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We study the interplay between the material composition and deformation in dielectric elastomer (DE) composites
with periodically and randomly distributed particles embedded in a soft matrix. We focus on the deformation-
induced tunability of the effective permittivity in DE composites. We examine the effects of microstructural
periodicity and its transition towards random distribution. In particular, we analyze the DE composites with
periodic microstructures of (a) circular and (b) elliptical inclusions, (c) pair of inclusions, and (d) randomly
distributed inclusions with different numbers of the particles in the unit cell. The finitely deformed DE composites
with ideal dielectric elastomer constituents are analyzed numerically. In addition, for the periodic DE composites
with circular inclusions, we derive an explicit relation between the effective permittivity and stretch. The effective
permittivity of DE composites with periodic microstructures changes with deformation, whereas in DE composites
with randomly distributed inclusions, the permittivity is barely affected by deformation. For the latter case,
the effective permittivity attains a certain value as the number of particles in the periodic cell increases. To
provide the insights on the composite behavior, a two-particle periodic system is examined. The permittivity is
found to be sensitive to the orientation of the pairs with respect to the applied electric field, and the distance
between the particles. The geometrical effects amplify significantly as the inter-particle distance becomes less than
their two diameters. Finally, we illustrate the permittivity tunability in DE periodic porous composites structures
experiencing elastic instabilities.

forcement of the stiff inclusions increases the overall stiffness of DE
composites and, thus, reduces the electromechanical coupling. To over-

1. Introduction

Dielectric elastomers (DEs) can generate large deformations when
excited by an electric field [1-4]. DEs have attracted significant at-
tention in view of potential applications such as artificial muscles [5],
energy-harvesting and noise canceling devices, soft robotics [6-9],
tunable waveguides [10-14] and soft display [15], to name a few.
However, practical implementation of the DE technologies is limited
due to the high electric fields required for exerting large strains. The
weak electromechanical coupling can be potentially improved through
the usage of heterogeneous DEs combining soft elastomers with high-
dielectric-constant stiff materials [16-19]; the active materials include
ceramic powders such as TiO, particles [20,21], BaTiO; nanoparti-
cles [22] and PbTiOj particles [23]. However, the mechanical rein-
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come this issue, neat microstructures need to be designed [24]. This
required the development of theoretical modeling [25-27] and nu-
merical approaches [28,29]. The subsequent theoretical studies and nu-
merical simulations [24,30] predicted significant enhancements in the
performance of DE composites with periodic microstructures. Improve-
ment by orders of magnitude in the electromechanical coupling can be
achieved using a hierarchically structured composites comprising softer
and stiffer phases [24,31] or even by utilizing electromechanical in-
stabilities [32,33], and modulating the input waveform [34]. To re-
alize the designed microstructures, advanced material fabrication tech-
niques can be used. Recent advances in the material fabrication and 3D
printing, allowing realization of highly structured materials at differ-
ent length-scales [35-37], provide a great perspective for enhancing DE
performance through microstructure. Additional suitable material fabri-
cation techniques includes filling the DE with multi-walled carbon nan-
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otubes [38], embedding of glycerol in PDMS [39] and grafting of copper
phthalocyanine oligomer onto an acrylic elastomer backbone [40]. We
note the experimental studies indicate significant enhancements in the
electromechanical coupling [17,41].

Motivated by experimental studies [42,43], statistical mechanics of
a Gaussian polymer chains have been employed to construct models re-
producing the dependence of the dielectric permittivity of an elastomer
on the applied deformation [44-46]. Moreover, the effect of deforma-
tion on the effective permittivity of periodic DE composites could be
used to achieve tunable effective permittivity. This property tunabil-
ity can have potential applications in a variety of smart materials and
structures such as deformable antennas [47-49], electromagnetic smart
screens [50] and sensors [51-53].

In this study, we analyze the effects of the periodic microstructure
and deformation on the tunability of the effective permittivity in DE
composites. We examine the DE composites with ideal dielectric elas-
tomer constitutions by means of finite element simulations. We consider
two-phase heterogeneous DE composites consisting of a rubber-like ma-
trix and stiff circular or elliptical electroactive particles. We investigate
several microstructures with square initial periodicity: (a) single circu-
lar and (b) elliptical inclusions, (c) pair of inclusions, and (d) randomly
distributed inclusions with varying number of the particles in the unit
cell. We analyze the effects of particles shape, microstructure geomet-
rical parameters, and material properties on the effective permittivity
of the DE composites. In addition, for the periodic DE composites with
rigid circular inclusions, we derive an explicit relation between the ef-
fective permittivity and stretch based on the Maxwell-Garnett mixing
rule for multiphase composites.

Finally, we explore the permittivity tunability in soft materials expe-
riencing a local buckling leading to pre-designed dramatic microstruc-
ture transformations [54,55]. In particular, we consider soft materials
with periodically distributed voids in a square arrangement [54], and
voids combined with inclusions in a rectangular arrangement [56-58].
Upon achieving the critical strain, the voids collapse in a collaborative
manner giving rise to their new doubled periodicity and pronounced
auxetic behavior. Here, we illustrate that the instability-driven geomet-
rical changes can be used for tunability in the effective permittivity.

2. Theoretical Background

We denote by Q, and Q the regions occupied by a body in the ref-
erence and current configurations, respectively. The Cartesian position
vector of a material point in the reference configuration of a body is X
and its position vector in the deformed configuration is x. We introduce
a mapping vector function y such that

x=xX). M

The deformation gradient is defined as

F = M )
X

The ratio between the volumes in the current and reference configura-
tions is J = detF > 0.

We consider a quasi-static deformation in the absence of a magnetic
field, electrical charges or electric currents within the material. Conse-
quently, Maxwell equations take the form

DivD’ =0 and CurlE’ =0, 3

where DO is the electric displacement and E° is the electric field in the
reference configuration and Div(e) and Curl(e) are the differential op-
erators with respect to X. The referential electric field and electric dis-
placement are related to their counterpart in the deformed configura-
tion [27,59] via

E'=F'E and D°=JF'D. )
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Fig. 1. Schematic representation of a square unit cell in the two-dimensional
space. The periodic boundary conditions are applied on the four sides of the unit
cell.

We follow the analysis proposed by Dorfmann and Ogden [27,59] and
consider the elastic dielectrics whose constitutive relation is given in
terms of a scalar-valued energy-density function W(F, E®) such that

0 0
_ J¥Y(F,E”) and D’ = _OY(F.E )’

P =
oF OE0

()

where P is the total nominal stress tensor.

3. Analysis

In this section, we consider DE composite that occupies a domain
Q, (in the undeformed configuration), which is made of two distributed
(homogeneous) phases, occupying subdomains Qg) (r=1,2) in Q. The
energy-density function of a two-phase composite is

¥(F, X, E) = oV X)PD(F,E) + 0P (X)PP(F,E), ©)

where the characteristic function defined in each phase r is

1, ifXeo?,
Ox)y=4 > 0° 7
¢ X {0, otherwise. ™

The volume fraction of the r-phase is
=L [ o, ®)

where V is the total volume of the domain Q. The volume fractions are
related via

W@ =1 )

In our finite element simulations, the macroscopic electro-
mechanical loading is implemented by applying periodic boundary con-
ditions for both displacement and electric field. The applied average de-
formation gradient and electric field together with electric displacement
are

1

ol 1 1
Vv

FX)dv, D°=— |/ D°X)dV andE’=— [ E°X)dV,
v v
Q Q Q

10)

respectively. Here, we restrict our attention to a 2-D setting, where the
integration is performed over the area of a periodic unit cell occupying
the domain

0<X, <a and 0<X,<aq, arn

in the reference configuration (see Fig. 1). The periodic boundary con-
ditions are:
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Fig. 2. A schematic representation of DE composites with square periodic microstructures (a), with black regions denoting stiff, high permittivity inclusions of (b)

circular, (c) elliptical and (d) a pair of equi-sized circular shapes.

The top (X, = a) and bottom (X, = 0) sides are related via
ul =ul +(Fy - g,

2
ul =ul, (12)

UB(X,,00=U"(X,,a) + Ea.
The right (X, = a) and left (X, = 0) sides are related via

ul = ul + (Fj; - Da,

L _ R
uy =uy, (13)

UL, X,) = UR(a, X,),

where U = —grad E is the electric potential. Superscripts B, T, L, R
are abbreviations of ‘Bottom’, ‘Top’, ‘Left’ and ‘Right’, respectively (see
Fig. 1).

The application of the periodic boundary conditions allows us to de-
termine the solution along the electro-mechanical loading path, defined
as

F=Je,®e +1'e;®e,+e;®e; and E' = Ele,. (14)

Note that we consider the electric field applied in the direction of e,.
The analysis is implemented in the finite element code COMSOL Multi-
physics. To ensure the accuracy of the numerical results, a mesh sensi-
tivity analysis was performed; the details and illustrative results can be
found in Appendix A.

4. Results
4.1. Two-phase composites

We consider DE composites with phases described by an ideal dielec-
tric elastomer model, in particular, the following energy-density func-
tion is used

r) g r)
YO (F,E?) = "T(Trc —3)- %EOC”EO —uDInJ + AT(J 12,
(15)

where y is the shear modulus and A is the Lamé’s first parameter, ¢ is
the vacuum permittivity, €™ is the relative permittivity, and C = F'F
is the right Cauchy-Green tensor. Throughout the text, the superscripts
()™ and () are used to denote the quantities of matrix and inclusion
phases, respectively. In the numerical analysis, a nearly incompressible
phase behavior is maintained by assigning a high ratio between the first
Lamé parameter and shear modulus, namely, A®)/u") = 100. Note that
while the macroscopic deformation is enforced to be incompressible,
locally, the phases are allowed to develop some compressible (nearly
incompressible) deformations. The contrasts in the shear moduli and rel-
ative permittivities are defined as k, = 4 /u™ and k, = £ /™. The
shear modulus and relative permittivity of the matrix are taken to be
4" =1 MPa and £ = 5. A schematic representation of the unit cells
is given in Fig. 2.

The components of the effective permittivity tensor can be found
from the following relation

g€ E; = D, 16)
where D and E are the average electric displacement and electric field,
respectively (the average is over the unit cell area in the current con-
figuration). In realistic situations (e.g., thin film dielectric elastomer
actuators), one may be interested in prescribing only the component
£, = £y. This component represents the effective permittivity of the
composite in the direction of the applied electric field typically pro-
duced by two complaint electrodes attached to the faces of a thin film
elastomer. We note that in our analysis we apply a relatively low electric
field so that the potential induced microstructure distortion is negligible.
In particular, the level of the applied test (normalized) electric field is

E"g = Eg /A um/ (sos(z';)) = (.05 results in the strain level less than 0.01%
in homogeneous materials. Then, by using Eq. (16), we evaluate the ef-
fective permittivity along the electromechanical loading path defined

by Eq. (14).

4.1.1. Circular inclusion

First we consider the DE composites with periodically distributed
circular inclusions with a 2-D periodic unit cell with circular inclusions
illustrated in Fig. 2(a,b). The effective permittivity for the periodic DE
composites with circular inclusions can be estimated as [60-62]
o = I;6+1+c(k5—1), an

c+1—ck,— 1)
where (¢)* denotes the normalized value (¢)/¢™ and c is the volume
fraction of the inclusion phase. Eq. (17) is also known as lower Hashin-
Shtrikman bound.

However, the composite microstructure evolves as finite strains are
applied. As a result, the effective permittivity is affected by the defor-
mation. The effect of the applied strain on the effective permittivity of
the deformed unit cell can be estimated as follows. Recall that the DE
composite can be considered as an electric capacitor. Here, we consider
the unit cell of DE composite as a capacitor or an assembly of capacitors
with the corresponding circuit diagrams shown in Fig. 3. Once the total
capacitance of the deformed unit cell is known, its effective permittivity
can be evaluated directly. To evaluate the total capacitance, we divide
the deformed unit cell into three sub-domains such that their permit-
tivities are known and their capacitances can be readily evaluated. The
deformed sub-domains are (1) single central square unit cell of the DE
composite and (2) two rectangles. The central sub-domain (1) has the
side length a/4 for 4 > 1 (area labeled as “1” in Fig. 3(b)) or a4 for
A < 1 (area labeled as “1” in Fig. 3(c)). The two rectangles have their
side lengths [a(A? — 1)/24,a/4] for 2> 1 and [a(1 — 4%)/24,a4] for A < 1
(shaded areas labelled as “2”). The permittivity of the shaded rectan-
glesis e, = e™. For the square composite unit cell (1), the permittivity is
given by using Eq. (17) with the updated volume fraction, ¢, g4eq = ¢4>
for 4 > 1 and ¢,pyu1eq = ¢/ for 1 < 1. The capacitance of each sub-
domain is calculated using their respective dimensions and permittivity.
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Fig. 4. Effective permittivity vs stretch for periodic DE composite with a circu-
lar inclusion. The volume fraction of the inclusion is ¢ = 0.15. The permittivity
contrast is k, = 50. Green dash-dotted, blue dotted, and red dashed curves cor-
respond to the DE composites with shear moduli contrast k, = 10,50 and 100,
respectively; the black continuous curve corresponds to the analytical results
derived for the case of rigid inclusion k, = .

Next, we calculate the total capacitance of the deformed unit cell using
the assembly formulation for capacitors. Specifically, for 4 > 1, the three
capacitors, Cé (shaded rectangular sub-domain), C{ (composite square
sub-domain), and Cé are assembled in their parallel configuration (see
Fig. 3(b)). For A < 1, the capacitors C/, C{’ , and Cé/ are assembled in
series (see Fig. 3(c)). Finally, using the total capacitance, we obtain the
effective permittivity of the deformed DE composite as

Pk, + 1) +clk, — 1)
2@, + D +c(l =222k, = 1)’
k, +1+c¢Q2— A%k, — 1)

k. +1—cA2(k,—1)

if A<1;

e5(4) = (18)

R if A>1.

Fig. 4 shows the dependence of the normalized effective permittivity
on the stretch ratio. The results are shown for the DE composites with
the shear moduli contrasts k, =10 (olive dash-dotted curve), k, =50
(blue dotted curve), k, =100 (red dashed curve). The black continu-
ous curve denotes the predictions of the analytical expression given by
Eq. (18) for the rigid inclusion case k, = inf. We observe that 5’2*(/1)
is a monotonically increasing function of 4 for every value of the con-
trast k,,, with the lowest and the highest values ¢,,, ;-5 and €, ;-
respectively. We define the tunability of the effective permittivity as
A, = (€max — €min)/ €min- The tunability is higher in DE composites with
high shear modulus contrast. For example, for k, = 100, the value A, =
[(Emax(4 = 2) = €min(4 = 0.5))/€min(4 = 0.5)] - 100% = 31%. For this case
of a relatively stiff inclusion (k 0= 100), the deformation of the inclusion
is small, and the inclusion shape does not change significantly with the
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Fig. 3. Schematic representation of the peri-

odic DE composite square unit cell with circu-

lar inclusions: (a) undeformed; (b) under ten-

_T_ sion (4 > 1), approximated as assembly of ca-

cy pacitors in parallel; and (c) under compression
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I
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T
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Compression (4 < 1)

applied deformation. We note that the simulation results for k, = 100
are in good agreement with the analytical estimate for the stretches
0.6 < 4 5 1.6. However, for larger deformations 4 < 0.6and 4 > 1.6
the change of the inclusion shape becomes significant and the dashed
curve (k u= 100) branches out from the continuous curve (correspond-
ing to rigid inclusion). An increase in the shear modulus contrast leads
to a decrease in &} for 4 < 1 and increase for 4 > 1. As expected, all
the curves intersect at the point corresponding to the undeformed state
(4=1 and €} = 1.34). Note that the distance between the curves in-
creases rapidly with the applied deformation for 4 > 1. Therefore, it
is possible to tune the effective permittivity of DE composites by pre-
stretch. Moreover, the effective permittivity can be tuned by DE compo-
sition; thus, for instance, Eq. (18) predicts the minimum permittivity
€min(4 = 0.5) = 1.24 in the composite with volume fraction ¢ = 0.11, and
the maximum ¢,,,, (4 = 2) = 1.62 in the composite with ¢ = 0.25.

4.1.2. Elliptical inclusion

Next, we consider the periodic DE composites with elliptical inclu-
sions with their corresponding unit cell shown in Fig. 2(c). The aspect
ratio of the elliptical particles is defined as the ratio between the semi-
major and the semi-minor axes, namely, w = r; /r,. The inclusion incli-
nation angle « is defined as the angle between e, -direction and semi-
major axis of the elliptical inclusions. Due to the symmetry of the unit
cell, only inclination angles in the range 0 < a < x/2 are considered.

The dependence of the normalized effective permittivity on the ap-
plied stretch for DE composites with the shear moduli contrasts k,, = 10
(black dashed curve), 50 (blue continuous curve) and 100 (red dash-
dotted curve) is shown in Fig. 5(a). We observe that for the compressive
range of deformation, 4 < 1, the curves have their own maximum. The
largest value of s; = 1.41 corresponds to the k, =10 (dashed curve). An
increase in the shear modulus contrast results in a decrease in the effec-
tive permittivity for compression (4 < 1), and in an increase for tension
(4 > 1) for any stretch ratio. For tension (4 > 1), we observe that the
dash-dotted (k 0= 100) and continuous (k u= 50) curves have their mini-
mum, whereas the dashed curve (corresponding to the soft DE composite
k, = 10) flattens with an increase in stretch ratio.

The dependence of the normalized effective permittivity on the ap-
plied stretch for inclusion inclination angles a = 0 (black dashed curve),
a = /4 (blue continuous curve) and « = r/2 (red dash-dotted curve) is
shown in Fig. 5(b). The dependence is almost linear for the DE com-
posite with inclination angle « = 0. An increase in the inclination angle
leads to an increase in the value of 7. We observe that the rate of change
in permittivity with respect to A increases as the angle increases from
0 to z/2. For the cases of a = 0 and a = /2, the effective permittivity
increases with applied deformation for A > 1 and decreases for 4 < 1.
The opposite effect is observed in the DE composite with the initial incli-
nation angle « = z/4. In this case, €3(1) monotonically increases as the
stretch ratio is increased. We observe that the highest (lowest) effective
permittivity is reached when the orientation of the major (minor) semi-
axis of the elliptical inclusion coincides with the direction of the applied
electric field. Finally, we note that for the DE composite considered in
Fig. 5(b), the tunability of effective permittivity provided by change
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Fig. 5. Effective permittivity vs stretch for periodic DE composite with an elliptical inclusion with different contrasts in the shear moduli (a), inclination angles (b)
and volume fractions of the elliptical inclusion (c). The contrast in the relative permittivities is k, = 50. The aspect ratio of the elliptical inclusion is w = 2. (a) Black
dashed, blue continuous and red dash-dotted curves are for DE composites with the shear moduli contrasts k, = 10,50, 100, respectively; the inclination angle a = z /4
and volume fraction ¢ = 0.15 are fixed. (b) Black dashed, blue continuous and red dash-dotted curves are for the composites with the initial inclination angles « = 0,
/4, and r/2, respectively; the volume fraction ¢ = 0.1 and shear modulus contrast k » = 100 are fixed. (c) Black dash-dot-dotted, magenta dotted, green dashed, blue
continuous, red dash-dotted curves are for the composites with volume fractions ¢ = 0.1, 0.2, 0.3, 0.4, and 0.5, respectively; the shear modulus contrast k . =10 and
initial inclination angle a = = /4 are fixed. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

of inclusion angle a is A, = [(€3]¢=r/2 — €31a=0)/€5lazo] - 100% = 15.33%,
without any deformation (4 = 1). Furthermore, we can achieve addi-
tional tunability of &} with applied deformation. For example, for DE
composite with « = z/2, the change in &} because of deformation is
A, = [(€314=15 — €314=07)/€311=07] - 100% = 11.36%.

The dependence of the normalized effective permittivity on the
applied stretch for inclusion volume fractions ¢ = 0.1 (navy dash-dot-
dotted curve), ¢ =0.2 (magenta dotted curve), ¢ = 0.3 (olive dashed
curve), ¢ = 0.4 (blue continuous curve) and ¢ = 0.5 (red dash-dotted
curve) is shown in Fig. 5(c). The curves intersect at the point A =1
since we normalize the effective permittivity by their initial value in
the undeformed state €57°(4) = £5(A)/€;(4 = 1). Consistent with the pre-
vious observations, we find that for compression (4 < 1) each curve has
its own maximum. The largest value of 3" = 1.031 corresponds to the
highest volume fraction ¢ = 0.5. For tension (4 > 1) we find that normal-
ized effective permittivity decreases with the applied stretch. However,
some local minima are observed for volume fractions ¢ = 0.2, e;* =0.943
at A =1.92; ¢ =0.3, 5;* =0.926 at 1 =192 and ¢ =04, 5’2“* =0.899 at
A =1.9. An increase in the volume fraction leads to a decrease in the
value of 3" for each value of the applied deformation.

4.1.3. Two circular inclusions

Next, we examine the influence of the distance between the particles
on the overall performance of DE composites. To this end, we consider
the periodic DE composites with two circular particles in a unit cell
illustrated in Fig. 2(d). The normalized diameter of the inclusions is d;, =
d,/a=0.07 and the distance between the particle centers is denoted
by d. We define the orientation angle 6 as the angle between the line
connecting two particle centers and vector e,. Here we illustrate the
performance of the DE composites on the example of a particular system
with the permittivity contrast k, = 200 in the undeformed state.

Fig. 6 shows the effective permittivity as functions of the dimension-
less parameter s = (d — d,))/d, for orientation angles 6 = 0°, 30°, 45°,
55°, 60°, 70°, and 90° degrees, as annotated. The horizontal dashed line
corresponds to the single inclusion case (see Fig. 2(b)) with diameter
\/Edo, so the particle volume fraction equals to the volume fraction of
two equi-sized particles with diameter d,. As expected, the highest and
the lowest values of the effective permittivity is found in the DE com-
posites with # = 0° and 90° degrees. An increase in the orientation angle
leads to a decrease in the effective permittivity for each value of s. For
all values of 6 the effective permittivity is a monotonically decreasing
function of s, except for 55° and 60° cases possessing their local mini-
mum. We observe that the difference between the curves increases sig-
nificantly as inter-particle distance d (or s) becomes relatively small. As
the distance between two particles is increased, the two-particle system

T T T T T
1.02 -0 —
* !
82 1.0175 | 0 ] g
NS T s = (d-d))/d,
1015 .
A =1, undeformed
10125 — 1 L S E—
0 0.5 1 15 2 25 3
S

Fig. 6. Effective permittivity vs distance between two circular particles in the
undeformed state A = 1. The diameter of inclusions is d, = 0.07. The contrast
in the relative permittivities is k, = 200. Black dashed, red dotted, green dash-
dotted, blue continuous, magenta dash-dot-dotted, dark yellow short-dashed
and navy short dotted curves correspond to orientation angles 6 = 0°, 30°, 45°,
55°, 60°, 70°, and 907, respectively. The horizontal dashed line denotes the ef-
fective permittivity for a single particle unit cell with diameter \/Edo. (For inter-
pretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

approaches the behavior similar to the single particle case. Therefore,
the curves in Fig. 6 gradually approach the horizontal dashed line cor-
responding to the effective permittivity value of the single particle unit
cell. Here, we observe no significant changes in the values of permittiv-
ity for distances larger than s ~ 2.

4.1.4. Multi-particle microstructures with random distributions of
inclusions

In this section, we study the effective permittivity of isotropic DE
composites with randomly and uniformly distributed circular equi-sized
particles. The distribution of the particles in the unit cell was gener-
ated by using the random adsorption algorithm [63] (additional details
are provided in Appendix B). To avoid mesh distortion, the distances
between inclusions were set such that it does not exceed the value of
0.05d. The shear modulus contrast is k, = 100 and the volume fraction
of the inclusion phase is ¢ = 0.1. Examples of the considered represen-
tative 2-D unit cells with the number of particles N = 3, 5, 20, and 50
are shown in Fig. 7.
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Fig. 7. Schematic representation of DE composites with randomly distributed particles. The volume fraction of the inclusion phase is ¢ = 0.1. Five periodic unit cells

are presented for the number of particles N = 3 (a), 5 (b), 20 (c), and 50 (d).
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Fig. 8. (a) Cauchy stress vs stretch ratio for periodic composites with various numbers of particles in the periodic unit cell from N =1 to N = 50. The inset in (a)
shows the realization scatter of the Cauchy stress for N = 3,5,20, 50 particles. (b) The effective permittivity vs stretch ratio for five different realizations for the
number of particles N = 20. (c) Realization scatter of the effective permittivity-stretch response for N = 20 particles in the unit cell as a function of the minimum
allowed distance between the particles. The contrasts in the shear moduli is k, = 100 and relative permittivities is k, = 200, respectively. The volume fraction of

the inclusion phase is ¢ = 0.1. Realization scatter defined as (¢
distance between the particles is set to 0.05d, (s, = 0.05).

min

First, we illustrate the influence of the number of particles included
in a unit cell on the overall response of the DE composite. This also
illustrates the transition in the composite behavior from periodic to a
randomly distributed one. We consider the DE composites with four dif-
ferent particle numbers N = 3, 5, 20, 50. Five different realizations for
each case are calculated and averaged. The average Cauchy stress nor-
mal components (o, — 0,,) for five realizations of each N are shown in
Fig. 8(a) as functions of the applied strain. The green-dashed curve, for
N =1, corresponds to the structure shown in Fig. 2(b) and is given here
as a reference. The normalized applied electric field is E;) =0.665. We
observe that the average normal Cauchy stress increases as the applied
deformation increases. We find that the responses of the composites with
the number of particles N =5, 20, and N = 50 are almost indistinguish-
able from each other. The inset in Fig. 8(a) represents the realization
scatter (here, by the realization scatter we mean the difference between
maximum and minimum values among five realizations for a composite
with a fixed number of particles) for various N. Note that the realiza-
tion scatter of the single particle unit cell N = 1 is zero. As expected, the
realization scatter decreases with an increase in the particle number N.
Thus, the dependence of the Cauchy stress on the applied deformation
converges (i.e., becomes insensitive of the realization) for higher N.

In Fig. 8(b), we consider the effect of the applied deformation on
the effective permittivity for five different realizations of the unit cell
with N = 20 particles. These different realization are denoted by green
dash-dotted, blue continuous, black dashed, magenta dotted and red
dash-dot-dotted curves. We observe that the effective permittivity of the
five composites is characterized by some different values' even for the
undeformed case 4 = 1. We note that the difference in these values is in-

1 This effect was also observed even for higher number of particles such as
N =200 and N =500

max — Emin)/Emin Cross 5 realizations of the composite with fixed number of particles N. The minimum

significant compared to the permittivity contrast used here (k, = 200).
We conclude that the applied deformation barely influences the effec-
tive permittivity in DE composites with a random particle distribution.
The influence of the applied deformation on the effective permittivity is
comparable to the fluctuations observed in the undeformed case.

In Section 4.1.3, we illustrated that the inter-particle distance greatly
affects the permittivity of the DE composites. Motivated by this observa-
tion, we investigate how the realization scatter of the effective permit-
tivity in Fig. 8(b) is affected by the distance between particles. Fig. 8(c)
summarizes the results showing the realization scatter as a function of
the minimum allowed distance between the particles s,;, for the DE
composite with the number of particles N = 20. In agreement with the
previous observations for the two-particle system (Section 4.1.2), we
report that the effective permittivity is highly sensitive to changes in
inter-particle distance, as well as to changes in their positions relatively
to the applied electric field (orientation angle). The realization scatter
decreases fast (resembling the behavior of the curves in Fig. 6) as the
distance between inclusions increases.

For completeness, we show the distribution of the local electric field
magnitude |E|/|E,| = 4 /EIZ + E"g / Eg inside the undeformed unit cell in
Fig. 9. The three unit cells are shown for s,;, = 0.05,0.25 and 0.5. The
normalized applied electric field is EJ = 0.665. We observe high con-
centrations of the electric field (red colors) in the regions where the
particles are very close to each other (we note the similarity with the
different physical phenomena in the thermal and elastic granular media
reported in [64]) or in the regions with chain-like particle structures in
the direction of the vertically applied electric field. An increase in the
distance between particles results in a more uniform distribution of the
electric field outside the particles: dark-red colors (used for the regions
with high concentrations of the electric field) for s,,;, = 0.05 change to
light-red for s, = 0.25 or even orange colors for the case of s, = 0.5.
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Fig. 9. The distribution of the local electric field magnitude |E|/|E,| in the various realizations of the undeformed (4 = 1) unit cell with different minimum distances

between inclusions in each realization s,;, = 0.05 (left), s,,;, = 0.25 (center) and s

min

= 0.5 (right). The contrast in the relative permittivities is k, = 200. The volume

fraction of the inclusion phase is ¢ = 0.1. The particle number is N = 100. The color bar indicates the electric field magnitude. The normalized applied electric field
level is |E,| = 0.665. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Undeformed

4.2. Periodic composites with instability-induced microstructure
transformations

In this section, we study the permittivity tunability in the DE pe-
riodic systems experiencing buckling-induced microstructure transforma-
tions. First, we employ the instability phenomenon for permittivity tun-
ability in the DE periodic void-matrix material [54]. This soft periodic
system undergoes considerable buckling-induced microstructure trans-
formations upon exceeding the critical deformation level. In particular,
upon the onset of instabilities, the voids suddenly collapse, leading to
the periodicity doubling and significant changes in the microstructure
(see the schematic representation of the composite in Fig. 10).

In our modeling, the soft matrix is described by the ideal dielectric
elastomer model as defined in Eq. (15); the voids are characterized
by zero mechanical energy and permittivity equaled to that of the free
space. To capture the postbuckling behavior, we consider a periodic unit
cell with slightly perturbed shape of voids® (as shown in Fig. 10).

The dependence of the normalized effective permittivity on the ap-
plied stretch for the DE composites with the void volume fractions
¢ = 0.5 (red dash-dotted curve), 0.55 (blue continuous curve), and 0.6
(black dashed curve) is shown in Fig. 11(a). The critical points are de-
noted by circles. The critical stretch ratio A, increases with an increase in
the volume fraction of the void from 4, = 0.933 for ¢ = 0.5 to 4, = 0.955
for ¢ = 0.55,and A, = 0.973 for ¢ = 0.6 (recall that 4, = 0.933 corresponds
to higher applied deformation than 4. = 0.973). We observe that the ef-

2 We imposed the imperfection by using elliptic voids with very small aspect
ratio 1.001:1. It was verified that the geometrical imperfection do not affect the
predicted critical stretches or the instability-induced patterns.

Deformed

Fig. 10. Schematic representation of the instability-induced
microstructural transformation. DE composite with periodi-
cally distributed circular voids in the undeformed (left) and
buckled configuration (right). The volume fraction of the voids
is ¢ = 0.5. The applied compressive deformation is 4 = 0.85.

fective permittivity increases monotonically with an increase in the ap-
plied compression level. This is mostly due to the fact that the void
volume decreases as the material is compressed. To illustrate that, in
Fig. 11(b), we plot the effective matrix volume fraction ¢™ as the func-
tion of applied stretch 1. Clearly, as the compression level is increased
(4 is decreased), the effective matrix volume fraction increases, thus,
leading to an increase in the effective permittivity.

We note that the rate of change in ci’}')f with the applied deforma-
tion (slope of curves in Fig. 11(b)) increases after the onset of instabil-
ity. Interestingly, the onset of instabilities, and subsequent microstruc-
ture transformation, barely affects the increase rate (or the slope of the
curves in Fig. 11(a)) in effective permittivity with the applied deforma-
tion. The instability-induced microstructure transformation is accompa-
nied by a change in the electric and electric displacement field distribu-
tions, illustrated in Fig. 11(c) and (d), respectively. The initial periodic
array of circular voids transforms into an array of two vertically and two
horizontally oriented elliptic shapes. This, in turn, leads to two com-
peting effects: the one leading to effectively an increase in the permit-
tivity of the voids which are horizontally oriented; and the competing
one causing the decrease in effective permittivity of vertically oriented
voids. To illustrate that, we show the distribution of the local electric

field magnitude |E|/|E,| = \/E? + E2/EY (see Fig. 11(c)) and electric

displacement field magnitude [D|/|D,| = /D? + D2/DY (see Fig. 11(d))
inside the buckled unit cell at A = 0.85. The normalized applied electric
field is £9 = 0.02 with DY = £,EJ. We observe that the distribution of
the fields inside the voids is almost homogeneous, but their magnitudes
are dependent on the orientation of voids. Specifically, the magnitude of

the fields inside the horizontally oriented voids is approximately twice
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Undeformed

Compression x

of their magnitudes in vertically oriented voids. However, the distri-
bution of the fields in the matrix is highly inhomogeneous, especially,
in the region close to the voids. The highest and the lowest values of
both the fields inside the matrix are observed near the horizontally and
vertically oriented voids, respectively.

Next, we consider the DE composite comprising of the soft matrix,
voids, and stiff inclusions with high permittivity [56-58]. Schematic
representation of the composite is shown in Fig. 12. Similarly to the pre-
viously discussed periodic porous materials, the void-matrix-inclusion
system also exhibit instabilities once a critical compressive deforma-
tion is exceeded. Similarly to the previous case, upon the onset of insta-
bilities, the voids collapse co-operatively, and the composite structure

Compression y

b
(N

Fig. 12. Schematic representation of the instability-induced
microstructural transformations in a soft porous material with
periodically distributed voids. The applied compressive defor-
mation in x (left) and y (right) directions is 4 = 0.9 and unde-
formed case A = 1 (center). The volume fractions of the matrix,
voids and inclusions are ¢™ = 0.3, ¢® = 0.525 and ¢ = 0.175.

doubles the periodicity. However, the void-matrix-inclusion composites
develop distinct deformation patterns due to the constraining stiff in-
clusions that regulate the onset of instabilities and the post-buckling
behavior [57].

We consider the periodic unit cell with the width and height, a =2
and b= 2\/5, respectively. The examples are given for the composite
with volume fractions of the matrix, voids and inclusions are ¢™ = 0.3,
c¢® =0.525 and ¢ = 0.175, respectively. The shear moduli and permit-
tivities of the soft matrix are 4™ = 0.2 MPa and " = 6.5 (correspond-
ing to VHB 4910), and of the active inclusions are ) = 2.7 GPa and
£® = 6500 corresponding to Polyaniline (PANI).
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The dependence of the effective permittivity on the applied stretch
is shown in Fig. 13(a). The critical points (4, = 0.973 for compression x
and A, = 0.958 for compression y) are denoted by circles. Consistently
with the previous observations for homogeneous DE with voids, we find
that the composite permittivity increases with an increase in the applied
stretch for both compression x and y. The tunability of the permittivity,
however, is higher for the case of compression y. For example, at the
applied deformation of 4 = 0.9 the change of the permittivity is 14.4%
for compression y and 10.7% for compression x.

We note that the effective permittivity is very sensitive to the dis-
tance between electroactive inclusions (see Section 4.1.3) which is
greatly affected if the compression is applied in the y direction. On
the other hand, the permittivity also depends on the position of the
electroactive inclusions with respect to the applied electric field (see
Section 4.1.3). Because the vertical alignment of the electroactive inclu-
sions (see Fig. 12) is not affected by buckling, the effect of the instability
on the slope of the curves in Fig. 13(a) is relatively small. To investigate
the effect, we examine the electric field distribution in the postbuckling
configuration of the DE composite.

The distribution of the local electric field magnitude |E|/|E,|=

\/ Elz + E"% / Eg is shown in Fig. 13(b). The normalized applied electric

field is Eg = 0.01. We observe that electric field is homogeneous inside
the electroactive inclusions and has the lowest value because the permit-
tivity of the PANI £ = 6500 is much higher than of the VHB ™ = 6.5
and voids €™ = 1. The highest values of the electric field are in the re-
gion between electroactive inclusions. In addition, we observe the high
inhomogeneity of the electric field near the edges of the voids between
inclusions.

5. Conclusions

In this work, we investigated the behavior of finitely strained DE
composites with periodic and random distributions of inclusions. We
analyzed the influence of the mechanical pre-stretch, geometrical and
material parameters on the effective permittivity of the DE composites
with particulate microstructures. For periodically distributed circular in-
clusions, we found that tunability of the effective permittivity increases
with an increase in the shear moduli contrast. In particular, we found
that deformations up to 100%, for a relatively small volume fraction of
the electroactive phase ¢ = 0.15, can cause changes in the permittivity
more than 30%. An explicit expression for the effective permittivity as a
function of the applied deformation was derived under the assumption
of rigid (or negligibly deformed) inclusions. For elliptical inclusions, we
found that the orientation angle significantly affects the effective per-
mittivity. An increase in the inclination angle results in rapid increase in
the effective permittivity. The highest permittivity was observed when
the major semi-axis of elliptical inclusion is parallel to the applied elec-
tric field and the lowest one was found for the case of the major semi-axis
forming a normal angle with the applied electric field; this is always ob-
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Fig. 13. (a) Permittivity vs stretch for the VHB 4910 with
Polyaniline electroactive inclusions and voids. Black dashed
i 5 and blue continuous curves correspond to compression x and
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compression Y, respectively.(b) The distribution of the local

electric field magnitude |E|/|E,| inside the postbuckling com-
3.75  pressiony DE composite. The normalized applied electric field

is |Ez| = 0.01. (For interpretation of the references to color in

this figure legend, the reader is referred to the web version of
25 this article.)
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served regardless of the applied pre-strain. The applied deformation and
the orientation angle variations can cause changes in the overall permit-
tivity of more than 25% even for a relatively small volume fraction of
the electroactive phase (¢ = 0.1). For the case of randomly distributed
stiff inclusions, we found that the Cauchy stress—stretch dependence is
barely altered by the number of particles in the unit cell for N > 20.
Thus, the mechanical aspect of the DE composite behavior can be mod-
elled accurately enough by considering a representative volume element
(RVE) with N = 20 particles in the unit cell. The effective permittivity
of random mixtures was found to be minimally affected by deforma-
tion. However, small variations in effective permittivity were observed
between different particle placement realizations of the RVE, even with
identical numbers of particles. This variation can be explained by exam-
ining the behavior of a two particle periodic systems. We found that, in
this system, geometric parameters such as orientation angle and distance
between the two particles, significantly affected the relative permittiv-
ity. This, however, happens only if the particles are closer than twice the
particle diameter. As a result, the variation in permittivity between real-
izations of the RVE significantly decreases as the interparticle distance
increases. We also observed high electromechanical stresses in the re-
gions where the particles are close to each other, and in the regions with
chain-like particle structures. The electromechanical stresses in these re-
gions increased significantly when the minimum distance between the
particles was decreased from 0.5d to 0.05d. Such high stresses could po-
tentially lead to debonding of the particles from the matrix, resulting
in an overall decrease in the electromechanical coupling, degradation
of the matrix, and, potentially, leading to electromechanical instabili-
ties [65-69].

Finally, we explored the permittivity tunability in DEs with period-
ically distributed voids and inclusions. In these systems the effective
permittivity increases with applied compression. While the tunability of
the effective permittivity was found to be significant, the onset of buck-
ling, however, did not change the dependence of the permittivity on
the applied deformation. Collectively, these results illustrate the poten-
tial of porous DEs to function as stretch sensors and self-tuning dielectric
substrates in potential applications of wearable electronics, soft robotics
and flexible antennas, and motivate further experimental and theoreti-
cal investigation of this electromechanical tuning mechanism.
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Appendix A. Finite element mesh sensitivity analysis

To ensure the accuracy of the numerical results, we perform the
mesh sensitivity analysis. To illustrate the analysis, we show the results
for the DE composite with a multi-particle microstructure with random
distributions of N = 20 inclusions. Fig. A.14(a) and (c) show the rep-
resentative unit cells with triangular and quadrilateral mesh elements,
respectively. We prescribe the number of elements on the boundary of
each inclusions n, as illustrated in the insets of Fig. A.14(a) and (c). In
the shown meshes, the prescribed number of elements on each inclusion
boundary is n = 16. Clearly, the total number of elements in the unit cell
is also dictated by the value of n. For example, the total number of ele-
ments increases from 6767 to 25,130 as the inclusion boundary element
number is increased from n = 8 to n = 48. Fig. A.14(c) shows the relative
difference in the effective permittivity (in percent) versus the controlled

inclusion boundary element number. The relative difference in the effec-
tive permittivity is defined as | A\ €51 =| (¢, = €cono)/Econw I» Where &, is
the value of €7 obtained using a mesh with n elements on the inclusion
boundary, while ¢.,,, denotes the converged value of £*, with n = 48.
The examples of the dependence are shown for the large stretch levels,
namely, 4=0.6 (black circles) and 4 = 2 (red squares). While the differ-
ence in the obtained values is extremely small - less than 0.02% even
for n = 8, it rapidly decreases even lower as n is further increased. We
note that we used the meshes with n = 48 elements on the boundary of
each circular inclusion (marked as “used” in Fig A.14(b)) to ensure a
sufficient accuracy level of the calculations.

For completeness, we show a comparison of the results for the
DE composite unit cell discretized by using quadrilateral elements (as
shown in Fig. A.14(c). Fig. A.14(d) shows the effective permittivity e;
as a function of stretch ratio A calculated using the mesh with triangular
(black squares) and quadrilateral (red circles) elements. Note that both
meshes were generated while using the identical number of inclusion
boundary elements, namely, n = 48. We observe that these calculation
produced identical results for the whole range of the considered defor-
mations.

Appendix B. Random adsorption algorithm

In this work, the distribution of inclusions in DE composite with
multi-particle microstructure is performed using the so-called random
sequential adsorption (RSA) algorithm [63]. The algorithm is based on
the sequential addition of the inclusions into the unit cell. Each new
particle is assigned a random position of its center and attempted to be
placed into the unit cell. Particle placement is successful only if the dis-
tances between its center and the centers of already placed inclusions
exceed d + €. If the center-to-center distance is less than d + ¢, the can-
didate is discarded, and a new placement is attempted. Here, d is the
diameter of the circular inclusions, and ¢ is the inter-particle minimum
distance, which is typically used to avoid inadequately fine mesh be-
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tween inclusions. Here, we assign ¢ = 0.05d, and used the same value
to prohibit the center of the candidate inclusion from locating within

e d

[% -5.3F %] range from the boundaries of the unit cell, thus avoid-

ing mesh distortion. RSA enables a fast and efficient way of randomly
filling the area for relatively low volume fractions of inclusions. In par-
ticular, for 2D circular disks within the square unit cell, the algorithm
works well for volume fraction ¢ < 0.3, and achieves the saturation for

C R~

0.547 [701, which is lower than the theoretical packing limit of

0.9069 [71,72]. For high and moderate volume fractions, more sophis-
ticated packing algorithms are recommended to be used [73,74]. By
employing RSA we generated the representative volume elements with
inclusion volume fraction ¢ = 0.1. Examples of the considered represen-
tative 2-D unit cells with the number of particles N = 3, 5, 20 and 50
are shown in Fig. 7.
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