1(1/lx) Gc2(MPa) N2 Ge2(MPa) (MPa s)B2

0 ' c2(1/lx)  

0.0117 860 0.2785 0.1867 ×3.32 10 5 0.0424 769 ×4.14 10 5 1.26 0.0023 ×6.66 10 5
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=I 12.56 klx (Fig. 6 (a)), =I 15.10 klx (Fig. 6 (b)), =I 21.53 klx (Fig. 6 
(c)), and =I 27.17 klx (Fig. 6 (d)); subjected to strain rates = s10 3 1

(red circles), = s10 2 1 (blue squares), and = s10 1 1 (magenta tri-
angles). We use Eqs. (30)–(32) to simultaneously fit the experimental 
data for these specimens with strain rates ( s10 2 1 and s10 1 1). The 
modeling results for the nominal stress-stretch curves are shown in  
Fig. 6. For completeness, the simulation results for strain rate 

= s10 3 1 are also presented. Clearly, the proposed model can accu-
rately capture light intensity-dependent viscoelastic response. We note 
that this model feature comes at the cost of introducing additional 
material parameters, as compared to existing models; for example, 
Bergström and Boyce [55] model describes the material behavior with 
only 7 material parameters. On the other hand, our model enables us to 
capture the light intensity-dependent behavior (although, at the cost of 
introducing additional material parameters), which is a desirable fea-
ture for modeling DLP 3D-printed materials. The corresponding mate-
rial parameters (for free and dangling chains) are provided in Table 2. 

Utilizing the parameters listed in Table 1 and Table 2, we can 
compare the stress contributions from the crosslinked network, free and 
dangling chains, and analyze the dependency of nonlinear viscosity on 
the deformation and light intensity. 

To analyze the stress contributions from the crosslinked network, 
free and dangling chains, we consider the example of the specimens 

prepared under light intensity =I 12.56 klx subjected to strain rates 
= s10 2 1 and s10 1 1 (the fitting parameters are listed in Table 1 and 

Table 2). In Fig. 7, we show the contribution from the hyperelastic (blue 
curve) and viscous (magenta curve) part to the total stress (black 
curve). On comparing Fig. 7 (a) and Fig. 7 (b), one can observe that the 
stress from the viscous part increases with the increase in applied strain 
rate. Moreover, the contribution from the hyperelastic part is rate-in-
dependent for given light intensity. 

To elucidate the dependency of viscous response on the light in-
tensity, we consider the example of the specimens tested at the strain 
rate = s10 1 1. Fig. 8 (a) shows the viscous part of the stress for 
specimens prepared under light intensities =I 12.56 klx (magenta), 
15.10 klx (black), 21.53 klx (blue), and 27.17 klx (red). Clearly, the vis-
cous stress increases with an increase in light intensity. We also eval-
uate the contribution from the free chains (magenta circular symbols) 
and dangling chains (magenta square symbols) to the viscous stresses, 
separately, as shown in Fig. 8 (b). Here, the specimen prepared under 
light intensity =I 12.56 klx is used as an example. It indicates the im-
portance of both free and dangling chains for accurate characterization 
of the viscous response. Interestingly, we also observe that the stress of 
free chains plays a more important role at smaller deformation levels. 
However, it relaxes much faster than the stress of dangling chains. This 
observation is in agreement with the fact that the relaxation time of 

Fig. 7. Comparison of stresses from the hyperelastic part (blue curve) and viscous part (magenta curve) under strain rates (a) = s10 2 1 and (b) = s10 1 1.  

Fig. 8. The viscous stresses of specimens tested at the strain rate = s10 1 1. (a) The specimens prepared under light intensities =I 12.56 klx, 15.10 klx, 21.53 klx, and 
27.17 klx . (b) The viscous stresses from free chains and dangling chains for the specimen with light intensity 12.56 klx. 
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dangling chains is much larger than that of free chains [56,57]. Hen-
ceforth, the contribution from dangling chains is more significant than 
free chains under larger deformations. 

Fig. 9 shows the stress from free chains (circular symbols) and 
dangling chains (square symbols) of the specimens at four light in-
tensities =I 12.56 klx (magenta), 15.10 klx (black), 21.53 klx (blue), and 
27.17 klx (red). One can observe that the stresses from both the free and 
dangling chains increase with the increase in light intensity. Moreover, 
the contribution from free chains shows a higher sensitivity to change 
in light intensity than dangling chains. 

Next, we study how the viscosity of the free and dangling chains 
evolve with deformation and light intensity. Using Eqs. (14)–(15), and 
Eqs. (18)–(19) together with the parameters in Table 1 and Table 2, in  
Fig. 10, we show the variation of nonlinear viscosity of these chains 
with deformation. We consider four different light intensities: 

=I 12.56 klx (magenta), 15.10 klx (black), 21.53 klx (blue), and 27.17 klx
(red). We observe that both the deformation and light intensity sig-
nificantly affect the viscosity. In particular, the light intensity has a 

similar effect on the viscosity of both free and dangling chains. More 
specifically, the viscosity of these chains increases with the increase in 
light intensity. In contrast, the influence of deformation on the viscosity 
of free and dangling chains is opposite, i.e., the viscosity of free chain 
decreases, while that of the dangling chain increases with the increase 
in deformation. 

We show the effect of the number of free chains on the mechanical 
response of the specimen in Fig. 11. We consider an example of the 
specimen prepared under light intensity =I 27.17 klx tested at the 
strain rate = s10 1 1. To illustrate the model predictions for the 
polymer behavior with an increased amount of free-chains, we show the 
results for (i) specimens with unchanged free chains (back curve), and 
(ii) with the doubled amount of free chains (red curve). We observe that 
free chains play a more significant role at smaller deformation levels, 
while the influence on the stress weakens at larger deformation levels. 
As expected, the viscoelastic stress contributed by free chains rapidly 
relax to a similar level as can be seen in Fig. 11 (b). The amounts of free 
chains can be adjusted by, for example, adding non-crosslinkable ana-
logs into specimens, thus, allowing us to regulate the rate-dependent 
behavior of the printed specimen. 

5. Concluding remarks 

In this paper, we experimentally and theoretically investigate the 
curing light intensity-dependent viscoelastic behavior of HEA prepared 
by the DLP 3D-printing method. The HEA specimens are printed at 
different light intensities, otherwise with the same environment setting. 
The tensile tests are conducted on these specimens at various loading 
rates. The experimental results reveal the strong dependence of the 
viscoelasticity of HEA on the light intensity. To shed light on the de-
pendence of the material properties of photocured polymers on curing 
light intensity, we develop a visco-hyperelastic model. The model is 
based on the continuum thermodynamics with the decomposition of the 
polymer microstructure response into hyperelastic and viscous parts. 
The hyperelastic and viscous parts are attributed to the crosslinked 
network and the diffusion of free and dangling chains, respectively. The 
developed model is applied to characterize the rate-dependent behavior 
of the photocured HEA. The simulation results demonstrate the ability 
of this model to accurately characterize the light intensity-dependent 
viscoelastic response. In particular, the stresses from the crosslinked 
network, free chains, and dangling chains are compared, showing the 
necessity of simultaneously considering the contributions from free and 
dangling chains for accurately characterizing viscoelasticity. The evo-
lution of viscosity with the deformation and light intensity are also 
presented to indicate the strong dependence of viscosity on the 

Fig. 9. The stress from free chains and dangling chains; the circular and square 
symbols respectively represent the results for free chains and dangling chains. 

Fig. 10. The dependency of the nonlinear viscosity of (a) free chains and (b) dangling chains on the deformation and light intensities.  
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deformation and light intensity. The effect of the free chains on me-
chanical response is also discussed. Our model predicts that the free 
chains have a more significant effect on the mechanical response at 
smaller deformation levels, and their influence weakens at large strain 
levels. This behavior can be potentially realized in experiments by 
adding non-crosslinkable analogs into the specimen, thus increasing the 
free chain content. While the model is calibrated based on the experi-
ment data of HEA, it can be used for a large variety of photocured 
polymers due to the similarity of the photopolymerization mechanism. 

While the present study exclusively investigates the effect of pro-
jected light-intensity on the mechanical properties of photo-cured 
polymers, several other controllable factors influence the digital ma-
terial behavior, for example, oxygen (through reacting with the radicals 
and making them inactive, or through inhibiting the photo-
polymerization reaction [19]), the layer thickness [58], exposure time 
[59], and the post-curing temperature [60]. Moreover, in multi-mate-
rial 3D-printing [61,62], depending on the characteristic micro-
structure size, and printing process, the mixing interphase zone can 
form. These interphases, while being mechanically invisible, may in-
fluence pattern formations in soft composites experiencing local buck-
ling [63]. These factors present a rich research avenue towards the 
understanding of soft 3D-printed material behavior and its relation to 
the physical mechanism during 3D-printing. 
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Appendix A. The dimensions of specimens 

The dimensions of the specimens are shown in Fig. A.1. 

Appendix B. The viscosity of dangling chains 

To obtain the nonlinear viscosity of dangling chains in Section 3.2.2, 
here, we briefly illustrate the relation between the viscosity of dangling 
chains and deformation. Different from the free chains, the reptational 
motion of dangling chains is suppressed by their crosslinked ends. Arm 
retraction, as the relaxation mechanisms for arm polymers, is also re-
sponsible for the stress relaxation of dangling chains [64-68], therefore, 
the rate-dependent behaviors of the star arms and dangling chains are 
equivalent [65,66,xxx68](Campise et al., 2015; Curro et al., 1985; 
Graessley, 1982; Vega et al., 2005). Here we introduce the theory of 
Pearson and Helfand (1984), the viscosity 0 of the arms of star polymer 
in this work is expressed as 

where is the friction coefficient of the polymer chains, and can be 
written as 

Batra et al. [64], Campise et al. [65], Curro et al. [66], Vega et al. 
[67], Vega et al. [68] and Yn-hwang [69]. 

where M is the molecular weight of an arm; is the molecular weight 
between entanglements; is estimated as 0.6 (Pearson and Helfand, 
1984); N is the number of the Kuhn monomers of an arm; d is the tube 
diameter, wherein the arms are confined; b is the length of the Kuhn 
monomers; L is the equilibrium contour length of an arm, which can be 
expressed by Edwards (1986) as 

where Ge is the plateau modulus, which can be expressed as 
(Edwards, 1986; Yn-hwang, 2003) 

where is the mass density of arms, R is the molar gas constant, n is 
the chain number density of arms. Here we assume that the tube dia-
meter of an arm d have a similar evolution relationship with de-
formation as free chains, thus, d can be expressed as (Zhou et al., 2018) 

where is expressed as the Eq. (16) in Section 3.2.1, d is the tube 
diameter of the arm 

under reference configuration. Hence, Eq. (B.1) can be rewritten as 
where, 
The Eq. (B.6) can be directly applied to Section 3.2.2. 

Fig. 11. The stresses of specimens with projected light intensity =I 27.17 klx tested at the strain rate = s10 1 1. (a) The total stress and (b) the stress from free 
chains of the free chains unchanged specimen (black curve) and free chains doubled specimen (red curve). 
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