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Abstract

Understanding of wave propagation phenomena in solids is pivotal for numerous

engineering applications in healthcare, petroleum, military, and aerospace indus-

tries. Among them nondestructive material testing, vibration protection of sensi-

tive electronics, unwanted noise mitigation, earthquake forecasting, and medical

ultrasound diagnostics. The ability of flexible materials to sustain large deforma-

tions opens rich prospects for manipulating elastic wave characteristics by defor-

mation. Moreover, elastic waves can be tuned through designing micro- or macro-

structures, which can be further actively controlled by external stimuli, such as me-

chanical loading, electric or magnetic fields. Understanding of how large deforma-

tions affect relatively simple isotropic and more complex anisotropic materials is

essential for this task. Therefore, in my thesis, I investigated the acoustic properties

of the relatively simple initially isotropic non-linear materials and then proceeded

with the periodic layered and fiber composites made of these materials. Firstly,

I studied the influence of the deformation induced stiffening (intrinsic feature of

most soft materials) on the propagation of small-amplitude elastic plane waves.

Secondly, I showed that electroelastic isotropic materials (i.e. dielectric elastomers)

can be utilized to achieve acoustic functionalities such as decoupling of pressure

and shear waves by application of an electric field. Thirdly, I analyzed wave prop-

agation in non-linear elastic and electroelastic laminates. In particular, I derived

the long wave estimates of the phase and group velocities for the waves propagat-

ing in the laminates subject to external mechanical or electrical stimuli. Moreover, I

found the material compositions and loading conditions producing wide complete
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band gaps (frequency ranges where neither pressure nor shear waves can propa-

gate) at desired low frequency ranges. Finally, I investigated the anisotropy of

elastic wave propagation in finitely deformed fiber composites (FCs). Specifically,

by employing rigorous analytical methods of non-linear mechanics, I derived long

wave estimates for phase and group velocities of shear waves propagating in non-

linear FCs. Next, by utilizing Bloch-Floquet approach in a finite element code,

I calculated dispersion relations for shear waves propagating along the fibers in

FCs with square arrays of fibers.
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List of abbreviations

FC – Fiber composite

P-wave – Pressure (longitudinal) wave

S-wave – Shear (transversal) wave

BG – Band gap

SBG – Shear wave band gap

PBG – Pressure wave band gap

DE – Dielectric elastomer

RVE – Representative Volume Element
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Chapter 1

Preamble

Lightweight composite materials with excellent mechanical properties are of im-

mense importance for aerospace engineering [8]; however, in aerospace structures,

undesirable vibrations and noise propagate from the source, e.g., an engine, to

other parts; this phenomenon requires control, reduction, or even elimination.

Therefore, new lightweight materials allowing tunable noise and vibration reduc-

tion need to be developed, while maintaining mechanical properties such as stiff-

ness, toughness, and damage tolerance. Moreover, better understanding of wave

propagation phenomena in flexible materials can benefit nondestructive material

testing in composite aerospace structures. Motivated by these requirements for

aerospace structural materials, in my PhD research I explored the general field of

elastic wave propagation in non-linear isotropic elastic [21] and electroelastic [22]

materials and then in layered [19, 23] and fibrous [25] composites made of these

materials.
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1.1 Wave propagation in non-linear elastic materials

1.1.1 Finitely deformed isotropic materials

Small amplitude elastic wave propagation in finitely deformed homogeneous isotropic

materials was pioneered by Biot [5]. Boulanger and Hayes [6] considered wave

propagation in finitely deformed incompressible Mooney-Rivlin materials and de-

rived explicit relations for wave velocities. Boulanger et al. [7] extended this work

to a broader class of finitely deformed compressible Hadamard materials and first

obtained the explicit expressions for the phase velocities of longitudinal (pressure)

and transversal (shear) waves. Recently, Destrade and Ogden [15] have revised

and generalized the problem of an infinitesimal wave propagation in the finitely

deformed hyperelastic materials by application of the invariant theory. More re-

cently, I have investigated infinitesimal (linear) wave propagation in finitely de-

formed compressible Gent materials, exhibiting pronounced stiffening effects, and

obtained closed form expressions for the phase velocities of longitudinal and transver-

sal waves [21]. It is worth mentioning that deformation can be utilized not only

for the changing of phase and group velocities of elastic waves but also for decou-

pling of P- and S-waves in these relatively simple originally isotropic non-linear

materials [9, 20].

1.1.2 Finitely deformed laminates

Small amplitude (linear) elastic wave propagation in linear bi-laminates made of

isotropic materials was pioneered by by Rytov [43]. He derived explicit disper-
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sion relations for steady-state P- and S-waves propagating perpendicular and par-

allel to the layers. Recently, problem of wave propagation in periodic laminates

has been revived in a framework of elastic metamaterials [53, 59]. Hence, I ex-

tended classical result of Rytov [43] for non-linear bi-laminates made of hypere-

lastic isotropic materials, namely neo-Hookean and Gent materials [19]. This al-

lowed me to investigate influence of finite deformations on S- and P-wave band

gaps in these laminates. In particular, I found that S-wave band gaps (SBGs)

in laminates with compressible neo-Hookean layers are not influenced by defor-

mation, because deformation-induced changes in geometry and effective material

properties fully compensate each other. Thus, I corrected a misconception that

had prevailed in the literature [47], namely that SBGs could be tuned by applica-

tion of elastic deformation in compressible neo-Hookean laminates – I rigorously

showed, through exact analytical solution, that they could not [19]. However, con-

traction or extension of the laminate with Gent layers (exhibiting strong stiffening

effects) widens and shifts up SBGs towards higher frequencies due to the stronger

effect of deformation-induced change in the layer properties as compared to the

change in the layer thicknesses. Moreover, I derived closed-form expressions for

the phase and group velocities of long S-waves propagating in any direction in the

finitely deformed laminates with incompressible neo-Hookean layers. For the case

of wave propagation perpendicular to the layers, I also obtained long wave esti-

mates for the velocities of P- and S-waves propagating in laminates with compress-

ible neo-Hookean or Gent layers [19]. More recently, Li et al. [32] studied oblique

S-wave propagation in finitely deformed laminates and showed that SBGs closes

immediately when the wave inclines from the normal (i.e., perpendicular to the
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layers) direction of propagation. Additionally, Li et al. [33] investigated influence

of compressibility on BGs in buckled bi-laminates. Slesarenko et al. [50] found that

shear waves of lowest frequencies in marginally stable bi-laminates (i.e., deformed

close to the instability point) have negative (anti-parallel to the phase velocity)

group velocities for certain wavenumbers, which foreshadow onset of elastic in-

stability. Very recently, Demcenko et al. [13, 14] extended my analysis [19] and

investigated propagation of finite amplitude elastic waves in hyperelastic lami-

nates.

1.1.3 Finitely deformed fiber-reinforced composites

By employing the nonlinear elastic theory [57] and a phenomenological approach,

Scott and Hayes [46] considered small amplitude plane waves superimposed on

a homogeneous deformation in the so-called idealized fiber-reinforced materials

(with an incompressible matrix and inextensible fibers). The infinitesimal elastic

wave propagation in nearly incompressible and nearly inextensible fiber-reinforced

materials with unidirectional fibers was examined by Rogerson and Scott [38].

Later, Ogden and Singh [37] revisited the problem of infinitesimal wave propa-

gation in an incompressible transversely isotropic elastic solid in the presence of

an initial stress. In particular, they exploited the phenomenological theory of in-

variants and presented a more general and transparent formulation of the theory

for small amplitude waves propagating in a deformed transversely isotropic hy-

perelastic solid.

In my work [25], I employed a micromechanics based approach [11] accounting
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for the phase properties and their spatial distribution to analyze the wave propa-

gation in finitely deformed 3D FCs, as opposite to previous works that employed

phenomenological approach [46, 44, 45, 38, 37], or numerically modeled the com-

posites in 2D settings [3], or did not consider finite deformations [1, 30]. I derived

explicit closed-form expressions for phase and group velocities of the S-waves

for any direction of propagation in finitely deformed 3D FCs with neo-Hookean

phases. These explicit expressions provide essential information on the S-wave

propagation in the long wave limit. To account for the interaction of the S-waves

with the composite microstructure, I implemented the Bloch-Floquet analysis [1, 3]

in the finite element code (COMSOL), allowing me to analyze small amplitude mo-

tions superimposed on finite macroscopically applied homogeneous deformation.

Moreover, I compared the micromechanics-based homogenization approach and

the numerical Bloch-Floquet analysis and showed the equivalence of these dis-

tinct approaches for the large wavelengths [25]. More recently, I studied influence

of fiber arrangement on shear waves and elastic instabilities in finitely deformed

FCs [24]. In particular, I showed that elastic instabilities and S-waves propagating

along the fibers in uniaxially deformed FCs can be tuned through the choice of the

periodicity (or periodic unit cell aspect ratio b/a) of FCs. It worth mentioning that

my numerical results on elastic instabilities in FCs with rectangular arrays of fibers

were validated by Li et al. [31] on 3D-printed FCs.
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1.2 Wave propagation in non-linear electroelastic ma-

terials

Another part of my PhD research deals with problems of elastic wave propagation

in dielectric elastomers (DEs) materials that can significantly deform when sub-

ject to an electric field (Pelrine et al., 1998). Investigation of this problem opens new

possibilities for improving small length-scale devices, e.g., micro-electromechanical

systems in aerospace structures, where electric field is the preferred control pa-

rameter. Remarkably, even isotropic DEs allow to tune elastic wave propagation

by an electric field, e.g. one can decouple P- and S-waves propagating in DE via

application of a specific electric field [22]. However, for achieving more sophis-

ticated wave phenomena, such as band gaps, structured materials must be intro-

duced [61, 28].

Following the work of Toupin [56], the theory of nonlinear electroelasticity for

homogeneous isotropic hyperelastic media has been revised recently by Dorfmann

and Ogden [16], McMeeking and Landis [36], and Suo et al. [54]. More recently,

Cohen et al. [10] proposed a model based on considerations of polymer networks

under electromechanical loadings. Motivated by potential enhancement of elec-

tromechanical coupling, which is typically rather weak in DEs, microstructured

DEs have been explored [12, 55, 42] showing significant potential of this approach.

However, one needs to account for electromechanical instabilities [40, 4, 27] when

dealing with composite DEs.

The analysis of small amplitude wave propagation in finitely deformed non-

linear electroelastic materials in the presence of an electric field in the frame of the
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quasi-electrostatic approximation was presented by Dorfmann and Ogden [17].

This paper has been followed by a number of works on elastic wave propagation

in finitely deformed homogenous and composite DEs [26, 48, 22, 60]. Note that

layered DEs are of specific importance since they may be realized through various

layer-by-layer material fabrication techniques which already allow manufacturing

of deformable layered materials [39, 29].

During my PhD I revisited the problem of S-wave propagation perpendicularly

to the layers in the laminates made of ideal (neo-Hookean) dielectric elastomers

and corrected a misconception that had prevailed in the literature [48, 49], namely

that SBGs could be shifted via application of an electric field I rigorously demon-

strated, through exact analytical solution, that they could not [23]. My results were

recently confirmed by Jandron and Henann [28].
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Chapter 2

Research methods

2.1 Non-linear elasticity

Consider a continuum body and identify each point in the reference configuration

with vector X. In the current configuration, the new location of the corresponding

points is defined by vector x = x(X, t). Then, the deformation gradient is F =

∂x/∂X, and J ≡ det F > 0. For a hyperelastic compressible material with a strain

energy function ψ(F), the first Piola-Kirchhoff stress tensor can be calculated as

follows

P =
∂ψ(F)

∂F
. (2.1)

For an incompressible material, J = 1 and Eq. (2.1) modifies as

P =
∂ψ(F)

∂F
− pF−T, (2.2)

where p represents an unknown Lagrange multiplier. The corresponding Cauchy

stress tensor is related to the first Piola-Kirchhoff stress tensor via the relation σ =

J−1P · FT.
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In the absence of body forces the equations of motion can be written in the

undeformed configuration as

DivP = ρ0
D2χ

Dt2 , (2.3)

where ρ0 is the initial density of the material and the operator D2(•)/Dt2 repre-

sents the material time derivative. If the deformation is applied quasi-statically, the

right hand part of (2.3) can be assumed to be zero, and the equilibrium equation

reads as

DivP = 0. (2.4)

Consider next infinitesimal motions superimposed on the equilibrium state.

The equations of the incremental motions are

DivṖ = ρ0
D2u
Dt2 , (2.5)

where Ṗ is the incremental change in the first Piola-Kirchhoff stress tensor and u is

the incremental displacement.

The linearized constitutive law can be written as

Ṗij = A0ijkl Ḟkl, (2.6)

where Ḟ = Grad u is the incremental change in the deformation gradient, and the

tensor of elastic moduli is defined asA0iαkβ = ∂2ψ/∂Fiα∂Fkβ. Under substitution of

(2.6) into (2.5) the incremental motion equation takes the form

A0ijkluk,l j = ρ0
D2ui

Dt2 . (2.7)
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2.1.1 Small amplitude motions superimposed on large deforma-

tions

To analyze small amplitude motions superimposed on a finite deformation, we

present equation of motion (2.7) in the updated Lagrangian formulation

Aijkluk,l j = ρ
∂2ui

∂t2 , (2.8)

whereAiqkp = J−1A0ijkl Fpl Fqj is the updated tensor of elastic moduli and ρ = J−1ρ0

is the density of the deformed material.

We seek a solution for equation (2.8) in the form of plane waves with constant

polarization

u = gh(n · x− ct), (2.9)

where h is a twice continuously differentiable function and unit vector g denotes

the polarization; the unit vector n defines the direction of wave propagation, and

c is the phase velocity of the wave.

Substituting (2.9) into (2.8), we obtain

Q(n) · g = ρc2g, (2.10)

where

Qik = Aijklnjnl (2.11)

is the acoustic tensor defining the condition of propagation of the infinitesimal

plane waves. Thus, for a real wave to exist acoustic tensor has to be positively

defined for any non-zero vectors n and g

g ·Q(n) · g = Aijklnjnlgigk = ρc2 > 0. (2.12)
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Recall that the inequality

Aijklnjnlgigk > 0 (2.13)

is called the strong ellipticity condition [57]. This inequality also arises in the sta-

bility theory of elastic and elasto-plastic solids. Thus, if the inequality (2.13) does

not hold true in any point of the body for the applied boundary conditions, the

body is unstable in this state. In a similar vein, the body becomes unstable if the

velocity of at least one wave with any polarization and any propagation direction

in the body becomes zero. It is worth noting that loss of strong ellipticity analy-

sis is widely used for finding macroscopic instabilities in homogenizable compos-

ites [34, 35, 2, 41].

For incompressible materials Eq. (2.8) modifies as

Aijkluk,l j + ṗ,i = ρ
∂2vi

∂t2 , (2.14)

together with the incompressibility constraint

ui,i = 0. (2.15)

Substitution of (2.9) and ṗ = p0h′(n · x− ct), where p0 is a scalar, into (2.14) and

(2.15) yields

Q̂(n) · g = ρc2g and g · n = 0, (2.16)

where Q̂ = Î ·Q · Î and Î = I− n⊗ n is the projection onto the plane normal to

n. Thus, in the incompressible case, the strong ellipticity condition (2.13) subject

to the restriction g · n = 0. The readers, who are not familiar with non-linear

elasticity, are referred to the book by Volokh [58] for comprehensible discussion

and derivations of the material presented above.
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2.2 Bloch-Floquet approach for periodic composites

To analyze elastic wave propagation in finitely deformed periodic composites, I

superimpose small amplitude (linear) motions on a finitely deformed state [3]. Re-

call that in a periodic structure plane waves can be described by the Bloch func-

tion [30]. To perform the analysis, I utilize the finite element method with the help

of COMSOL.

2.2.1 Static finite deformation

Firstly, the solution for the finitely deformed periodic composite is obtained. The

macroscopic deformation gradient F̄ = 1/Ω
∫

Ω FdV is applied through periodic

boundary conditions imposed on the displacements of the representative volume

element (RVE) faces such that

UB −UA = (F̄− I) · (XB − XA) , (2.17)

where A and B are the nodes on the opposite faces of the RVE boundary and

U = x (X) − X is the displacement field; RVE occupies a domain Ω in the un-

deformed configuration. The macroscopic first Piola-Kirchhoff stress tensor and

the corresponding Cauchy stress tensor are calculated as P̄ = 1/Ω
∫

Ω PdV and

σ̄ = 1/Ω
∫

Ω σdV, respectively. Rigid body motions are prevented by fixing the

displacements of a single node, i.e. UA = 0.
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2.2.2 Small-amplitude motions superimposed on a deformed state

Secondly, the Bloch-Floquet periodicity conditions are superimposed on the de-

formed state. The corresponding incremental change in the displacement and the

first Piola-Kirchhoff stress tensor are

u (X, t) = U (X) e−iωt and Ṗ (X, t) = P (X) e−iωt, (2.18)

where ω is the angular frequency. Substitution of (2.18) in (2.5) yields

DivP + ρ0ω2U = 0. (2.19)

Next, according to the Floquet theorem

U (X + R) = U (X) e−iK·R and P (X + R) = P (X) e−iK·R, (2.20)

where R defines the distance between the nodes on the opposite faces of the RVE

in the reference configuration, and K is the wavevector in the reference configu-

ration. The periodicity conditions (2.20) are imposed in the finite element code

through the corresponding boundary conditions for the displacements of the op-

posite faces [3, 51]. The dispersion relations are obtained by solving the eigenvalue

problem stemming from Eq. (2.18), (2.19) and (2.20) for a range of the wavevectors

K. Recall that the corresponding wavevector in the deformed configuration can be

found via relation k = F−T ·K.

2.3 Non-linear electroelasticity

In this section, a brief description of non-linear electroelastic theory is presented.

For a full story, the readers are referred to the book by Dorfmann and Ogden [18]
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and references therein.

2.3.1 Electrostatics

Here, the so-called quasi-electrostatic approximation assuming the absence of mag-

netic fields and neglecting electromagnetic interactions is adopted. Thus, in the

absence of free body charges and currents, the equations of electrostatics in the

current configuration read as

divD = 0 and curlE = 0, (2.21)

where D and E denote electric displacement and electric field applied in the current

configuration, respectively. Here and thereafter, the differential operators with

the first low-case letter refer to the current configuration, while the differential

operators with the first upper-case letter refer to the reference configuration.

In the reference configuration, the equations of electrostatics read as

DivDL = 0 and CurlEL = 0, (2.22)

where

DL = JF−1 ·D and EL = FT · E (2.23)

are the Lagrangian counterparts of D and E, respectively.

2.3.2 Mechanical balance laws

In the absence of body forces, the linear and angular momentum balance for an

electroelastic material are

divτ = ρx,tt and τ = τT, (2.24)
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where τ represents the total Cauchy stress tensor (current configuration).

In Lagrangian description the balance equations (2.24) read as

DivP = ρ0x,tt and P · FT = F · PT, (2.25)

where

P = Jτ · F−T (2.26)

is the first Piola-Kirchhoff total stress tensor (reference configuration).

2.3.3 Constitutive equations

To model non-linear behavior of DEs, an energy potential ψ(F, DL), as introduced

in Dorfmann and Ogden [16], is considered. The strain energy-density potential

is a function of deformation gradient F and Lagrangian counterpart of electric dis-

placement DL. Then, for an electroelastic material, the first Piola-Kirchhoff total

stress tensor and Lagrangian counterpart of electric field are given by

P =
∂ψ

∂F
and EL =

∂ψ

∂DL
. (2.27)

For an incompressible material, J = 1, and the constitutive equations (2.27) modify

as

P =
∂ψ

∂F
− pF−T and EL =

∂ψ

∂DL
. (2.28)

2.3.4 Incremental equations

For an electroelastic material, the incremental constitutive equations for the first

Piola-Kirchhoff stress and Lagrangian electric field read as

Ṗ = C0 : Ḟ +M0 · ḊL and ĖL = Ḟ :M0 + K0 · ḊL, (2.29)
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respectively. Here, the superposed dot represent incremental changes in the cor-

responding variables; C0, M0, and K0 are the tensors of electroelastic moduli de-

fined as

C0 =
∂2ψ

∂F∂F
, M0 =

∂2ψ

∂F∂DL
and K0 =

∂2ψ

∂DL∂DL
. (2.30)

For an incompressible material, the incremental equations (2.29) read as

Ṗ = C0 : Ḟ + pF−T · ḞT · F−T − ṗF−T +M0 · ḊL and ĖL = Ḟ :M0 + K0 · ḊL.

(2.31)

2.3.5 Incremental motions superimposed on finite deformation in

the presence of an electric field

In a framework of the updated Lagrangian formulation, the incremental forms of

the governing Eqs. (2.22) and (2.25)1, describing small motions superimposed on

finite deformation, transform to

divḊL? = 0, curlĖL? = 0, and divṖ? = ρẋ,tt, (2.32)

where

ḊL? = J−1F · ḊL, ĖL? = F−T · ĖL, and Ṗ? = J−1Ṗ · FT (2.33)

are the so-called push-forward versions of ḊL, ĖL, and Ṗ, respectively. Identifying

the field of incremental displacements as u = ẋ and then displacement gradient

as H = gradu = Ḟ · F−1, the following updated incremental relations (2.29) are

obtained

Ṗ? = C : H +M· ḊL? and ĖL? = H :M+ K · ḊL?, (2.34)

19



where

Cirks = J−1C0ijkl FrjFsl, Mirk =M0ijmFrjF−1
mk and K = JF−T ·K0 · F−1 (2.35)

are the updated tensors of electroelastic moduli, enjoying the following symme-

tries

Cirks = Cksir, Mirk =Mrik, and K = KT. (2.36)

For an incompressible material, the incremental equations (2.34) read as

Ṗ? = C : H + pHT − ṗI +M· ḊL? and ĖL? = H :M+ K · ḊL?; (2.37)

moreover, the incompressibility assumption implies

trH ≡ divu = 0. (2.38)

2.3.6 Plane waves in incompressible DEs subjected to electrome-

chanical loading

The solution of Eqs. (2.32) is sought in the form of plane waves with constant po-

larizations [17]

u = g f (n · x− ct), ḊL? = dg(n · x− ct), and ṗ = Π(n · x− ct), (2.39)

where f , g, and Π are arbitrary twice continuously differentiable, continuously

differentiable, and continuous functions, respectively; as before, the unit vectors

g and d represent polarization vectors of mechanical and electrical displacements,

respectively; the unit vector n denotes the direction of wave propagation, and c is

the phase velocity of the wave.
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Substitution of (2.37) and (2.39) into (2.32) and (2.38) yields

Â · g = ρc2g and g · n = 0, (2.40)

where Â is the so-called generalized acoustic tensor defining the condition of prop-

agation of plane elastic waves in an incompressible electroelastic solid. The gener-

alized acoustic tensor for an electroelastic material with an arbitrary energy poten-

tial ψ(F, DL) can be calculated as follows [52]

Â = Q̂− 2
(trK̂)2 − trK̂2

R̂ ·
(
(trK̂)Î− K̂

)
· R̂T, (2.41)

where K̂ = Î ·K · Î, Q̂ = Î ·Q · Î, R̂ = Î ·R · Î, and

Qik = Cijklnjnl and R = n ·M. (2.42)

The generalized acoustic tensor Â is symmetric. Recall that an incompressible elec-

troelastic material is strongly elliptic (stable), if its generalized acoustic tensor Â is

positively defined, i.e. g · Â · g > 0 for any unit vectors n and g satisfying the

incompressibility constraint (J = 1) n · g = 0 along an electromechanical loading

path defined through a combination of DL and F.
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a b s t r a c t

We analyse the propagation of elastic waves in soft materials subjected to finite de
mations. We derive explicit phase velocity relations for matter with pronounced sti
ing effect, namely Gent model, and apply these results to study elastic wave propaga
in (a) nearly incompressible materials such as biological tissues and polymers, (b) hi
compressible and (c) negative Poisson’s ratio or auxetic materials. We find, that for ne
incompressible materials transverse wave velocities exhibit strong dependence on th
rection of propagation and initial strain state, whereas the longitudinal wave veloci
not affected significantly until extreme levels of deformation are attained. For highly c
pressiblematerials, we show that both longitudinal and transversalwave velocities dep
strongly on deformation and direction of propagation. Moreover, the dependence beco
stronger when stiffening effects increase. When compression is applied, the longitud
wave velocity decreases regardless the direction of wave propagation in highly comp
ible materials, and increases for most of the directions in materials with negative Poiss
ratio behaviour. We demonstrate that finite deformations can influence elastic wave p
agation through combinations of induced effective compressibility and stiffness.

© 2015 Elsevier Ltd. All rights reser

1. Introduction

The propagation of elastic waves has been investigated
intensively [1–16] because the understanding of the phe-

sustain large deformations, open promising opport
ties of manipulating acoustic characteristics via defor
tion [21–23].

In this work, we derive explicit phase velocity r

ro
f
ie
o
e
c
oc
Fu
y

hen
the-
ntly
the-
pact
de-
y of
ign-
, the
os-
the
ess/
ical
nomenon is vital for a large variety of applications f
non-invasive material testing and medical imaging
health care to petroleum exploration. Recently, the f
of acoustic or phononic metamaterials has attracted c
siderable attention. The peculiarity of these metamat
als originates in their microstructure [17,18], which
be tailored to give rise to various effects such as l
resonances [19], band-gaps [12] and cloaking [20].
thermore, soft metamaterials, due to their capabilit
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tions for finitely deformed materials, which stiffen w
stretched/compressed. Our analysis is based on the
ory first developed by Hadamard [2], which was rece
revised by Destrade and Ogden [11]. We specify the
ory for the class of Gent materials, and obtain com
explicit expressions of phase velocities for any finite
formation and direction of propagation. The availabilit
explicit relations for phase velocity is important for des
ingmechanotunable acoustic metamaterials. Moreover
information may benefit non-invasive medical diagn
tic techniques by providing important information on
dependence of elastic wave propagation on pre-str
pre-strain conditions, which are common in biolog
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tissues. By application of the derived explicit expressions,
we show the role of deformation and significant influence
of stiffening effects on wave propagation in soft media
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f λ1,
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ave
undergoing finite deformations. Moreover, we extend
analysis to a class of exotic metamaterials characterize
negative Poisson’s ratio (NPR) behaviour. Examples of
materials, also known as auxetics, include living bone
sue [24], skin [25], blood vessels [26], certain rocks
minerals [25], and artificial materials [27]. As we s
show, elastic wave propagation in these materials is
nificantly affected by deformation. In our analysis,
treat the materials as continuous media; their overall
mogenized behaviour is characterized by effective ela
moduli. These material properties may originate in
phisticatedly engineered microstructures that give ris
remarkable overall properties (for example, negative P
son’s ratio or/and bulk modulus). The information
elastic wave propagation in terms of the effective pro
ties can guide the design of new tunable metamater
Moreover, this information can shed light on the dist
roles of geometrical changes and material non-linear
occurring in tunable metamaterials due to large defor
tions [28]. Furthermore, even simple homogeneous m
rials can behave like smart metamaterials when fini
deformed. For example, they can be used to disenta
shear and pressure waves [23,29].

2. Analysis

To analyse the finitely deformed state, we introd
the deformation gradient F(X, t) = ∇X ⊗ x(X, t), wh
X and x are position vectors in the reference and cur
configurations, respectively. To take into account the n
linear effects of the finite deformation as well as mate
non-linearity, we analyse the wave propagation in te
of infinitesimal plane waves superimposed on a fini
deformed state [2,4]. To account for the stiffening eff
(due to, for example, finite extensibility of polymer cha
or due to collective straightening of collagen fibre
biological tissues) in finitely deformedmedia, wemake
of the strain–energy density function corresponding t
approximation of the Arruda–Boyce model [30], nam
the Gent model [31,32] which is given in Eq. (1).

ψ(F) = −
µJm
2

ln

1 −

I1 − 3
Jm


− µ ln J

+


K
2

−
µ

3
−
µ

Jm


(J − 1)2,

where µ is the initial shear modulus, K is the initial b
modulus, I1 = tr B is the first invariant of the left Cauc
Green tensor B = F · FT , and J = det F. The model ne
covers the stiffening of the material with the deformat
as the first strain invariant approaches I1 = 3+ Jm, the
ergy function becomes unbounded and a dramatic incr
in stress occurs. Consequently, Jm is a locking parame
Clearly, when Jm → ∞, the strain–energy function (1
duces to

ψ(F) =
µ

2
(I1 − 3)− µ ln J + (K/2 − µ/3) (J − 1)2,
e
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Fig. 1. Direction of propagation n relating to principal directio
general case (a) and when n lies in one of the planes of ortho
(b). Here (e1, e2, e3) is orthonormal basis of eigenvectors of
Cauchy–Green tensor B.

which is a compressible extension of the neo-Hook
strain–energy function [33].

Recall the definition of an acoustic tensor [2,4] w
defines the condition of propagation of plane waves

Q(n) = A(1324)
: n ⊗ n,

where the unit vector n defines the direction of pro

gation of the wave; A = J−1

F · A

(2134)
0

(2134)
· FT

A0 =
∂2ψ
∂F∂F are tensors of elastic moduli in current and

erence configuration respectively; superscripts (1324)
(2134) denote isomers of the fourth-rank tensors [34
as detailed in Appendix A.

Strong stiffening. Acoustic tensor for finitely deform
Gent material (1) takes the form

Q(n) =
µ

J


1 +


K
µ

−
2
3

−
2
Jm


J2


n ⊗ n

+
µJm
Jξ 2


ξ(n · B · n)I + 2n ⊗ n : B ⊗ B(1324)


,

where ξ = 3+Jm−I1, I is the identity tensor, andB⊗B(
is the fourth-rank tensor isomer (see Appendices A and

General case. One can conclude from (4) that in gen
case (when n does not lie in any plane of orthotr
(Fig. 1(a)) and deformations are different along e
principal axis, i.e. all eigenvalues of tensor B are differ
the waves are neither purely longitudinal nor pu
transversal (for details see Appendix B).

Case 1. If wave vector n lies in one of the plane
orthotropy (Fig. 1(b)) then we always have one pu
transversal wave with the velocity

ctr =

µ(n · B · n)Jm/(ρ0ξ),

where ρ0 is the density of the undeformed mate
Any finite deformation F at a homogeneous state can
represented as

F = λ1e1 ⊗ e1 + λ2e2 ⊗ e2 + λ3e3 ⊗ e3,

where λ1,2,3 are stretch ratios along principal directi
Thus, expression (5) holds true for any combination o
λ2 and λ3.

Case 2. When wave vector n lies in one of the pla
of orthotropy (for example in e1 − e2) and stretch ra
in this plane are equal (λ1 = λ2 = λ̂) then we h
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one longitudinal and two transversal polarizations with
following velocities    
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cl = µ 1 + ηJ2 + Jmξ−2 ξ + 2λ̂2 λ̂2 /ρ0

and

ctr = λ̂

µJm/(ρ0ξ)

respectively, with η = K/µ− 2/3 − 2/Jm.
Case 3. For waves propagating along the principal di

tion (n = ei), the velocities of longitudinal and transve
waves are

cl =


µ


1 + ηJ2 + Jmξ−2


ξ + 2λ2i


λ2i


/ρ0

and

ctr = λi

µJm/(ρ0ξ).

Case 4. When materials undergo so-called unif
dilatation or compaction (λ1 = λ2 = λ3 or F = qI), t
we have only pure modes with the velocities given by

cl =


µ


1 +


ηq4 + Jmξ−2


ξ + 2q2


q2


/ρ0

and

ctr = q

µJm/(ρ0ξ).

Weak stiffening. In case of a weak stiffening ef
namely, Jm → ∞, the acoustic tensor (4) reduces to
well-known expression [9]

Q(n) = a1n ⊗ n + a2(I − n ⊗ n),
where n⊗n is the projection on the direction n; (I−n⊗

is the projection on the plane normal to n; a1 = (K
2µ/3)J + µJ−1(1 + n · B · n) and a2 = µJ−1(n · B
Consequently, there always exist one longitudinal and
transverse waves for any direction of propagation n. Ph
velocities of these waves can be calculated as [13] c√
a1J/ρ0 and ctr =

√
a2J/ρ0. In the small deforma

limit these formulae reduce to cl =
√
(K + 4µ/3)/ρ0

ctr =
√
µ/ρ0. It is worth mentioning that Boulanger

Hayes [13,16] presented explicit phase velocity exp
sions for wide classes of Hadamard and Mooney–Ri
materials; however, the Gent material model, conside
here, does not belong to these classes of hyperelastic
terials.

3. Examples

To illustrate the dependence of wave propagation
the deformation and direction of propagation, we cons
the case of uniaxial tension

F = λe1 ⊗ e1 + λ̃(I − e1 ⊗ e1),

where λ is the applied stretch ratio and λ̃ = λ̃(λ, K/µ
defined through λ and the compressibility of the mate
Remind that the compressibility of the material is defi
by the ratio K/µ. In the linear elastic limit the ela
moduli are related through

K
µ

=
2(1 + ν)

3(1 − 2ν)
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Fig. 2. Polar diagrams of the phase velocities in nearly incompres
materials: for the purely transversal (a), quasi-longitudinal (b), q
transversal (d) waves in Gent material with Jm = 3 and K/µ =

and for the purely transversal (c) wave in neo-Hookean material
K/µ = 300.

where ν is Poisson’s ratio. Thus, −1/3 < K/µ <

with µ > 0. Note that for −1/3 < K/µ < 0
material is stable only if constrained [34,36,37]. It foll
from (15) that matter exhibits auxetic behaviour w
−1/3 < K/µ < 2/3.

Nearly incompressible materials. For nearly inc
pressible materials (K/µ ≫ 1 and λ̃ ≃ λ−1/2) the dep
dence of the longitudinal wave velocity on the direc
of propagation and initial stress state is relatively w
unless extreme levels of deformation are attained. Fi
shows the polar diagrams of the phase velocities for
nearly incompressible Gent and neo-Hookean mate
under extreme levels of deformation. Here and therea
the velocities are normalized by their value in the un
formed state; c1 and c2 are phase velocities along p
cipal directions e1 and e2, correspondingly; more de
on phase velocity or slowness surfaces can be foun
the textbooks of Auld [38] or Nayfeh [39]. At the extr
levels of deformations, the stiffening effect manifests
significant increase of the effective shear modulus, w
becomes comparable with the bulk modulus (see Eq.
Fig. 2(b) shows that velocity of longitudinal wave incre
in both compressed and stretched materials. Moreo
stiffening of the material gives rise to the dramatic
pendence of transversal wave velocities on the direc
of propagation and deformation as compared to the
terials with weak stiffening effect (compare Fig. 2(a)
(d) vs (c)). Besides, we observe that the dependence of
phase velocities on deformation and propagation direc
increases when the locking parameter Jm decreases (w
corresponds to an earlier stiffening of thematerial with
formation). Comparing the quasi-transversal wave ve
ity profiles with the purely transversal ones on the Fi
we observe that the velocity of quasi-transversal wave
maxima for the non-principal directions (Fig. 2(d)). N
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Fig. 3. Polar diagrams of the phase velocities in highly compres
materials: for the quasi-longitudinal (a) and purely transversal (c) w
in Gent material with Jm = 3 and K/µ = 1; for the purely longitu
(b) and transversal (d) waves in neo-Hookean material with K/µ =

that this phenomenon is not observed in Hadamard m
rials [40,41].

Highly compressible materials. In contrast to ne
incompressible materials, for highly compressible ma
the velocity of longitudinal wave depends strongly
the direction of propagation and initial deformation s
even for moderate levels of deformation. More specific
Fig. 3(a) and (b) show that the velocity of pressure w
increases when material is stretched and decreases w
it is compressed. Propagation of shear waves in hi
compressible media differs significantly from the
in nearly incompressible materials. In particular, un
compression the velocities of shear waves decrease in
direction if K/µ ≤ 1 (Fig. 3(c)), while it can either decre
or increase depending on the propagation direction in
nearly incompressible case (Fig. 2(a) and (c)). It sho
be noted that the deformation induced stiffening h
significant influence on both modes (compare Fig. 3(a)
vs (b), (d)), in particular when material is stretched. Th
due to an increase in the effective shearmodulus (the t
µJm/ξ 2 in Eq. (9) andµJm/ξ in Eq. (10)). The polar diag
of the phase velocity for the quasi-transversalwave inG
material with Jm = 3 and K/µ = 1 is similar to one plo
in Fig. 3(c), and it is not presented here.

Auxetic materials. Next, we consider auxetic mate
characterized byNPR behaviour. Yet can suchmaterials
ist? Would they be stable? How can they be construct
These questions have recently arisen in many pa
[19,27,36,37,42–45] and still the topic is open for dis
sion. Wang and Lakes in their article [36] report that b
modulus can be varied within the range −

4µ
3 < K <

Based on this and the previous estimations (Eq. (15))
examine the material behaviour when −1/3 < K/µ <
To illustrate the auxetic materials behaviour, we pre
the dependence of λ̃ and Poisson’s ratio on the app
stretch λ for different ratios of K/µ.

Fig. 4 show that NPR behaviour is more pronoun
in materials with negative bulk modulus. Note that
material becomes locally non-auxetic when certain l
of deformation is reached. Furthermore, this level depe
on stiffening of the material. In particular, materials w
pronounced stiffening effect become locally non-aux
faster than materials with weak stiffening effect.
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Fig. 4. Dependence of λ̃ (a) and Poisson’s ratio ν (b) on applied stre
for Gent and neo-Hookean materials with different ratios K/µ.

example, λcr ≈ 0.66 for neo-Hookean material w
K/µ = −0.3, and λcr ≈ 0.76 for Gent material w
K/µ = −0.3 and Jm = 3.

An example of wave velocities for auxetic materia
shown in Fig. 5. We observe that the velocity of the
gitudinal wave increases in any direction of propaga
n when the material undergoes compression (Fig. 5
This is in contrast to the case of highly compressible m
ter (see Fig. 3(a) and (b)). Moreover, the velocity of the
gitudinal wave increases and reaches the maximum w
wave vectorn lies in the plane of transverse isotropy. H
ever, for materials with strong stiffening effect the ve
ity of longitudinal wave decreases in some directio
propagation (see Fig. 5(a)). Fig. 5(c) and (d) show that
locities of transversal waves decrease considerably fo
directions of propagations n in contrast to the effect of
formation observed in the nearly incompressible mate
(Fig. 5(a), (c) and (d)). The influence of stiffening on ela
wave propagation is rather weak in the case of auxetic
compared to nearly incompressible and highly compr
ible materials; yet it can be observed. In particular, ph
velocity of transversal wave decreases more under c
pression when stiffening effect is pronounced (comp
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The fact that the isomer is independent of the choice
of the polyadic representation of the original tensor can
be readily proved by using well-known isomorphism
between tensors and multilinear forms of the same rank.

eral

sor
t us

B.1)

B.2)

ank

B.3)

e2+

B.4)

B.5)

n
ave
hen

B.6)

K
µ

−

ctor

.5)),
stic

B.7)
c d

Fig. 5. Polar diagrams of the phase velocities in auxetics: for the q
longitudinal (a) and purely transversal (c) waves in Gent material
Jm = 3 and K/µ = −0.3; for the purely longitudinal (b) and transv
(d) waves in neo-Hookean material with K/µ = −0.3.

Fig. 5(c) vs (d)). The polar diagram of the phase velocity
the quasi-transversal wave in Gent material with Jm
and K/µ = −0.3 is similar to one plotted in Fig. 5(c),
is not shown here.

4. Concluding remarks

We derived explicit expressions for phase velocity
finitely deformedmaterials with pronounced stiffening
fect and demonstrated the significant role of the defor
tion on elastic wave propagation on examples for ne
incompressible, highly compressible and extreme aux
materials. Furthermore, we demonstrated how direc
of wave propagation influences on the phase veloc
of elastic waves. These findings may guide further de
of mechanotunable acoustic metamaterials and phon
crystalswith a large range of constituent properties. Th
cal strain field in these engineered materials could be u
to induce regions with extremely varied phononic p
erties to give rise to various acoustic effects. This ope
very rich and broad research avenue for designing tun
acoustic/phononic metamaterials.

Appendix A. Isomers of a fourth-rank tensor

Herewe follow the notation of isomer firstly introdu
by Ryzhak [34,35]. Let M be a fourth-rank tensor with
following representation as the sum of a certain numbe
tetrads:

M = a1 ⊗ a2 ⊗ a3 ⊗ a4 + b1 ⊗ b2 ⊗ b3 ⊗ b4 + · · · . (

Let (ijks) be somepermutation of the numbers (1234). T
the isomer M(ijks) is defined to be the fourth-rank ten
determined by the relation

M = ai ⊗ aj ⊗ ak ⊗ as + bi ⊗ bj ⊗ bk ⊗ bs + · · · . (
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Appendix B. Proof of absence of pure modes in gen
case in deformed Gent material

For clarity sake let us write an expanded form of ten
n ⊗ n : B ⊗ B(1324) and its scalar product on n. First, le
write B and B ⊗ B:

B = F · FT = λ21e1 ⊗ e1 + λ22e2 ⊗ e2 + λ23e3 ⊗ e3 (

B ⊗ B = λ41e1 ⊗ e1 ⊗ e1 ⊗ e1 + λ42e2 ⊗ e2 ⊗ e2 ⊗ e2
+ λ43e3 ⊗ e3 ⊗ e3 ⊗ e3
+ λ21λ

2
2 (e1 ⊗ e1 ⊗ e2 ⊗ e2 + e2 ⊗ e2 ⊗ e1 ⊗ e1)

+ λ21λ
2
3 (e1 ⊗ e1 ⊗ e3 ⊗ e3 + e3 ⊗ e3 ⊗ e1 ⊗ e1)

+ λ22λ
2
3 (e2 ⊗ e2 ⊗ e3 ⊗ e3 + e3 ⊗ e3 ⊗ e2 ⊗ e2) . (

Now we can write the isomer (1324) of fourth-r
tensor B ⊗ B as

B ⊗ B(1324) = λ41e1 ⊗ e1 ⊗ e1 ⊗ e1
+ λ42e2 ⊗ e2 ⊗ e2 ⊗ e2 + λ43e3 ⊗ e3 ⊗ e3 ⊗ e3
+ λ21λ

2
2 (e1 ⊗ e2 ⊗ e1 ⊗ e2 + e2 ⊗ e1 ⊗ e2 ⊗ e1)

+ λ21λ
2
3 (e1 ⊗ e3 ⊗ e1 ⊗ e3 + e3 ⊗ e1 ⊗ e3 ⊗ e1)

+ λ22λ
2
3 (e2 ⊗ e3 ⊗ e2 ⊗ e3 + e3 ⊗ e2 ⊗ e3 ⊗ e2) . (

Resolvingn on the orthonormal basisn = n1e1+n2
n3e3, we obtain

n ⊗ n : B ⊗ B(1324) = λ41n
2
1e1 ⊗ e1 + λ42n

2
2e2 ⊗ e2

+ λ43n
2
3e3 ⊗ e3 + λ21λ

2
2n1n2 (e1 ⊗ e2 + e2 ⊗ e1)

+ λ21λ
2
3n1n3 (e1 ⊗ e3 + e3 ⊗ e1)

+ λ22λ
2
3n2n3 (e2 ⊗ e3 + e3 ⊗ e2) (

and

n ⊗ n : B ⊗ B(1324) · n =

λ21n

2
1 + λ22n

2
2 + λ23n

2
3


×


λ21n1e1 + λ22n2e2 + λ23n3e3


. (

Now, let g be a polarization vector, hence if g ∥

we have longitudinal polarization and if g ⊥ n we h
transversal polarization. Firstly, assume that g ∥ n t
expression (4) yields

Q(n) · n = (α + βξ(n · B · n))n

+ 2β

n ⊗ n : B ⊗ B(1324)


· n, (

where for convenience we denoted α =
µ

J


1 +


2
3 −

2
Jm


J2


and β =

µJm
Jξ2

. Since in general case ve
n ⊗ n : B ⊗ B(1324) · n


is not collinear to n (see Eq. (B

therefore vector g = n is not an eigenvector of acou
tensor, i.e. longitudinal polarization is absent, q.e.d.

Now let us assume that g ⊥ n then (4) yields

Q(n) · g = βξ(n · B · n)g

+ 2β

n ⊗ n : B ⊗ B(1324)


· g, (
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Suppose that g is an eigenvector of acoustic tensor then

βξ(n · B · n)g + 2β

n ⊗ n : B ⊗ B(1324)


· g = θg. (B.8)
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Scalar multiplication of the last equation by n yields

n ·

n ⊗ n : B ⊗ B(1324)


· g = 0

or

λ21n1e1 + λ22n2e2 + λ23n3e3


· g = 0. (

Yet last expression does not hold true in the general c
Consequently, g ⊥ n is not an eigenvector of acou
tensor, q.e.d.
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a b s t r a c t 

We investigate elastic wave propagation in finitely deformed dielectric elastomers in the presence of an 

electrostatic field. To analyze the propagation of both longitudinal (P-) and transverse (S-) waves, we uti- 

lize compressible material models. We derive explicit expressions for the generalized acoustic tensor and 

phase velocities of elastic waves for ideal and enriched dielectric elastomer models. We analyze the slow- 

ness curves of elastic wave propagation, and find the P-S-mode disentangling phenomenon. In particular, 

P-and S-waves can be separated by applying an electric field. The divergence angle between P-and S- 

waves strongly depends on the applied electrostatic excitation. The influence of an electric field depends 

on the choice of a material model. In the case of the ideal dielectric model, the in-plane shear wave 

velocity increases with an increase in electric field, while for the enriched model the velocity may de- 

crease depending on material constants. The divergence angle also gradually increases with an increase in 

electric field, while for the enriched model the angle variation may be limited. Material compressibility 

affects the P-wave velocity, and for relatively compressible materials the slowness curve of the P-wave 

evolves from circular to elliptical shape manifesting in an increase in the refraction angle of the P-wave. 

As a result, the divergence angle decreases with an increase in material compressibility. 

© 2016 Elsevier Ltd. All rights reserved. 
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1. Introduction 

Dielectric elastomers (DEs) are soft responsive materials that

can change their form and shape when subjected to an electric

stimulus ( Pelrine et al., 20 0 0; Bar-Cohen, 20 02 ). DEs have at-

tracted considerable attention due to a large variety of possible

applications ranging from artificial muscles and soft robotics to

energy conversion and noise canceling devices ( O’Halloran et al.,

2008; Brochu and Pei, 2010; Carpi et al., 2011; Rudykh et al., 2012;

Kornbluh et al., 2012; Rogers, 2013 ). The theoretical framework of

the non-linear electroelasticity is based on a theory first developed

by Toupin (1956 ; 1963 ), which was recently revisited by Dorfmann

and Ogden (2005 ; 2010 ) and Suo et al. (2008) ; Suo (2010) . This fol-

lowed by a series of works on modeling DEs ( Volokh, 2012; Itskov

and Khiêm, 2014; Keip et al., 2014; Cohen and deBotton, 2014;

Jabareen, 2015; Miehe et al., 2015; Aboudi, 2015; Hossain et al.,

2015; Cohen et al., 2016 ), to name a few recent contributions.

The electromechanical coupling in typical DEs is rather weak,

and, therefore, DEs need to operate at the edge of instabilities and

breakthrough voltages to achieve meaningful actuation ( Zhao et al.,

2007; Zhao and Suo, 2008; 2010; Rudykh and deBotton, 2011 ;
∗ Corresponding author. Tel.: +972 48292547. 

E-mail address: rudykh@technion.ac.il (S. Rudykh). 

d  

p  

S  

http://dx.doi.org/10.1016/j.ijsolstr.2016.04.032 

0020-7683/© 2016 Elsevier Ltd. All rights reserved. 
udykh et al., 2014; Rudykh and Bertoldi, 2013; Gei et al., 2014;

iboni et al., 2014; Bortot et al., 2016 ). Potentially, the need for the

igh voltage can be reduced through architectured microstructures

f DEs increasing the electromechanical coupling ( Huang et al.,

004; Rudykh et al., 2013; Cao and Zhao, 2013; Galipeau et al.,

014; Chatzigeorgiou et al., 2015 ). Moreover, synthesis of new

oft dielectric materials seems to be another promising approach

 Madsen et al., 2014 ). The effective electromechanical properties

f DEs can be actively controlled by external electric stimuli. The

ominant factor is the finite deformations induced by an electric

xcitation. Since in purely elastic materials wave propagation

trongly depends on the mechanical properties of the media and

eformation fields ( Rudykh and Boyce, 2014; Galich and Rudykh,

015b; 2015a ), this opens an opportunity to manipulate wave

ropagation in DEs by applying an electric field. 

In this work, we focus on elastic wave propagation in finitely

eformed DEs in the presence of a uniform electric field. To

xplore the elastic wave propagation in DEs, we follow the widely

sed approach for the analysis of small-amplitude motions super-

mposed on the finite deformations ( Ogden, 1997 ) induced by an

xternal stimulus ( Dorfmann and Ogden, 2010; Destrade and Og-

en, 2011 ). To allow for the consideration of the longitudinal wave

ropagation (differently from the recent works ( Gei et al., 2011;

hmuel et al., 2012; Chen and Dai, 2012 ), where incompressible

http://dx.doi.org/10.1016/j.ijsolstr.2016.04.032
http://www.ScienceDirect.com
http://www.elsevier.com/locate/ijsolstr
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijsolstr.2016.04.032&domain=pdf
mailto:rudykh@technion.ac.il
http://dx.doi.org/10.1016/j.ijsolstr.2016.04.032
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Fig. 1. Schematics of the splitting of pressure (P-) and shear (S-) elastic waves in 

a nearly incompressible neo-Hookean DE. P-wave does not refract from the initial 

direction of propagation, while S-wave refracts at a certain angle. 
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aterials were considered), we utilize compressible electroactive

aterial models, namely the ideal ( Zhao et al., 2007 ) and enriched

E models. By application of wave propagation analysis to the

ompressible DE models, we derive explicit expressions for the

eneralized acoustic tensor and phase velocities for both longitu-

inal and transverse waves. We find that electrostatically induced

hanges in the key characteristics of shear (S-) and pressure (P-)

aves lead to a disentangling phenomenon, where P-and S-waves

ravel in different directions. Fig. 1 schematically illustrates the

-and S-wave splitting phenomenon. The divergence angle strongly

epends on the external field, the induced deformation, and mate-

ial compressibility. P-and S-waves possess diverse properties and,

hus, can be used for different purposes. For example, the S-wave

erves as a virtual “finger” to probe elasticity of internal regions

f the body in shear wave elasticity imaging ( Sarvazyan et al.,

998 ). Longitudinal and transversal elastic waves can be separated

t the interface between dissimilar materials; however, this may

ause a loss of energy or/and a wave-mode conversion at the

nterface ( Achenbach, 1973 ). Alternatively, we can use dielectric

lastomers to split P-and S-elastic waves by applying a bias electric

eld. This feature can be employed, for example, in small-scale

icro-electromechanical systems, where it is convenient to use an

lectric field to control the performance. Moreover, due to mathe-

atical similarities between electro- and magneto-active materials,

his splitting phenomenon can be utilized in magnetorheological

lastomers controlled by an external magnetic field. 

. Analysis 

To analyze the finitely deformed state, we introduce the de-

ormation gradient F ( � X , t) = ∇ �
 X �

�
 x ( � X , t) , where �

 X and 

�
 x are po-

ition vectors in the reference and current configurations, respec-

ively. In order to model a non-linear electroelastic material be-

avior, we consider an energy function ψ(F , � D 0 ) , which is a func-

ion of deformation gradient F and electric displacement vector � D 0 

n the reference configuration. The corresponding electric displace-

ent in the current configuration is given by � D = J −1 F · �
 D 0 , where

 ≡ det F > 0. The first Piola–Kirchhoff stress tensor and electric

eld in the reference configuration are given by 

 0 = 

∂ψ 

∂F 
and 

�
 E 0 = 

∂ψ 

∂ � D 0 

, (1) 

he corresponding counterparts in the current configuration are 

 = J −1 P 0 · F T and 

�
 E = F −T · �

 E 0 . (2)

inearized constitutive Eqs. (1) read as 

P 0 = C 0 : δF + M 0 · δ�
 D 0 and δ�

 E 0 = δF : M 0 + K 0 · δ�
 D 0 , (3)

here δ denotes an incremental change; C 0 , M 0 and K 0 are

he so-called tensors of electroelastic moduli ( Dorfmann and

gden, 2010 ) defined as 

 0 = 

∂ 2 ψ 

∂ F ∂ F 
, M 0 = 

∂ 2 ψ 

∂ F ∂ � D 

and K 0 = 

∂ 2 ψ 

∂ � D ∂ � D 

. (4)

0 0 0 
ote that C 0 = C 

(3412) 
0 

and K 0 = K 

T 
0 

; here the superscript (3412)

enotes an isomer of the fourth-rank tensor ( Galich and Rudykh,

015b; Ryzhak, 1993; Nikitin and Ryzhak, 2008 ) as detailed in

ppendix A . 

Next, we consider the small-amplitude motions superimposed

n finite deformations; hence, we present the incremental consti-

utive Eqs. (3) in the frame of the updated reference configuration

P = C : δH + M · δ�
 D 01 and δ�

 E 01 = δH : M + K · δ�
 D 01 , (5)

here δP = J −1 δP 0 · F T , δ�
 D 01 = J −1 F · δ�

 D 0 , δ�
 E 01 = F −T · δ�

 E 0 , δH =
F · F −1 , 

 = J −1 
(
F · C 

(2134) 
0 

· F T 
)(2134) 

, M = F · M 

(213) 
0 

· F −1 and K 

= JF −T · K 0 · F −1 . (6) 

ote that C = C 

(3412) , M 

(213) = M and K = K 

T . The linearized

quation of motion and Maxwell’s equations in Eulerian form are

 �
 x · δP = ρ

∂ 2 � u 

∂t 2 
, ∇ �

 x × δ�
 E 01 = 0 and ∇ �

 x · δ�
 D 01 = 0 , (7)

here �
 u is the incremental displacement; ρ = ρ0 /J is the den-

ity of the deformed material and ρ0 is the initial density of the

aterial. We assume the absence of free body charges and cur-

ents. Note that we use the so called quasi-electrostatic approxi-

ation ( Dorfmann and Ogden, 2010; Maugin, 1985 ); more specifi-

ally, the interactions between electric and magnetic fields are ne-

lected. This is the non-relativistic approximation corresponding to

he case where the mechanical velocity is significantly smaller than

he light velocity ( Dorfmann and Ogden, 2010 ). 

We seek for a solution for Eqs. (7) in the form of plane waves

ith constant polarizations 

�
  = 

�
 m f ( � n · � x − ct) and δ�

 D 01 = 

�
 d g( � n · � x − ct) , (8)

here f is a twice continuously differentiable function and g is a

ontinuously differentiable function; unit vectors �
 m and 

�
 d are po-

arization vectors of mechanical and electrical displacements, re-

pectively; the unit vector � n defines the direction of wave propa-

ation, and c is the phase velocity of the wave. 

Substituting (5) and (8) into (7) , we obtain 

 · �
 m = ρc 2 � m , (9) 

here A is the so-called “generalized” acoustic tensor defining the

ondition of propagation of elastic plane waves in non-linear elec-

roelastic materials. The generalized acoustic tensor of electroelas-

ic materials with an arbitrary strain energy function ψ(F , � D 0 ) , has

he following form ( Destrade and Ogden, 2011; Spinelli and Lopez-

amies, 2015 ) 

 = Q − 2 

( tr ̂  K ) 2 − tr ̂  K 

2 
R ·

(
( tr ̂  K ) ̂ I − ˆ K 

)
· R 

T , (10)

here 

 

 = I − �
 n � �

 n (11) 

s the projection on the plane normal to � n , ˆ K = ̂

 I · K · ˆ I , and 

 = C 

(1324) : � n � �
 n and R = 

�
 n · M . (12)

ote that the generalized acoustic tensor A and the purely elas-

ic acoustic tensor Q are symmetric. Recall that for DE to be sta-

le, the generalized acoustic tensor A has to be positively defined.

ote that an analogue of the generalized acoustic tensor (10) was

erived by Destrade and Ogden (2011) for incompressible magne-

oelastic materials. 

A detailed description of the non-linear electroelastic theory for

Es can be found in publications of Dorfmann and Ogden (2005 ;

010 ), and Suo et al. (2008) , Suo (2010) . 
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It is well known that incompressible materials do not support

longitudinal waves. Therefore, to analyze both transversal and lon-

gitudinal waves, we consider the energy function ψ(F , � D 0 ) for the

compressible electroelastic material in the following form: 

ψ(F , � D 0 ) = ψ elas (F ) + 

1 

2 εJ 
( γ0 I 4 e + γ1 I 5 e + γ2 I 6 e ) , (13)

where ψ elas ( F ) is a purely elastic energy function (for example,

neo-Hookean, Mooney–Rivlin, Gent, etc. ( Ogden, 1997 )), ε is the

material permittivity in the undeformed state ( F = I ) and γ i are

dimensionless parameters, moreover γ0 + γ1 + γ2 = 1 , and 

I 4 e = 

�
 D 0 · �

 D 0 , I 5 e = 

�
 D 0 · C · �

 D 0 and I 6 e = 

�
 D 0 · C 

2 · �
 D 0 (14)

are invariants depending on the electric displacement � D 0 and right

Cauchy-Green tensor C = F T · F . 

For the energy function (13) the relation between the electric

field and displacement is 

�
 E = 

1 

ε

(
γ0 B 

−1 + γ1 I + γ2 B 

)
· �

 D , (15)

where B = F · F T is the left Cauchy–Green tensor. The correspond-

ing tensors of electroelastic moduli are 

C = C elas + 

1 

2 ε

(
γ0 C 4 e + γ1 C 5 e + γ2 C 6 e 

)
, 

M = 

1 

2 ε

(
γ0 M 4 e + γ1 M 5 e + γ2 M 6 e 

)
and 

K = 

1 

ε

(
γ0 B 

−1 + γ1 I + γ2 B 

)
, (16)

where C elas is derived from the purely elastic part ψ elas ( F ) of the

energy function in accordance to (4) and (6) ; and the explicit ex-

pressions for the other tensors are given in Appendix B . 

Finally, the corresponding generalized acoustic tensor takes the

following form 

A = Q elas + 

1 

2 ε

(
γ0 Q 4 e + γ1 Q 5 e + γ2 Q 6 e − 4 

η
A e 

)
, (17)

where Q elas is calculated by applying of Eqs. (4) , (6) and (12) to

the purely elastic part ψ elas ( F ) of the energy function; the explicit

expressions for η, and tensors Q 4 e , Q 5 e , Q 6 e and A e are given in

the Appendix B . Remarkably, in the particular case of F = λ1 � e 1 �

 e 1 + λ2 � e 2 � �
 e 2 + λ3 � e 3 � �

 e 3 , � n = 

�
 e 1 and 

�
 D 0 = D 2 � e 2 , the generalized

acoustic tensor (17) reduces to 

A = Q elas + 

γ2 D 

2 
2 

ελ2 
3 

�
 e 2 � �

 e 2 , (18)

here the set of ( � e 1 , � e 2 , � e 3 ) defines the orthonormal basis. 

Let us consider the influence of an electric field on the P-and S-

waves propagation. Important characteristics of elastic waves can

be deduced from the consideration of slowness curves. Fig. 2 (a)

schematically shows the slowness curves for P-and S-waves propa-

gating in a DE subjected to an electric field. P-and S-waves refract

differently from the initial direction of propagation, thus, the P-and

S-waves can be split in such media. The normals to the slowness

curves can be defined by the corresponding angle θ (see Fig. 2 (a))

tan θp,s = 

s p,s sin ϕ − (d s p,s /d ϕ) cos ϕ 

s p,s cos ϕ + (d s p,s /d ϕ) sin ϕ 

, (19)

where ϕ is the incident angle and s p,s (ϕ) = c −1 
p,s (ϕ) are slownesses

of P-and S-waves, respectively. Consequently, the divergence angle

between P-and S-wave can be calculated as �θ = θp − θs . 

3. Results 

3.1. Ideal dielectric elastomer model 

First, we consider an ideal dielectric elastomer model ( Zhao

et al., 2007 ), namely γ = γ = 0 and γ = 1 in (13) . For the elastic
0 2 1 
art of the energy function (13) , here and thereafter, we utilize a

odel of a compressible neo-Hookean material ( Ogden, 1997 ) 

 elas (F ) = 

μ

2 

(I 1 − 3) − μ ln J + 

(
K 

2 

− μ

3 

)
(J − 1) 2 , (20)

here I 1 = tr C is the first invariant of the right Cauchy-Green ten-

or, μ is the shear modulus and K is the bulk modulus. 

For the ideal DE, the generalized acoustic tensor takes the form

 = a ∗1 � n � �
 n + a ∗2 ̂ I , (21)

here � n � �
 n is the projection on the direction 

�
 n and 

ˆ I is given in

11) , 

 

∗
1 = (K − 2 μ/ 3) J + μJ −1 (1 + 

�
 n · B · �

 n ) (22)

nd a ∗2 = μJ −1 ( � n · B · �
 n ) . (23)

onsequently, there always exist one pressure and two shear waves

or any direction of propagation 

�
 n , finite deformation F and elec-

ric displacement �
 D . The phase velocities of these waves can be

alculated as 

 p = 

√ 

a ∗
1 
J/ρ0 and c s = 

√ 

a ∗
2 
J/ρ0 . (24)

emarkably, while the electroelastic moduli (16) explicitly depend

n the electric field, the phase velocities of elastic waves do not ex-

licitly depend on the electric field. The dependence of the veloc-

ties on an electric field is introduced through the electrostatically

nduced deformation. Let us consider the case when 

�
 D 0 = D 

√ 

με�
 e 2 ,

E can freely expand in plane � e 1 − �
 e 3 , and the deformation gradi-

nt can be expressed as 

 = λ(D ) � e 2 � �
 e 2 + ̃

 λ(D )(I − �
 e 2 � �

 e 2 ) . (25)

or an incompressible ideal DE ( Zhao et al., 2007 ), the stretch ra-

ios can be expressed as λ = (1 + D 

2 ) −1 / 3 and 

˜ λ = λ−1 / 2 . It should

e noted that these relations approximately hold even for very

ompressible materials with K / μ ∼ 1 for the range of deforma-

ions and electric fields considered here. Recall that neo-Hookean

E is stable for D � 

√ 

3 ( Zhao et al., 2007 ) and it will thin down

ithout any limit when the electric field is further increased. Note

hat in the absence of an electric field, expressions (24) reduce to

 p = 

√ 

(K + 4 μ/ 3) /ρ0 and c s = 

√ 

μ/ρ0 . 

For the nearly incompressible DE, the phase velocities of P-and

-waves can be calculated as 

 p = 

√ √ √ √ 

( 

(K + μ/ 3 + 

μ
(
1 + D 

2 cos 2 ϕ 

)
(
1 + D 

2 
)2 / 3 

) 

/ρ0 (26)

nd 

 s = 

√ (
1 + D 

2 cos 2 ϕ 

)(
1 + D 

2 
)−2 / 3 

μ/ρ0 , (27)

here the propagation direction is defined as � n = ( cos ϕ , sin ϕ , 0) .

ence, refraction angles of P-and S-waves are 

an θp = 

(
K + μ/ 3 + μ

(
1 + D 

2 
)−2 / 3 

)
tan ϕ 

K + μ/ 3 + μ
(
1 + D 

2 
)1 / 3 

(28)

nd 

an θs = 

tan ϕ 

1 + D 

2 
. (29)

emarkably, relations (26), (27), (28) and (29) approximately hold

ven for very compressible materials with K / μ ∼ 1 for the range

f deformations and electric fields considered here. By making use

f relations (26) and (27) , the slowness curves of P-and S-waves

or the ideal DE can be constructed. Fig. 2 (b) shows an example



P.I. Galich, S. Rudykh / International Journal of Solids and Structures 91 (2016) 18–25 21 

Fig. 2. (a) Schematic illustration of slowness curves for P-and S-waves in the DE subjected to an electric field. (b) Slowness curves of P-and S-waves for the ideal DE with 

K/μ = 50 subjected to the electric excitation of D = 1 . Slowness curves are constructed by using (26) and (27) . Scale is 0.2 per division, and slowness curves are normalized 

by 
√ 

μ/ρ0 . 

Fig. 3. Divergence angle as function of non-dimensional electric displacement – (a), and incident angle – (b) for the nearly incompressible neo-Hookean DE with K/μ = 300 . 
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t  
f the slowness curves for an ideal DE with K/μ = 50 subjected to

he electric excitation of D = 1 . 

Fig. 3 (a) shows that the divergence angle �θ significantly de-

ends on the value of an applied electric field. In particular, the

ivergence angle increases monotonically with an increase in the

lectric field until the limiting value of the electric field is reached

 D = 

√ 

3 ). Fig. 3 (b) shows the dependence of the divergence angle

θ on the incident angle ϕ. We observe that the divergence angle

θ has a maximum for a certain incident angle ϕ 0 depending on

he applied electric field. The incident angle ϕ 0 corresponding to

he maximal divergence angle is given by 

an ϕ 0 = 

√ 

α
(
αμ3 ( α + 27 ) + 3 D 

2 α1 μ( α1 − 3 μ) + ζ
)

μ3 
(
α2 + 27 

)
+ ζ

, (30) 

here α = 1 + D 

2 , α1 = α2 / 3 ( 3 K + μ) and ζ = 9 Kα2 
(
μ2 + 3 K 

( K + μ) 
)
. The maximal angle, ϕ 0 , monotonically increases with

n increase in the electric field. Note that for μ/ K � 1, ϕ 0 =
rccos 

(
2 + D 

2 
)−1 / 2 

. 

Next we consider the influence of the material compressibility

n the elastic wave propagation in DEs. It has been recently shown

hat for highly compressible material (in the absence of an electric

m  
eld) the phase velocity of the longitudinal wave depends signifi-

antly on the direction of wave propagation and applied deforma-

ion ( Galich and Rudykh, 2015b ). Here, we also observe a strong

ependence of the P-wave velocity on the direction of wave prop-

gation and the deformation induced by an electric field. An in-

rease in the material compressibility parameter μ/ K results in a

ore pronounced influence of electrostatically induced deforma-

ion on elastic waves. In particular, the slowness curves of P-wave

volve from circle to ellipse shape with an increase in electric field.

hus, refraction angle of P-wave differs from the incident angle,

amely P-wave refracts along with S-wave. Fig. 4 schematically il-

ustrates the phenomenon in compressible materials. The depen-

ence of the divergence angle on compressibility for different val-

es of the electrostatic excitation is presented in Fig. 5 . Clearly,

n increase in material compressibility weakens the disentangling

henomenon. 

.2. Enriched electroactive material model 

Motivated by the experimental observations ( Wissler and

azza, 2007; Li et al., 2011 ), in this section we investigate elas-

ic wave propagation in DEs described by an enriched electroactive

aterial model (13) . The model is similar to that considered by
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Fig. 4. Schematics of the splitting of P-and S-waves in the compressible neo- 

Hookean DE. P-and S-waves unidirectionally refract from the initial direction of 

propagation, however, their refraction angles are different. 

Fig. 5. Divergence angle as function of material compressibility for the ideal neo- 

Hookean DE subjected to different levels of electrostatic excitation, ϕ = π/ 6 . 

Table 1 

Material constants of DE model (13) . 

Reference γ 0 γ 1 γ 2 

Ideal DE ( Zhao et al., 2007 ) 0 1 0 

Wissler and Mazza (2007) 0.00104 1.14904 −0.15008 

Li et al. (2011) 0.00458 1.3298 −0.33438 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6. Phase velocity of in-plane shear wave as functions of non-dimensional elec- 

tric displacement for ideal and enriched DE models, ϕ = 0 . 
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Gei et al. (2014) . To allow for the investigation of pressure waves,

we extend the model to capture the compressibility effects. Table 1

summarizes the parameters of the material model (13) for differ-

ent experimental data ( Wissler and Mazza, 2007; Li et al., 2011 ). 

In the case when γ0 � = 0 , γ2 � = 0 , and the deformation gradient

identical to (25) , and 

�
 n = 

�
 e 1 , the expressions for phase velocities

take the following form 

c p = 

√ (
(K − 2 μ/ 3) λ2 ˜ λ4 + 

(
1 + ̃

 λ2 
)
μ

)
/ρ0 ( � m = 

�
 e 1 ) , (31)

c s = 

√ (
γ2 D 

2 λ + ̃

 λ2 
)
μ/ρ0 ( � m = 

�
 e 2 ) (32)

and 

c s = 

˜ λ
√ 

μ/ρ0 ( � m = 

�
 e 3 ) . (33)

For incompressible materials ˜ λ = λ−1 / 2 , and the stretch ratio λ can

be determined by solving the following polynomial equation 

λ3 
(
1 + D 

2 
(
γ1 + 2 γ2 λ

2 
))

= 1 . (34)

Hence, the phase velocity of the in-plane shear wave (with po-

larization 

�
 m = 

�
 e 2 ) explicitly depends on the electric field in con-

trast to the result (24) for the ideal DE model. Fig. 6 shows the
2 
hase velocity of the in-plane shear wave as a function of the non-

imensional electrostatic excitation for the ideal and enriched DE

odels. One can see that the consideration of the I 4 e and I 6 e invari-

nts strongly influences the in-plane shear wave velocity. In par-

icular, the increase in phase velocity of the in-plane shear wave is

ess prominent (dashed blue curve in Fig. 6 ) as compared with the

deal DE model result; moreover, the velocity may even decrease

ith an increase in the electric field (see the example for the par-

icular material denoted by the dot-dashed green curve in Fig. 6 ),

hile for the ideal DE model the velocity always increases. These

ifferences indeed affect the splitting mechanism and, thus, differ-

nt results are produced by these material models. Fig. 7 illustrates

he difference in the divergence angles for the ideal and enriched

E models. In particular, Fig. 7 (a) shows that the divergence angle

θ is smaller than it is predicted by the ideal DE model. Moreover,

or Li et al. experimental data, the divergence angle �θ decreases

ith an increase in the electric field after a certain level of the

pplied voltage is reached. Fig. 7 (b) shows that the divergence an-

le �θ has a maximum for a certain incident angle ϕ 1 . Moreover,

he incident angle ϕ 1 , producing the maximum divergence angle,

aries for different materials. 

Although in this work we perform a fully electromechanical

oupling analysis, it is possible to employ only a purely mechani-

al analysis of wave propagation in non-linear electroelastic solids.

n that case the contribution of the electroelastic moduli tensors

 and K is neglected, and only terms of the tensor C contribute

o the generalized acoustic tensor. Remarkably, this approximation

ields very close results for the phase velocity of pressure wave as

he fully electromechanically coupled analysis; moreover, the re-

ulting expressions for the phase velocities of the shear waves are

dentical in both analyzes. For example, for the deformation gradi-

nt (25) , � n = 

�
 e 1 and 

�
 D 0 = D 

√ 

με�
 e 2 , the classic acoustic tensor takes

he form 

 = Q elas + μD 

2 (γ0 J 
−2 + γ1 ̃

 λ−4 + γ2 λ
2 ˜ λ−4 ) � e 1 � �

 e 1 

+ μγ2 D 

2 ˜ λ−2 �
 e 2 � �

 e 2 . (35)

t is easy to see that the resulting expressions for the phase veloci-
ies of S-waves are the same as given by expressions (32) and (33) ,
nd the corresponding expression for the phase velocity of P-wave
as the form 

 p = 

√ 

μ
(
1 + ̃

 λ2 + (K/μ − 2 / 3) λ2 ˜ λ4 + D 

2 (γ0 λ−2 + γ1 + γ2 λ2 ) ̃ λ−4 
)
/ρ0 . (36)
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Fig. 7. Divergence angle as function of non-dimensional electric displacement for ϕ = π/ 6 (a) and incident angle for D = 1 (b) in the nearly incompressible neo-Hookean DE 

with K/μ = 300 . 
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xpression (36) for the P-wave velocity differs from (31) by

he additional term containing the electric displacement magni-

ude. However, according to our observations for K / μ � 100, this

erm can be neglected for small and moderate levels of electric

isplacement. 

. Concluding remarks 

In this paper, we considered pressure (P-) and shear (S-) elas-

ic waves propagating in soft DEs subjected to finite deformations

n the presence of an electric field. To allow for the consideration

f P-wave propagation, we utilized the ideal and enriched material

odels accounting for the compressibility effects. Explicit expres-

ions for the generalized acoustic tensor and phase velocities of

lastic waves for DEs subjected to an electric field were presented.

e found that, for the ideal DE model, the elastic wave propaga-

ion is explicitly independent of an applied electric field, while it is

nfluenced through the deformation induced via bias electric field;

his is despite the fact that all electroelastic moduli tensors explic-

tly depend on the applied electric field. However, for the enriched

aterial model, including all three electroelastic invariants I 4 e , I 5 e 
nd I 6 e , elastic wave propagation explicitly depends on the applied

lectric field; in particular, the phase velocity of the in-plane shear

ave decreases when an electric field is applied. 

These findings were applied to explore the phenomenon of dis-

ntangling P-and S-elastic waves in DEs by an electric field. We

howed that the divergence angle between P-and S-waves strongly

epends on the value of the applied electric field and direction

f wave propagation. Moreover, we found that an increase in the

aterial compressibility weakens the separation of P-and S-waves.

his is due to the fact that the P-wave also refracts (in the same

irection as the S-wave) from the initial direction of wave prop-

gation, while for nearly incompressible materials the change in

he P-wave direction is negligible. The phenomenon can be used

o manipulate elastic waves by a bias electrostatic field; this can

e beneficial for applications in small length-scale devices, such

s micro-electromechanical systems, where an electric field is the

referred control parameter. Thanks to the mathematical similar-

ties in the description of electro- and magneto-active materials,

he disentangling phenomenon can be utilized to control P-and S-

aves in magnetorheological elastomers by applying an external

agnetic field. 
cknowledgments 
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ppendix A. Notation of tensor isomers 

To achieve a more compact representation of the results, we

ave used the notation of isomers firstly introduced by Ryzhak

1993) ; Nikitin and Ryzhak (2008) . Let S be a third-rank tensor

ith the following representation as the sum of a certain number

f triads: 

 = 

�
 a 1 � �

 a 2 � �
 a 3 + 

�
 b 1 � �

 b 2 � �
 b 3 + · · · (A.1) 

Let (ikj) be some permutation of the set (123). Then the iso-

er S (ik j) is defined to be the third-rank tensor determined by the

elation 

 

(ik j) = 

�
 a i � �

 a k � �
 a j + 

�
 b i � �

 b k �
�
 b j + · · · (A.2) 

nalogously, we can define isomers for higher-rank tensors. For

xample, if S = 

�
 b � I , where �

 b is an arbitrary vector and I is

he unit tensor, then S (231) = S (321) = I � �
 b and S (132) = S . If S =

 � N , where N and M are arbitrary second-rank tensors, then

 

(3412) = N � M . 

ppendix B. Components of the electroelastic moduli and 

eneralized acoustic tensors 

Here we introduce the following notations 

L ab = 

�
 a · L · � b , L (2) 

ab 
= 

�
 a · L 2 · � b , L 2 = L · L , 

 

(−1) 
ab 

= 

�
 a · L −1 · � b , L (−2) 

ab 
= 

�
 a · L −2 · � b , L −2 = L −1 · L −1 , 

L (3) 
ab 

= 

�
 a · L 3 · � b , L 3 = L 2 · L , L (−3) 

ab 
= 

�
 a · L −3 · � b , 

L −3 = L −2 · L −1 , � a � �
 b s = 

1 

2 

(
�
 a � �

 b + 

�
 b � �

 a 
)
, 

a b = 

�
 a · � b , a 2 b = (a b ) 

2 , (B.1) 

here L is an arbitrary second-rank tensor, � a and 

�
 b are arbitrary

ectors. 

 4 e = B 

−1 
DD (I � I + I � I (1342) ) , 

 5 e = 2( � D � I � �
 D 

(2134) − �
 D � �

 D � I − I � �
 D � �

 D ) 

http://dx.doi.org/10.13039/501100003977
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+ D D (I � I + I � I (1342) ) , 

C 6 e = 2( � D � I � (B · �
 D ) (2134) + B � �

 D � �
 D 

(1432) 

+ 

�
 D � B � �

 D 

(2134) + (B · �
 D ) � I � �

 D 

(2134) 

+ 

�
 D � �

 D � B 

(1324) + 

�
 D � B � �

 D 

−I � (B · �
 D ) � �

 D − I � �
 D � (B · �

 D ) 

−�
 D � (B · �

 D ) � I − (B · �
 D ) � �

 D � I ) 

+ B DD (I � I + I � I (1342) ) . (B.2)

Q 4 e = 2 B 

(−1) 
DD 

�
 n � �

 n , 

Q 5 e = 2((D D + D 

2 
n ) � n � �

 n + D 

2 
n ̂

 I − 2 D n 
�
 D � �

 n 

s ) , 

Q 6 e = 2((2 B Dn D n + B DD ) � n � �
 n + 2 B Dn D n ̂ I 

− 2 B Dn 
�
 D � �

 n 

s + D 

2 
n B + 2 D n (B · �

 n ) � �
 D 

s 

− 2 D n (B · �
 D ) � �

 n 

s + B nn 
�
 D � �

 D ) . (B.3)

M 4 e = −2 I � (B 

−1 · �
 D ) , 

M 5 e = 2( � D � I + 

�
 D � I (213) − I � �

 D ) , 

M 6 e = 2( � D � B + 

�
 D � B 

(213) + (B · �
 D ) � I 

+(B · �
 D ) � I (213) − I � (B · �

 D )) . (B.4)

R 4 e = −2 

�
 n � (B 

−1 · �
 D ) , 

R 5 e = 2(D n I + 

�
 D � �

 n − �
 n � �

 D ) , 

R 6 e = 2(D n B + 

�
 D � (B · �

 n ) + B Dn I 

+ (B · �
 D ) � �

 n − �
 n � (B · �

 D )) . (B.5)

η = γ 2 
0 

(
2 B 

(−2) 
nn − B 

−1 : B 

−1 − (B 

(−1) 
nn ) 2 

)
+ γ 2 

2 

(
2 B 

(2) 
nn − B : B − (B nn ) 

2 
)

+ 

(
γ0 

(
I : B 

−1 − B 

(−1) 
nn 

)
+ γ1 

)2 + ( γ2 β + γ1 ) 
2 

+ 2 γ0 γ2 

(
(I : B 

−1 ) β − I 1 B 

(−1) 
nn − 1 

)
(B.6)

A e = a 1 � n � �
 n + a 2 I + a 3 � D � �

 D + a 4 � n � �
 D 

s + a 5 B + a 6 (B · �
 n ) � �

 D 

s 

+ a 7 (B · �
 D ) � �

 n 

s + a 8 (B · �
 n ) � �

 n 

s + a 9 B 

2 + a 10 (B 

2 · �
 n ) � �

 D 

s 

+ a 11 (B 

2 · �
 D ) � �

 n 

s + a 12 (B 

2 · �
 n ) � �

 n 

s + a 13 (B · �
 n ) � (B · �

 n ) 

+ a 14 B 

3 + a 15 (B 

3 · �
 n ) � �

 D 

s + a 16 (B 

3 · �
 D ) � �

 n 

s 

+ a 17 (B 

2 · �
 n ) � (B · �

 n ) s + a 18 B 

−1 + a 19 (B 

−1 · �
 n ) � �

 n 

s 

+ a 20 (B 

−1 · �
 n ) � �

 D 

s + a 21 (B 

−1 · �
 D ) � �

 n 

s 

+ a 22 (B 

−1 · �
 n ) � (B · �

 n ) s + a 23 (B 

−2 · �
 D ) � �

 n 

s , (B.7)

where 

a 1 = γ 3 
0 

((
B 

(−2) 
DD 

− (B 

(−1) 
Dn 

) 2 
)
I : B 

−1 − B 

(−1) 
nn B 

(−2) 
DD 

− B 

(−3) 
DD 

+ 2 B 

(−1) 
Dn 

B 

(−2) 
Dn 

)
+ γ 3 

1 D D 

+ γ 3 
2 

(
βB 

(2) 
DD 

− B 

(3) 
DD 

)
+ 2 γ0 γ1 γ2 

(
βB 

(−1) 
DD 

+ B Dn B 

(−1) 
Dn 

+ β4 B DD − D D ) 

+ γ0 γ
2 

1 

(
β4 D D + B 

(−1) 
DD 

)
+ γ0 γ

2 
2 

(
β4 B 

(2) 
DD 

− 3 B DD + 2 βD D 

+ 2 B 

(−1) 
Dn 

B 

(2) 
Dn 

)
+ γ1 γ

2 
0 

(
2 β4 B 

(−1) 
DD 

− B 

(−2) 
DD 

+ (B 

(−1) 
Dn 

) 2 
)

+ γ1 γ
2 

2 

(
2 βB DD − B 

(2) 
DD 

)
+ γ2 γ

2 
0 

(
βB 

(−2) 
DD 

− 3 B 

(−1) 
DD 

+ 2 β4 D D + B 

(−1) 
Dn 

(
2 D n − I 1 B 

(−1) 
Dn 

))
+ γ2 γ

2 
1 ( βD D + B DD ) , 

a 2 = γ 3 
1 D 

2 
n + γ 3 

2 β(B Dn ) 
2 + 2 γ0 γ1 γ2 D n ( β4 B Dn − D n ) + γ0 γ

2 
1 β4 D 

2 
n 
+ γ0 γ
2 

2 ( β4 B Dn − 2 D n ) B Dn + γ1 γ
2 

2 B Dn ( B Dn + 2 βD n ) 

+ γ2 γ
2 

1 ( βD n + 2 B Dn ) D n , 

 3 = γ 2 
2 

(
γ2 

(
I 1 
(
B 

(2) 
nn − (B nn ) 

2 
)

+ B nn B 

(2) 
nn − B 

(3) 
nn 

)
+ γ0 

(
B nn − B 

(−1) 
nn B 

(2) 
nn + (I : B 

−1 ) 
(
B 

(2) 
nn − (B nn ) 

2 
))

+ γ1 

(
B 

(2) 
nn − (B nn ) 

2 
))

, 

 4 = 2 

(
γ0 γ1 γ2 ( D n − 2 β4 B Dn ) − γ 3 

1 D n − γ 3 
2 

(
I 1 B 

(2) 
Dn 

− B 

(3) 
Dn 

)
−γ0 γ

2 
1 β4 D n 

+ γ0 γ
2 

2 

(
3 B Dn − β4 B 

(2) 
Dn 

+ I 1 
(
B 

(−1) 
Dn 

B nn − 2 D n 

)
+ D n B nn − B 

(−1) 
Dn 

B 

(2) 
nn 

)
+ γ1 γ

2 
2 B Dn ( B nn − 2 I 1 ) 

+ γ2 γ
2 

0 

(
B nn 

(
B 

(−1) 
Dn 

(I : B 

−1 ) − B 

(−2) 
Dn 

)
− 2 D n β4 

)
−γ2 γ

2 
1 ( βD n + 2 B Dn ) 

)
, 

 5 = γ2 

(
γ 2 

2 B Dn ( 2 D n β − B Dn ) + 2 γ0 γ1 β4 D 

2 
n 

+ γ0 γ2 D n ( 2 β4 B Dn − D n ) + 2 γ1 γ2 βD 

2 
n + γ 2 

1 D 

2 
n 

)
, (B.8)

a 6 = 2 γ2 

(
γ 2 

2 

(
D n B 

(2) 
nn + I 1 ( B Dn − D n B nn ) 

)
+ γ0 γ1 β4 D n 

+ γ0 γ2 

(
(I : B 

−1 ) ( B Dn − D n B nn ) − B 

(−1) 
nn B Dn 

)
+ γ1 γ2 ( B Dn + βD n ) + γ 2 

1 D n 

)
, 

a 7 = −2 γ2 

(
γ 2 

2 βB Dn + 2 γ0 γ1 β4 D n + γ0 γ2 ( β4 B Dn − 2 D n ) 

+ 2 γ1 γ2 βD n + γ 2 
1 D n 

)
, 

a 8 = 2 γ2 

(
γ0 γ2 

(
B 

(−1) 
Dn ( I 1 D n − B Dn ) − D 

2 
n 

)
+ D n 

(
γ 2 

0 

(
B 

(−1) 
Dn 

(I : B 

−1 ) − B 

(−2) 
Dn 

)
− γ 2 

2 B 

(2) 
Dn 

−γ0 γ1 B 

(−1) 
Dn 

− γ1 γ2 B Dn 

))
, 

a 9 = γ 2 
2 D n ( γ2 ( βD n − 2 B Dn ) + D n ( γ0 β4 − γ1 ) ) , 

a 10 = 2 γ 2 
2 ( γ2 ( I 1 D n − B Dn ) + γ0 β4 D n ) , 

a 11 = 2 γ 2 
2 ( γ2 ( B Dn − βD n ) − D n ( γ0 β4 − γ1 ) ) , 

a 12 = − 2 γ0 γ
2 

2 D n B 

(−1) 
Dn 

, 

a 13 = γ 2 
2 D n 

(
γ2 ( 2 B Dn − I 1 D n ) + γ1 D n − γ0 D n (I : B 

−1 ) 
)
, 

a 14 = −γ 3 
2 D 

2 
n , a 15 = −2 γ 3 

2 D n , a 16 = −a 15 , a 17 = −2 a 14 , 

a 18 = −γ0 ( γ1 D n + γ2 B Dn ) 
2 
, a 19 = −2 γ 2 

0 B 

(−1) 
Dn ( γ1 D n + γ2 B Dn ) , 

a 20 = 2 γ0 γ2 B nn ( γ1 D n + γ2 B Dn ) , 

a 21 = 2 γ0 ( γ2 γ0 ( D n − β4 B Dn ) − γ2 β( γ1 D n + γ2 B Dn ) − γ1 γ0 β4 D n ) , 

 22 = 2 γ0 γ2 D n ( γ1 D n + γ2 B Dn ) , a 23 = 2 γ 2 
0 ( γ1 D n + γ2 B Dn ) , 

β = I 1 − B nn and β4 = I : B 

−1 − B 

(−1) 
nn . (B.9)

eferences 

boudi, J. , 2015. Micro-electromechanics of soft dielectric matrix composites. Int. J.

Solids Struct. 64, 30–41 . 
chenbach, J.D. , 1973. Wave Propagation in Elastic Solids. Applied Mathematics and

Mechanics. North-Holland Publishing Company . 

ar-Cohen, Y. , 2002. Electroactive polymers as artificial muscles: A review. J.
Spacecr. Rockets 39 (6), 822–827 . 

ortot, E. , Denzer, R. , Menzel, A. , Gei, M. , 2016. Analysis of viscoelastic soft dielectric
elastomer generators operating in an electrical circuit. Int. J. Solids Struct. 78-79,

205–215 . 

http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0021
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0021
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0047
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0047
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0002
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0002
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0031
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0031
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0031
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0031
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0031


P.I. Galich, S. Rudykh / International Journal of Solids and Structures 91 (2016) 18–25 25 

B  

C  

C  

 

 

C  

C  

C  

C  

 

D  

D  

D  

G  

 

G  

 

G  

 

G  

G  

H  

 

H  

 

I  

 

J  

 

K  

 

K  

 

 

L  

 

M  

 

M  

M  

 

N  

O  

O

P  

R

R  

 

R  

R  

R  

R  

R  

 

R  

S  

 

S  

 

S  

 

S  

 

S  

S  

T

T  

V  

W  

Z  

Z  

Z  
rochu, P. , Pei, Q. , 2010. Advances in dielectric elastomers for actuators and artificial
muscles. Macromol. Rapid Commun. 31 (1), 10–36 . 

ao, C. , Zhao, X. , 2013. Tunable stiffness of electrorheological elastomers by design-
ing mesostructures. Appl. Phys. Lett. 103, 041901 . 

arpi, F. , De Rossi, D. , Kornbluh, R. , Pelrine, R.E. , Sommer-Larsen, P. , 2011. Dielectric
Elastomers as Electromechanical Transducers: Fundamentals, Materials, Devices,

Models and Applications of an Emerging Electroactive Polymer Technology. El-
sevier Science . 

hatzigeorgiou, G. , Javili, A. , Steinmann, P. , 2015. Interface properties influence

the effective dielectric constant of composites. Philos. Mag. 95 (28–30), 3402–
3412 . 

hen, W. , Dai, H. , 2012. Waves in pre-stretched incompressible soft electroactive
cylinders: exact solution. Acta Mech. Solida Sinica 25 (5), 530–541 . 

ohen, N. , deBotton, G. , 2014. Multiscale analysis of the electromechanical coupling
in dielectric elastomers. Eur. J. Mech. A/Solids 48, 48–59 . 

ohen, N. , Menzel, A. , deBotton, G. , 2016. Towards a physics-based multiscale mod-

elling of the electro-mechanical coupling in electro-active polymers. Proc. R.
Soc. A 472, 20150462 . 

estrade, M. , Ogden, R.W. , 2011. On magneto-acoustic waves in finitely deformed
elastic solids. Math. Mech. Solids 16, 594–604 . 

orfmann, A. , Ogden, R.W. , 2005. Nonlinear electroelasticity. Acta Mech. 174,
167–183 . 

orfmann, A. , Ogden, R.W. , 2010. Electroelastic waves in a finitely deformed elec-

troactive material. J. Appl. Math. 75, 603–636 . 
alich, P.I. , Rudykh, S. , 2015a. Comment on ”disentangling longitudinal and shear

elastic waves by neo-hookean soft devices” [appl. phys. lett. 106, 161903
(2015)]. Appl. Phys. Lett. 107 (5), 056101 . 

alich, P.I. , Rudykh, S. , 2015b. Influence of stiffening on elastic wave propagation in
extremely deformed soft matter: from nearly incompressible to auxetic materi-

als. Extreme Mech. Lett. 4, 156–161 . 

alipeau, E. , Rudykh, S. , deBotton, G. , Ponte Castañeda, P. , 2014. Magnetoactive
elastomers with periodic and random microstructures. Int. J. Solids Struct. 51,

3012–3024 . 
ei, M. , Colonnelli, S. , Springhetti, R. , 2014. The role of electrostriction on the sta-

bility of dielectric elastomer actuators. Int. J. Solids Struct. 51 (3–4), 848–860 . 
ei, M. , Roccabianca, S. , Bacca, M. , 2011. Controlling bandgap in electroactive poly-

mer-based structures. IEEE/ASME Trans. Mechatron. 16 (1), 102–107 . 

ossain, M. , Vu, D.K. , Steinmann, P. , 2015. A comprehensive characterization of
the electro-mechanically coupled properties of VHB 4910 polymer. Arch. Appl.

Mech. 85 (4), 523–537 . 
uang, C. , Zhang, Q.M. , deBotton, G. , Bhattacharya, K. , 2004. All-organic dielec-

tric-percolative three-component composite materials with high electrome-
chanical response. Appl. Phys. Lett. 84 (22), 4391–4393 . 

tskov, M. , Khiêm, V.N. , 2014. A polyconvex anisotropic free energy function for elec-

tro-and magneto-rheological elastomers. Math. Mech. Solids 1081286514555140 .
abareen, M. , 2015. On the modeling of electromechanical coupling in electroac-

tive polymers using the mixed finite element formulation. Procedia IUTAM 12,
105–115 . 

eip, M.A. , Steinmann, P. , Schröder, J. , 2014. Two-scale computational homogeniza-
tion of electro-elasticity at finite strains. Comput. Methods Appl. Mech. Eng.

278, 62–79 . 
ornbluh, R. , Pelrine, R. , Prahlad, H. , Wong-Foy, A. , McCoy, B. , Kim, S. , Eckerle, J. ,

Low, T. , 2012. From boots to buoys: Promises and challenges of dielectric elas-

tomer energy harvesting. In: Lenore, R. (Ed.), Electroactivity in Polymeric Mate-
rials. Springer, US, pp. 67–93 . 

i, B. , Chen, H. , Qiang, J. , Hu, S. , Zhu, Z. , Wang, Y. , 2011. Effect of mechanical
pre-stretch on the stabilization of dielectric elastomer actuation. J. Phys. D Appl.

Phys. 44 (15), 155301 . 
adsen, F.B. , Yu, L. , Daugaard, A.E. , Hvilsted, S. , Skov, A.L. , 2014. Silicone elastomers
with high dielectric permittivity and high dielectric breakdown strength based

on dipolar copolymers. Polymer 55 (24), 6212–6219 . 
augin, G.A. , 1985. Nonlinear Electromechanical Effects and Applications, 1. World

Scientific . 
iehe, C. , Vallicotti, D. , Zäh, D. , 2015. Computational structural and material sta-

bility analysis in finite electro-elasto-statics of electro-active materials. Int. J.
Numer. Methods Eng. 102 (10), 1605–1637 . 

ikitin, L.V. , Ryzhak, E.I. , 2008. On stability and instability of a compressed block

pressed to a smooth basement. Mech. Solids 43 (4), 558–570 . 
’Halloran, A. , O’Malley, F. , McHugh, P. , 2008. A review on dielectric elastomer ac-

tuators, technology, applications, and challenges. J. Appl. Phys. 104 (7), 071101 . 
gden, R.W. , 1997. Non-Linear Elastic Deformations. Dover Publications, New York . 

elrine, R. , Kornbluh, R. , Pei, Q. , Joseph, J. , 20 0 0. High-speed electrically actuated
elastomers with strain greater than 100. Science 287 (5454), 836–839 . 

ogers, J.A. , 2013. A Clear Advance in Soft Actuators. Science 341 (6149), 968–969 . 

udykh, S. , Bertoldi, K. , 2013. Stability of anisotropic magnetorheological elastomers
in finite deformations: a micromechanical approach. J. Mech. Phys. Solids 61,

949–967 . 
udykh, S. , Bhattacharya, K. , deBotton, G. , 2012. Snap-through actuation of thick-

-wall electroactive balloons. Int. J. Nonlinear Mech. 47, 206–209 . 
udykh, S. , Bhattacharya, K. , deBotton, G. , 2014. Multiscale instabilities in soft het-

erogeneous dielectric elastomers. Proc. R. Soc. A 470, 20130618 . 

udykh, S. , Boyce, M.C. , 2014. Transforming wave propagation in layered media via
instability-induced interfacial wrinkling. Phys. Rev. Lett. 112, 034301 . 

udykh, S. , deBotton, G. , 2011. Stability of anisotropic electroactive polymers with
application to layered media. Z. Angew. Math. Phys. 62, 1131–1142 . 

udykh, S. , Lewinstein, A. , Uner, G. , deBotton, G. , 2013. Analysis of microstructural
induced enhancement of electromechanical coupling in soft dielectrics. Appl.

Phys. Lett. 102, 151905 . 

yzhak, E.I. , 1993. On stable deformation of unstable materials in a rigid triaxial
testing machine. J. Mech. Phys. Solids 41 (8), 1345–1356 . 

arvazyan, A. , Rudnenko, O. , Swanson, S. , Fowlkes, J. , Emelianov, S. , 1998. Shear
wave elasticity imaging: a new ultrasonic technology of medical diagnostics. Ul-

trasound Med. Biol. 24 (9), 1419–1435 . 
hmuel, G. , Gei, M. , deBotton, G. , 2012. The rayleigh-lamb wave propagation in di-

electric elastomer layers subjected to large deformations. Int. J. Nonlinear Mech.

47 (2), 307–316 . 
iboni, M.H. , Avazmohammadi, R. , Ponte-Castañeda, P. , 2014. Electromechanical in-

stabilities in fiber-constrained, dielectric-elastomer composites subjected to al-
l-around dead-loading. Math. Mech. Solids 1081286514551501 . 

pinelli, S.A. , Lopez-Pamies, O. , 2015. Some simple explicit results for the elastic di-
electric properties and stability of layered composites. Int. J. Eng. Sci. 88, 15–28 .

uo, Z. , 2010. Theory of dielectric elastomers. Acta Mech. Solida Sinica 23 (6),

549–578 . 
uo, Z. , Zhao, X. , Greene, W.H. , 2008. A nonlinear field theory of deformable di-

electrics. J. Mech. Phys. Solids 56, 467–486 . 
oupin, R.A. , 1956. The elastic dielectric. J. Ration. Mech. Anal. 5, 849–915 . 

oupin, R.A. , 1963. A dynamical theory of elastic dielectrics. Int. J. Eng. Sci. 1,
101–126 . 

olokh, K.Y. , 2012. On electromechanical coupling in elastomers. J. Appl. Mech. 79
(4), 044507 . 

issler, M. , Mazza, E. , 2007. Electromechanical coupling in dielectric elastomer ac-

tuators. Sens. Actuators A Phys. 138 (2), 384–393 . 
hao, X. , Hong, W. , Suo, Z. , 2007. Electromechanical hysteresis and coexistent states

in dielectric elastomers. Phys. Rev. B 76, 134113 . 
hao, X. , Suo, Z. , 2008. Method to analyze programmable deformation of dielectric

elastomer layers. Appl. Phys. Lett. 93, 251902 . 
hao, X. , Suo, Z. , 2010. Theory of dielectric elastomers capable of giant deformation

of actuation. Phys. Rev. Lett. 104, 178302 . 

http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0004
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0004
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0004
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0034
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0034
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0034
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0005
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0005
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0005
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0005
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0005
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0005
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0036
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0036
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0036
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0036
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0045
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0045
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0045
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0018
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0018
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0018
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0022
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0022
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0022
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0022
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0042
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0042
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0042
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0011
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0011
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0011
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0012
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0012
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0012
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0040
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0040
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0040
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0039
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0039
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0039
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0035
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0035
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0035
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0035
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0035
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0029
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0029
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0029
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0029
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0043
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0043
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0043
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0043
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0054
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0054
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0054
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0054
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0032
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0032
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0032
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0032
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0032
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0016
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0016
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0016
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0019
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0019
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0017
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0017
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0017
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0017
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0007
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0007
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0007
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0007
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0007
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0007
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0007
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0007
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0007
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0053
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0053
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0053
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0053
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0053
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0053
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0053
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0037
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0037
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0037
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0037
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0037
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0037
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0050
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0050
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0020
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0020
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0020
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0020
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0049
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0049
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0049
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0003
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0003
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0003
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0003
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0041
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0041
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0001
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0001
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0001
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0001
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0001
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0008
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0008
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0028
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0028
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0028
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0006
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0006
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0006
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0006
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0027
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0027
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0027
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0027
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0038
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0038
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0038
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0026
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0026
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0026
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0033
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0033
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0033
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0033
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0033
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0048
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0048
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0046
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0046
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0046
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0046
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0046
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0046
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0044
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0044
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0044
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0044
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0030
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0030
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0030
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0030
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0051
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0051
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0051
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0014
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0014
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0013
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0013
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0013
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0013
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0009
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0009
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0010
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0010
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0015
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0015
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0052
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0052
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0052
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0023
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0023
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0023
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0023
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0024
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0024
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0024
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0025
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0025
http://refhub.elsevier.com/S0020-7683(16)30056-7/sbref0025


Contents lists available at ScienceDirect

Journal of the Mechanics and Physics of Solids

journal homepage: www.elsevier.com/locate/jmps

Elastic wave propagation in finitely deformed layered materials

Pavel I. Galicha, Nicholas X. Fangb, Mary C. Boycec, Stephan Rudykha,⁎

a Department of Aerospace Engineering, Technion – Israel Institute of Technology, Haifa 32000, Israel
b Department of Mechanical Engineering, Massachusetts Institute of Technology, Cambridge 02139-4307, MA, USA
c School of Engineering and Applied Science, Columbia University, New York 10027, USA

A R T I C L E I N F O

Keywords:
Layered materials
Elastic waves
Finite deformations
Band gaps
Phononic crystals

A B S T R A C T

We analyze elastic wave propagation in highly deformable layered media with isotropic
hyperelastic phases. Band gap structures are calculated for the periodic laminates undergoing
large deformations. Compact explicit expressions for the phase and group velocities are derived
for the long waves propagating in the finitely deformed composites. Elastic wave characteristics
and band gaps are shown to be highly tunable by deformation. The influence of deformation on
shear and pressure wave band gaps for materials with various composition and constituent
properties are studied, finding advantageous compositions for producing highly tunable
complete band gaps in low-frequency ranges. The shear wave band gaps are influenced through
the deformation induced changes in effective material properties, whereas pressure wave band
gaps are mostly influenced by deformation induced geometry changes. The wide shear wave
band gaps are found in the laminates with small volume fractions of a soft phase embedded in a
stiffer material; pressure wave band gaps of the low-frequency range appear in the laminates
with thin highly compressible layers embedded in a nearly incompressible phase. Thus, by
constructing composites with a small amount of a highly compressible phase, wide complete
band gaps at the low-frequency range can be achieved; furthermore, these band gaps are shown
to be highly tunable by deformation.

1. Introduction

Metamaterials have attracted considerable attention due to their unusual properties such as negative elastic moduli (Babaee
et al., 2013), mass density (Brunet et al., 2013), and negative refractive index (Liu et al., 2011). Soft metamaterials, capable of large
deformations, open promising opportunities for tuning and switching acoustic properties by deformation (Bertoldi and Boyce,
2008a; Rudykh and Boyce, 2014b; Babaee et al., 2016). Even relatively simple deformable homogeneous materials can exhibit
switchable acoustic functionalities upon applied deformations (Galich and Rudykh, 2015a). Indeed, soft microstructured
metamaterials possess even greater capability for transforming and tuning wave propagation by external stimuli, such as mechanical
loading (Rudykh and Boyce, 2014b; Bertoldi and Boyce, 2008b), electric (Gei et al., 2011; Galich and Rudykh, 2016) or magnetic
fields (Destrade and Ogden, 2011). Applied deformation can lead to a change in the internal geometry of a phononic crystal giving
rise to formation and/or transformation of phononic band gaps (BGs) (Kushwaha et al., 1993, 1994; Tanaka et al., 2000; Hussein,
2009). Moreover, local material properties can also change as a result of inhomogeneous distribution of local deformation fields
leading to local softening or stiffening (Galich and Rudykh, 2015b). In fact, these effects are of significant importance for
understanding elastic wave phenomena in soft biological tissues that are frequently found in a deformed state due to growth or other
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biological processes. Large deformations together with material heterogeneity may give rise to elastic instabilities (Bertoldi et al.,
2008; Rudykh and deBotton, 2012; Li et al., 2013; Slesarenko and Rudykh, 2016) – a phenomenon actively used in material design
by nature (Crosby, 2010). Recently, this approach has been employed to utilize instability-induced dramatic microstructure
transformations and achieve remarkable tunability of acoustic metamaterials (Bertoldi and Boyce, 2008a; Rudykh and Boyce, 2014b;
Babaee et al., 2016). Inspired by possible applications – such as noise reducers, acoustic mirrors and filters, waveguides, to name a
few – a number of recent works were dedicated to the analysis of influence of material parameters (Zhou et al., 2009), topologies
(Mousanezhad et al., 2015), deformations (Bertoldi and Boyce, 2008a), and stiffening effects (Wang et al., 2013) on elastic wave
propagation and band gap structure in various phononic crystals. Nevertheless, realization of the complex microstructures remains
challenging, especially, at small length-scales desirable for some applications. Recent advances in additive and layer-by-layer
material manufacturing allow fabrication of highly structured layered materials ranging from sub-light-wavelength scale (Kolle et al.,
2013) to meso-length-scale (Li et al., 2013; Rudykh et al., 2015). These layered materials can produce complete phononic BGs – the
frequency ranges where neither pressure nor shear waves can propagate – spanning different frequency ranges depending on the
characteristic microstructure size. Moreover, these BGs can be further actively controlled by deformation. In this work, we
specifically focus on identifying the key parameters defining the appearance of shear wave, pressure wave, and complete BGs in
finitely deformed layered composites with isotropic phases. Special attention is given to the influence of deformation on the acoustic
characteristics and BGs.

The layered media exhibit both geometrical and material non-linearities when subjected to finite strains; hence, these non-linear
effects need to be taken into account in the model. To this end, we first obtain the solution for the finitely deformed state of
hyperelastic periodic layered materials, and then perform the wave propagation analysis in terms of the incremental small amplitude
motions superimposed on the finitely deformed state. By utilizing an exact analytical solution for the finitely deformed
incompressible laminates with alternating isotropic hyperelastic phases, we derive explicit relations for the phase and group
velocities in finitely deformed incompressible laminates in the long wave limit. Moreover, based on the expressions of the phase
velocities for finitely deformed compressible homogeneous materials, we estimate the phase velocities of pressure and shear waves
propagating perpendicular to the layers in finitely deformed laminates comprised of compressible phases. Next, considering steady-
state plane waves in layered media, we thoroughly analyze band gap structures for shear and pressure waves propagating
perpendicular to the layers in soft laminates with nearly incompressible and highly compressible phases. We show that wide shear
wave BGs at the low-frequency range can be achieved by constructing laminates with thin soft layers embedded in a stiffer matrix.
Moreover, these band gaps can be further tuned by deformation through the change in the geometry and effective properties of the
phases. We find that for layers with pronounced stiffening effects (such as Gent materials), the change in the material effective
properties prevails over the change in the geometry. However, for the materials with weak stiffening effects (such as neo-Hookean
materials) the deformation induced change in the material properties is entirely compensated by the change in the geometry. We
find that wide pressure wave BGs at the low-frequency range are attainable in laminates with small amount of highly compressible
phase embedded in a nearly incompressible matrix. These pressure wave BGs are highly tunable by deformation. The laminate
geometry change induced by deformation is shown to be the dominant factor influencing pressure wave BGs (as compared to the
influence of the change in the effective material properties). Consequently, wide complete BGs at low-frequency range can be
achieved by including a small amount of thin highly compressible phase into a nearly incompressible matrix. Furthermore, these
complete BGs can be widened and shifted via deformation.

2. Theoretical background

Consider a continuum body and identify each point in the undeformed configuration with its position vector X. When the body is
deformed, the new location of a point is defined by mapping function χ tx X= ( , ). Thus, the deformation gradient is F x X= ∂ /∂ , and
its determinant J F≡ det > 0. For a hyperelastic material whose constitutive behavior is described in terms of a strain energy
function ψ F( ), the first Piola–Kirchhoff stress tensor is given by

ψP F
F

= ∂ ( )
∂

.
(1)

The corresponding true or Cauchy stress tensor is related to the first Piola–Kirchhoff stress tensor via the relation σ J PF= T−1 . In the
absence of body forces the equations of motion can be written in the undeformed configuration as

χρ D
Dt

PDiv = ,0

2

2 (2)

where ρ0 is the initial density of the material, and the D Dt(•)/2 2 operator represents the material time derivative. If the deformation
is applied quasi-statically, the right hand part of Eq. (2) can be assumed to be zero, and the equilibrium equation is obtained, namely

PDiv = 0. (3)

2.1. Wave propagation in homogeneous media

Consider next small amplitude motions1 superimposed on the equilibrium state. The equations of the incremental motions are
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ρ D
Dt

P uDiv = ,0

2

2 (4)

where Ṗ is an incremental change in the first Piola–Kirchhoff stress tensor and u is the incremental displacement. The incremental
change in the deformation gradient is F u˙ = Grad .

The linearized constitutive law can be written as

P Ḟ = ̇ij ijkl kl0 (5)

with the tensor of elastic moduli defined as  ψ F F= ∂ /∂ ∂iαkβ iα kβ0
2 . Under substitution of Eq. (5) into Eq. (4) the incremental motion

equation takes the form of

 u ρ D u
Dt

= .ijkl k lj
i

0 , 0

2

2 (6)

To analyze small amplitude motions superimposed on a finite deformation, we present (6) in the updated Lagrangian formulation

 u ρ u
t

= ∂
∂

,ijkl k lj
i

,
2

2 (7)

where  J F F=iqkp ijkl pl qj
−1

0 and ρ J ρ= −1
0 is the density of the deformed material.

We seek a solution for Eq. (7) in the form of the plane waves with constant polarization

h ctu g n x= ( · − ), (8)

where h is a twice continuously differentiable function and unit vector g is the polarization; the unit vector n defines the direction of
propagation of the wave, and c is the phase velocity of the wave.

By substitution of (8) into (7), we obtain

ρcQ n g g( )· = ,2 (9)

where

Q n n=ij ijkl j l (10)

is the acoustic tensor which defines the condition of propagation of the infinitesimal plane waves.
For incompressible materials J = 1 and g n· = 0, and Eq. (9) reads as

 ρcQ n g g( )· = ,2 (11)

where Q I Q I= ^· ·^ and I I n n^ = − ⊗ is the projection on the plane normal to n.

2.2. Wave propagation in periodic layered media

Consider periodic laminates constructed of two alternating phases with initial volume fractions va and v v= 1 −b a. Here and
thereafter, the fields and parameters of the constituents are denoted by subscripts (•)a and (•)b, respectively. Geometrically, the
layers are characterized by their thicknesses d v d=a

o
a

o and d v d=b
o

b
o, where do is the initial period of the laminate (see Fig. 1(a)).

When laminates are deformed (see Fig. 1(b)), the layer thicknesses change as follows:

d λ d d λ d d λ d= , = , and = ,a a a
o

b b b
o o

1 1 1 (12)

where λ v λ v λ= +a a b b1 1 1 ; λ a b1 , are the stretch ratios in the direction e1 for phases a and b, respectively.
Let us consider steady-state compression small amplitude plane waves superimposed on a finitely deformed state and

propagating along the x direction orthogonal to the interface between the layers (Bedford and Drumheller, 1994) (see Fig. 1(b)
and (c)). For each layer, the one-dimensional wave equation takes the form

u
t

c
u
x

∂
∂

=
∂
∂

,ξ
ξ

ξ
2

2
2

2

2 (13)

where uξ denotes the displacement in x direction, and subscript ξ stands for a or b. We seek a solution within each layer in the
following form2:

u A e B e= + ,ξ ξ
i k x ωt

ξ
i k x ωt( − ) (− − )ξ ξ (14)

where ω denotes the angular frequency, and k ω c= /ξ ξ is the wave number. The normal stress within each layer is

1 Note that we consider only small amplitude elastic waves (Ogden, 1997); the amplitudes of the superimposed on finite deformations displacements of the material
points are assumed to be much (infinitesimally) smaller than any characteristic dimension of the composite, du| |/ ⪡1; so that its geometry and the constitutive
properties of the material (such as density and tangent elastic moduli) at each point of the composite are assumed to be unchanged by these small amplitude motions.
2 Note that we consider only small amplitude elastic waves here, i.e. u d/ ⪡1ξ .
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σ ρ c
u
x

z
ρ

u
x

=
∂
∂

=
∂
∂

,ξ ξ ξ
ξ ξ

ξ

ξ2
2

(15)

where z ρ c=ξ ξ ξ is the acoustic impedance.
The interface continuity condition between the layers implies

u t u t σ t σ t(0, ) = (0, ) and (0, ) = (0, ),a b a b (16)

where we assign x = 0 to be the interface between the layers of the unit cell (Fig. 1(c)).
Two additional conditions are obtained from the periodicity of the material by the use of Floquet theorem. For this reason we

adjust Eq. (14) to be the steady-state wave expression with the same wave number k for both materials

u U x e= ( ) ,ξ ξ
i kx ωt( − ) (17)

where

U x A e B e K k k( ) = + and = ± .ξ ξ
iK x

ξ
iK x

ξ ξ
− ±ξ ξ

− +
(18)

According to Floquet theorem, function U x( )ξ must be periodic functions of x with the period equal to the length of the unit cell,
namely d d d= +a b,

U d U d(− ) = ( ).a a b b (19)

The corresponding relations for the stress are

σ Σ x e= ( ) ,ξ ξ
i kx ωt( − ) (20)

where

Σ x iz ω A e B e( ) = ( − )ξ ξ ξ
iK x

ξ
iK x−ξ ξ

− +
(21)

and

Fig. 1. Schematic representation of the undeformed (a) and deformed (b) periodic layered material with alternating phases a and b. A unit cell (c); e e e( , , )1 2 3 is the

orthonormal basis.
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Σ d Σ d(− ) = ( ).a a b b (22)

Thus, Eqs. (16), (19) and (22) together with (17), (18), (20) and (21) yield the dispersion relation ω ω k= ( ) for the steady-state
wave (Rytov, 1956)

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟kd ωd

c
ωd
c

z
z

z
z

ωd
c

ωd
c

cos = cos cos − 1
2

+ sin sin .a

a

b

b

a

b

b

a

a

a

b

b (23)

The dispersion relation (23) is derived for pressure waves. However, the same expression can be obtained for shear waves by
considering displacements perpendicular to axis x in Eq. (13). In this case, the phase velocities of shear waves are used in (23) to
obtain the dispersion relation for shear waves.

3. Results

The macroscopically applied loading is expressed in terms of the average deformation gradient

v vF F F= + ,a a b b (24)

where Fa and Fb are the corresponding deformation gradients within each phase. The displacement continuity condition along the
interface between the layers yields the condition for Fa and Fb

F F q 0( − )· =a b (25)

and the interface stress jump condition is

P P m 0( − )· = ,a b (26)

where unit vector m denotes the initial lamination direction (see Fig. 1(a)), q is an arbitrary unit vector orthogonal to m.
Loading paths. Although the analysis is general and can be applied for materials subjected to any deformation F, the examples

are given for (i) in-plane and (ii) equibiaxial deformations. The corresponding macroscopic deformation gradients are
(i) in-plane tension

λ λF e e e e e e= ⊗ + ⊗ + ⊗ ,1 1 1 2 2 3 3 (27)

(ii) equibiaxial deformation

λ λF e e I e e= ⊗ + ( − ⊗ ),1 1 1 1 1 (28)

where λ is the applied stretch in the direction of the layers (see Fig. 1), and λ1 is an unknown and needs to be calculated. For an
incompressible laminate λ λ=1

−1 and λ λ=1
−2 for in-plane and equibiaxial deformations, respectively. To describe the behavior of

incompressible phases, we utilize the neo-Hookean strain energy function (Ogden, 1997)

ψ
μ

F F=
2

( : − 3),ξ
inc ξ

ξ ξ (29)

where μξ is the initial shear modulus.
The constitutive behavior of the compressible phases is assumed to be governed by the extended neo-Hookean strain energy

function (Ogden, 1997)

ψ
μ

μ J
Λ

JF F=
2

( : − 3) − ln +
2

( − 1) ,ξ
comp ξ

ξ ξ ξ ξ
ξ

ξ
2

(30)

where Λξ is the first Lame's parameter. Recall that Λ relates to the bulk modulus as K Λ μ= + 2 /3.
By making use of strain energy function (30) together with (25) and (26), the unknown stretch ratios λ a1 and λ b1 are determined.

In particular, the explicit expressions are
(i) in-plane tension

λ
η λγ η η λ η λ γ λ

η λ γ
λ γ

η λ
=

+ 2(4 + (4 + ) )(2 + ( + 2 ))
2(1 + )

and =
2(1 + )

,a
a a a b

a
b

b
1

2

2 1 2 (31)

where η Λ μ= /a a a, η Λ μ= /b b b, and γ η λ η η λ= + 4 + (4 + )b b b
2 ;

(ii) equibiaxial deformation

λ
η λ ζ η η λ η λ ζ λ

η λ ζ
λ ζ

η λ
=

+ 2(4 + (4 + ) )(2 + ( + 2 ))
2(1 + )

and =
2(1 + )

,a
a a a b

a
b

b
1

2 4 2 2

4 1 4 (32)

where ζ η λ η η λ= + 4 + (4 + )b b b
2 4 .

To account for the stiffening effects (for example, due to a finite extensibility of polymer chains) in finitely deformed
incompressible laminates, we employ the strain-energy density function corresponding to an approximation of the Arruda–Boyce
model (Arruda and Boyce, 1993), namely the Gent model (Gent, 1996)
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⎛
⎝⎜

⎞
⎠⎟ψ

μ J
J

F F
= −

2
ln 1 −

: − 3
,ξ

inc ξ mξ ξ ξ

mξ (33)

where Jmξ is the so-called dimensionless locking parameter defining the lock-up stretch ratio, such that in the limit JF F( : − 3) →ξ ξ mξ,
the strain energy becomes unbounded. Thus, for incompressible Gent materials under in-plane tension, the lock-up stretch ratios
can be calculated as

λ J J= ( + 4 ± )/2,ξ
lock

mξ mξ (34)

where “+” and “−” correspond to the extension λ( > 1) and contraction λ( < 1), respectively. Clearly, in the limit J → ∞m , the strain-
energy function (33) reduces to the neo-Hookean material model (29).

The constitutive behavior of the compressible phases exhibiting strong stiffening is assumed to be governed by the extended Gent
strain energy function (Horgan and Saccomandi, 2004; Wang et al., 2013)

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟ψ

μ J
J

μ J
Λ μ

J
J

F F
= −

2
ln 1 −

: − 3
− ln +

2
− ( − 1) ,ξ

comp ξ mξ ξ ξ

mξ
ξ ξ

ξ ξ

mξ
ξ

2

(35)

Again, in the limit J → ∞m , the strain-energy function (35) reduces to the extended neo-Hookean material model (30).

3.1. Long wave estimates for finitely deformed layered materials

3.1.1. Incompressible laminates
First, let us consider layered materials with incompressible phases. The incompressibility assumption allows us to obtain a closed

form exact solution for finitely deformed periodic layered materials with neo-Hookean phases (deBotton, 2005; Tzianetopoulou,
2007; Rudykh and Boyce, 2014a; Spinelli and Lopez-Pamies, 2015). By utilizing the exact analytical solution, an effective strain
energy function can be constructed (Spinelli and Lopez-Pamies, 2015)

⎛
⎝⎜

⎞
⎠⎟ψ μ μ μF F F m C m

m C m
( ) =

2
( : − 3) − − ˘

2
· · − 1

· ·
,−1 (36)

where C F F= ·T is the average right Cauchy–Green deformation tensor, and

⎛
⎝⎜

⎞
⎠
⎟⎟μ v μ v μ μ v

μ
v
μ

= + and ˘ = + .a a b b
a

a

b

b

−1

(37)

Note that while the solution for finitely deformed laminates is provided in deBotton (2005), Tzianetopoulou (2007), Rudykh and
Boyce (2014a), Spinelli and Lopez-Pamies (2015), the strain energy function in the form of (36) is reported by Spinelli and Lopez-
Pamies (2015).

The acoustic tensor (11) corresponding to the strain energy function (36), takes the form

 q qQ n F I I F m I F m( , ) = ^ + (^· · ) ⊗ (^· · ),T T
1 2

− − (38)

where

⎛
⎝⎜

⎞
⎠⎟q μ μ μ q μ μ

α
β
α

n B n n F m= ( · · ) + ( ˘ − )( · · ) and = − ˘ 4 − 1 ,1
2

2 2

2

(39)

where B F F= · T is the average left Cauchy–Green deformation tensor, α m C m= · ·−1 , and β n F m= · ·T− . One can show that the
acoustic tensor (38) has the following eigenvalues in the two-dimensional space normal to n:

a q a q q α β= and = + ( − ).1 1 2 1 2
2 (40)

In general, we have two distinct shear waves propagating in the finitely deformed incompressible laminate. The corresponding
phase velocities are

c a ρ c a ρ= / and = / ,sw sw
(1)

1 0
(2)

2 0 (41)

where ρ v ρ v ρ= +a a b b0 0 0 is the average initial density of the laminate.
Note that the phase velocities of shear waves (41) coincide only for special cases of applied deformation and direction of wave

propagation. For instance, for wave propagating perpendicular to the layers, i.e. n m e= = 1, the phase velocities of shear waves
coincide:

(i) in-plane tension

c c c λ μ ρ= = = ˘/ ,sw sw sw
(1) (2) −1

0 (42)

(ii) equibiaxial deformation

c c c λ μ ρ= = = ˘/ .sw sw sw
(1) (2) −2

0 (43)
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However, if the wave propagates along the layers, i.e. m e= 1 and n e= 2, the phase velocities of shear waves are distinct:
(i) in-plane tension

c λ μ ρ g e= / ( = )sw
(1)

0 3 (44)

and

c λ μ λ μ ρ g e= ( ˘ + ( − 1) )/ ( = ),sw
(2) −1 4

0 1 (45)

(ii) equibiaxial deformation

c λ μ ρ g e= / ( = )sw
(1)

0 3 (46)

and

c λ μ λ μ ρ g e= ( ˘ + ( − 1) )/ ( = ).sw
(2) −2 6

0 1 (47)

Note that expressions (45) and (47) yield explicit expressions for the critical stretch ratios corresponding to the onset of macroscopic
instability under in-plane and equibiaxial contractions:

(i) in-plane tension

⎛
⎝⎜

⎞
⎠⎟λ μ

μ
= 1 − ˘ ,cr

pt
1/4

(48)

(ii) equibiaxial deformation

⎛
⎝⎜

⎞
⎠⎟λ μ

μ
= 1 − ˘ .cr

bt
1/6

(49)

It is worth mentioning that Eq. (48) agrees with the results obtained by Rosen (1965), and Triantafyllidis and Maker (1985) utilizing
distinct approaches.

To illustrate the influence of the deformation and direction of wave propagation on the elastic waves in the layered materials, we
construct slowness curves (which are commonly used in acoustics, Auld, 1990) by the use of the explicit relations (41). Fig. 2 shows
examples of the slowness curves s φ c φ( ) = 1/ ( )sw sw for (a) out-of-plane (with polarization e3) and (b) in-plane (with polarization lying
in plane e e−1 2) shear waves in layered material undergoing equibiaxial deformation, where the direction of propagation is defined
as φ φn = (cos , sin , 0). Note that the critical stretch ratio for the laminate with v = 0.1a and μ μ/ = 20a b undergoing equibiaxial
contraction is λ = 0.92cr

bt ; therefore, we present slowness curves corresponding to the equibiaxially contracted laminate (λ = 0.95) in
the macroscopically stable state. The slowness curves clearly indicate the significant influence of the applied deformation on the wave
propagation. Specifically, an extension results in a decrease of the phase velocities of the shear waves propagating perpendicular to
the layers; while the phase velocities increase for waves propagating along the layers since these directions experience extension. The
phase velocity of the in-plane shear wave in the equibiaxially deformed laminate has maxima for certain directions of wave

Fig. 2. Slowness curves for (a) out-of-plane and (b) in-plane shear waves propagating in the laminate with v μ μ= 0.1, / = 20a a b , and ρ ρ/ = 1a b0 0 under equibiaxial

deformation. Scale is 0.4 per division, and the slownesses are normalized by μ ρ/ 0 .
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propagation (see Fig. 2(b)). In particular, these directions are expressed as

⎛

⎝

⎜⎜⎜⎜⎜
⎛
⎝⎜

⎞
⎠⎟

⎞

⎠

⎟⎟⎟⎟⎟
φ λ

μ
μ

πz z= ± 1
2

arccos 1 −

4 1 − ˘
+ , = 0, 1.0

6

(50)

In the undeformed state, φ = ± , ±π π
0 4

3
4 . Moreover, these directions differ from the principal directions in contrast to the out-of-

plane shear wave – the phase velocity of which has maxima in the directions of the principal axes. For example, in the equibiaxially
deformed laminate the phase velocity of the out-of-plane shear wave is maximal for the wave propagation along the layers, i.e. for
n e= ± 2 (see Fig. 2(a)). Note that in the undeformed state the phase velocity of the in-plane shear wave is the same for wave
propagation along and perpendicular to the layers, namely Eq. (41)2 yields

c μ ρ= ˘/ .sw
(2)

0 (51)

The dispersion relations for long waves in the incompressible laminates are derived from (41)

ω b ρ ω b ρ= / and = /sw sw
(1)

1 0
(2)

2 0 (52)

where

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟b μ μ μ b b μ μ

α
β
α

k α
β
k

k B k k F m= ( · · ) + ( ˘ − )( · · ) and = + − ˘ 4
− − ,k k

1
2

2 1 2

2
2

2

2
(53)

where k is the wave vector, k k= | | is the wave number, and β k F m= · ·k
T− .

Now we can find the transmission velocity of a wave packet or the group velocity (Kittel, 2004)

ωv = ∇ .g k (54)

From (52) and (54), we obtain the explicit formulae for the group velocities in homogenized laminates

μ μ μ
ρ a

v B n n F m F m= · + ( ˘ − )( · · ) ·
sw
(1)

0 1 (55)

and

⎛
⎝
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⎛
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⎞
⎠⎟

⎛
⎝⎜

⎞
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⎞
⎠
⎟⎟

⎞
⎠
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μ μ μ μ μ
α

β β
α

β
α

αv B n n F m F m F m n= 1 · + ( ˘ − )( · · ) · + − ˘ 5 − 8 · + 4 − .sw
T(2)

0 2
2

2
−

4

(56)

To illustrate the derived results (55) and (56), energy curves (Nayfeh, 1995) are plotted in Fig. 3. Fig. 3 shows the energy curves
for (a) out-of-plane and (b) in-plane shear waves in the laminate with v μ μ= 0.1, / = 20a a b , and ρ ρ/ = 1a b0 0 under equibiaxial
deformation. Clearly, the group velocities of the both shear waves strongly depend on the applied deformation and direction of wave

Fig. 3. Energy curves for (a) out-of-plane and (b) in-plane shear waves in the laminate under equibiaxial deformation (v μ μ= 0.1, / = 20a a b , and ρ ρ/ = 1a b0 0 ). Scale is

0.2 per division, where group velocity is normalized by ρ μ/0 .
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propagation. In particular, an equibiaxial extension increases the group velocity of the out-of-plane shear wave propagating
perpendicular to the layers while it decreases the group velocity of the in-plane shear wave propagating in the same direction. An
equibiaxial contraction increases group velocities of both the out-of-plane and the in-plane shear waves propagating perpendicular
to the layers. Moreover, the energy curves of the in-plane shear waves have the cusps, and position of the cusps is highly tunable by
deformation (see Fig. 3(b)). According to Nayfeh (1995) these cusps correspond to regions of null energy. However, for the out-of-
plane shear wave the cusps are not observed (see Fig. 3(a)).

3.1.2. Compressible laminates
Next we present long wave estimates for the phase velocities of pressure and shear waves propagating in the direction

perpendicular to the layers in the finitely deformed laminate with compressible neo-Hookean and Gent phases. Recall (Boulanger
et al., 1994) that the phase velocities of shear and pressure waves in the finitely deformed neo-Hookean material for

λ λ λF e e e e e e= ⊗ + ⊗ + ⊗ξ ξ ξ ξ1 1 1 2 2 2 3 3 3 and n e= 1 are the following:

c λ
μ
ρ

c
Λ J μ λ

ρ
= and =

+ (1 + )
.ξ

s
ξ

ξ

ξ
ξ
p ξ ξ ξ ξ

ξ
1

0

2
1
2

0 (57)

When the wavelength is much larger than the period of the laminate, the sines can be replaced by their arguments and only second
order terms are retained from the cosines in Eq. (23), namely

⎛
⎝⎜

⎞
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⎛
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ωd
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ωd
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ωd
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2

.ξ

ξ

ξ

ξ

ξ

ξ

ξ

ξ

2 2

2
(58)

Under this assumption, substitution of (12) and (57) in (23) yields expressions for the phase velocities of shear and pressure waves
propagating perpendicular to the layers (n m e= = 1) in the finitely deformed layered material with neo-Hookean phases:

c λ μ ρ c λ Γ ρ= ˘/ and = ˘ / ,sw pw1 0 1 0 (59)

where

Γ v Γ v Γ Γ Λ λ λ μ λ˘ = ( / + / ) and = ( ) + (1 + ).a a b b ξ ξ ξ ξ ξ ξ
−1

2 3
2

1
−2

(60)

For the in-plane tension (27), λ λ=ξ2 and λ = 1ξ3 , while for the equibiaxial deformation (28) λ λ λ= =ξ ξ2 3 .
For the Gent material model, the phase velocities of shear and pressure waves are (Galich and Rudykh, 2015b)

c λ μ J θ ρ= /( )ξ
s

ξ ξ mξ ξ ξ1 0 (61)

and

c
μ η J J J θ θ λ λ

ρ
=

(1 + ( − 2/ ) + ( + 2 ) )
,ξ

p ξ ξ mξ ξ mξ ξ ξ ξ ξ

ξ

2 −2
1
2

1
2

0 (62)

where θ J F F= 3 + − :ξ m ξ ξξ . Hence, substitution of (12), (61) and (62) in (23) together with (58) yields expressions for the phase
velocities of shear and pressure waves propagating perpendicular to the layers (n m e= = 1) in the finitely deformed layered material
with Gent phases, namely

c λ Θ ρ c λ G ρ= ˘ / and = ˘ / ,sw pw1 0 1 0 (63)

where
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(64)

where Θ μ J θ= /ξ ξ mξ ξ and

⎛
⎝
⎜⎜

⎛
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⎞
⎠
⎟⎟

⎞
⎠
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λ λ J θ θ λ= + − 2 ( ) + ( + 2 ) .ξ ξ ξ ξ
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ξ ξ mξ ξ ξ ξ1

−2
2 3

2 −2
1
2

(65)

Fig. 4 shows a comparison of the long wave estimates (59) and (63) with the exact solution (23) for the waves propagating
perpendicular to the layers under equibiaxial deformation. Here and thereafter, we present the normalized frequency f fd ρ μ= / ˘n

o
0 ,

where f ω π= /(2 ). Remarkably, the long wave estimates (59) and (63) are in excellent agreement with the exact solution (23) for
wavelengths exceeding the effective period of the laminate, namely l πd≳ . For example, for l d= 4 the differences in frequencies
between the long wave estimates and exact solution are less than 1% for both shear and pressure waves (see Fig. 4).

3.2. Band gap structure

Band gap is a frequency range where waves cannot propagate due to, for example, Bragg scattering (Kushwaha et al., 1993) or/
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Fig. 4. Comparison of the long wave estimates (59) and (63) with the exact solution (23) for the waves propagating perpendicular to the layers in the laminates with
neo-Hookean ((a) and (c)) and Gent ((b) and (d)) phases under equibiaxial deformation (λ = 1.5). v μ μ ρ ρ Λ μ= 0.2, / = 100, / = 1.5, / = 10a a b a b a a0 0 , Λ μ/ = 5b b , J = 2.5mb ,

and J J/ = 2ma mb . (a) and (b) correspond to shear waves and (c) and (d) – pressure waves.

Fig. 5. Dispersion diagrams for shear (a) and pressure (b) waves in the laminate with v μ μ Λ μ= 0.3, / = 100, / = 100a a b a a , Λ μ/ = 10b b , and ρ ρ/ = 1a b0 0 under

equibiaxial tension, λ = 1.5. The shaded areas correspond to the shear (gray) and pressure (blue) wave band gaps. Frequency is normalized as f ρ μ= / ˘n
ωdo

π2 0 . (For

interpretation of the references to color in this figure caption, the reader is referred to the web version of this paper.)

P.I. Galich et al. J. Mech. Phys. Solids 98 (2017) 390–410

399



and local resonance (Auriault and Bonnet, 1985; Auriault, 1994; Liu et al., 2000; Auriault and Boutin, 2012). In case of layered
media with high contrast in the mechanical properties between the phases both Bragg scattering and inner resonance of stiffer layer
(Auriault and Boutin, 2012) participate in formation of band gaps (Khelif and Adibi, 2016). Mathematically, it corresponds to the
situation when wave number k becomes imaginary in the dispersion relation (23), i.e. within a band gap displacement and stress
amplitudes exponentially attenuate (see Eqs. (17) and (20)). Fig. 5 illustrates the band gap structures of shear and pressure waves in
the finitely deformed laminate with v μ μ Λ μ= 0.3, / = 100, / = 100a a b a a , Λ μ/ = 10b b , and with identical densities of the phases,3 i.e.
ρ ρ/ = 1a b0 0 . The laminate is subjected to equibiaxial tension with the magnitude of the stretch ratio λ = 1.5. The shaded gray and blue
areas correspond to the shear and pressure wave BGs, respectively. Clearly, the shear wave BGs appear earlier (i.e. at lower
frequencies) than the pressure wave BGs (compare Fig. 5(a) and (b)); thus, to induce complete BGs at the low-frequency range, one
needs to design laminates with pressure wave BGs at the low-frequency range. Next, we identify the key parameters that govern the
shear and pressure wave band gaps.

3.2.1. Incompressible laminate
Here we consider the influence of (a) microstructures, (b) deformations, and (c) elastic moduli on the band gap structures in

incompressible laminates. Recall that incompressible materials support only shear waves; consequently, only shear wave band gaps
(SBGs) are considered, while pressure wave BGs (PBG) will be considered in detail in the next section.

(a)Material geometry. First, we investigate the influence of the material geometry on SBG structure. Fig. 6(a) presents the width
of the first SBG as a function of the volume fraction of phase a. The first SBG has a maximal width for a certain volume fraction va;
moreover, the maximal width of SBG with corresponding volume fraction of phase a strongly depends on the contrast in shear
modulus between the phases (compare Fig. 6(a) and (b)). Thus, for the contrast in shear modulus of μ μ/ = 10a b , the maximal width of
the first SBG is fΔ = 0.41n with v = 0.76a ; while for the contrast in shear modulus of μ μ/ = 1000a b , the SBG width significantly
increases up to fΔ = 2.25n , and the corresponding volume fraction shifts to v = 0.97a . It is clear that an increase in the shear modulus
contrast widens the maximal SBG width. Thus, wide SBGs can be achieved by composing laminates with thin soft layers embedded in
the stiff phase (v = 0.03b in Fig. 6(b)). As expected SBGs disappear when v = 0a or 1.

(b) Deformation. Next, we analyze the influence of deformation on SBGs. We start from the consideration of laminates with
phases characterized by weak stiffening, which can be described by neo-Hookean model (29). Substitution of the corresponding
phase velocities (57)1 into the dispersion relation (23), together with the deformation induced change in geometry (12), yields
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(66)

This result clearly shows that SBGs in layered materials with neo-Hookean phases do not depend on deformation. This is due to the
equal contribution of two competing effects induced by deformation: (i) the change in the phase properties (i.e. c c λ/ =ξ

nH
ξ
o

ξ1 , where
cξ

nH and cξ
o are the phase velocities in the deformed and undeformed material) and (ii) change in the layer thicknesses (i.e.

d d λ/ =ξ ξ
o

ξ1 ). Clearly, any deformation induced change in the geometry is fully compensated by the change in the phase velocity.
However, for laminates with phases exhibiting stronger stiffening (such as Gent phases), the deformation induced change in the

effective properties prevails over the geometry changes. The phase velocities of the shear waves in a deformed Gent material are
larger than in the identically deformed neo-Hookean material (i.e. c c J θ/ = / > 1ξ

G
ξ
nH

mξ ξ ) while the changes in the geometry are the
same. Fig. 7 presents the relative changes in the phase velocities of the shear waves as functions of the stretch for the neo-Hookean
and Gent phases under in-plane tension. Clearly, for the contraction (λ < 1), the phase velocities of the shear waves in the Gent phase
increase more significantly than in the neo-Hookean phase. For the extension (λ > 1), the phase velocities of the shear waves in the
Gent phase decrease in the beginning; however, the phase velocity starts to grow as the stiffening effect becomes more pronounced
with an increase in deformation. Eventually, the phase velocity becomes larger than the one in the undeformed material. This
corresponds to a certain stretch ratio λ λ* < lock (see Fig. 7); the expressions for this stretch ratio are

λ J* = 1 +pt m (67)

for the in-plane tension and

λ J J J* = 1
2

1 + + 9 + (10 + )bt m m m (68)

for the equibiaxial extension. Since in laminates with Gent phases the deformation induced change in material properties (i.e.
c c λ J θ/ = /ξ

G
ξ
o

ξ mξ ξ1 ) is not fully compensated by the change in the geometry (i.e. d d λ/ =ξ ξ
o

ξ1 ), the tunability of SBGs by deformation is
observed.

Fig. 8 illustrates the dependence of SBGs on in-plane ((a) and (c)) and equibiaxial ((b) and (d)) deformations for the layered
materials with Gent phases. The lock-up stretches for J = 2.5m are λ = 0.48lock

− and λ = 2.07lock
+ for the in-plane deformation; and

λ = 0.68lock
− and λ = 1.64lock

+ for the equibiaxial deformation. We observe that SBGs shift towards higher frequencies and widen as the
lock-up stretch ratio is approached. In particular, for the laminate with v μ μ J= 0.3, / = 100, = 5a a b ma , and J = 2.5mb the first SBG
widens from fΔ = 0.16n up to fΔ = 0.49n and its lower boundary shifts from f = 0.43n up to f = 1.35n by application of the in-plane

3 Typical deformable polymers are characterized by low densities that change only slightly from polymer to polymer. Therefore, we present the results for laminates
with similar or identical phase densities; the values of the density contrast ratio are specified in each example.
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deformation of the magnitude λ = 0.5 or λ = 2 (see Fig. 8(a)). The equibiaxial deformation of magnitude λ = 0.70 or λ = 1.58 widens
the first SBG from fΔ = 0.16n up to fΔ = 0.42n and shifts its lower boundary from f = 0.43n up to f = 1.14n (see Fig. 8(b)). Fig. 8(c)
and (d) show the first SBG as a function of the stretch ratio for the in-plane (c) and equibiaxial (d) deformations for the laminate with
the volume fraction producing a maximal width of the first SBG in the undeformed laminate, namely v = 0.97a and μ μ/ = 1000a b .
Consistent with the previous observations the first SBG widens and shifts towards higher frequencies once the lock-up stretches are
attained. In particular, lower boundary of the first SBG shifts from f = 0.33n up to f = 1.00n and its width increases from fΔ = 2.25n
up to fΔ = 2.73n in the laminate undergoing the in-plane contraction with λ = 0.5 or extension with λ = 2 (Fig. 8(c)). Clearly,
equibiaxial deformation has a more pronounced effect on SBGs as compared to the in-plane deformation (compare Fig. 8(a) vs. (b)
and (c) vs. (d)). Remarkably, contraction (λ < 1) and extension (λ > 1) of the laminate with Gent phases influence SBGs in similar
ways, namely any homogeneous deformations considered here widen and shift up SBGs towards higher frequencies (see Fig. 8). This
happens because for both contraction (λ < 1) and extension (λ > 1), the stiffening leads to an increase in the phase velocities of the
Gent phases compared to the phase velocities of the neo-Hookean constituents, i.e. c c J θ/ = / > 1ξ

G
ξ
nH

mξ ξ (see Fig. 7), whereas the
deformation induced geometry changes are identical for laminates with weak and strong stiffening effects, i.e. d d λ/ =ξ ξ

o
ξ1 . For

example, the in-plane contraction of the magnitude λ = 0.5 increases the phase velocities in the layers a and b up to c c/ = 2.7a
G

a
o and

c c/ = 6.3b
G

b
o , respectively, whereas the layer thicknesses increase up to d d/ = 2o only (see Fig. 7). Again, the in-plane extension of the

magnitude λ = 2 decreases the phase velocity in the layer a down to c c/ = 0.7a
G

a
o and increases it up to c c/ = 1.6b

G
b
o in the layer b,

whereas the layer thicknesses decrease down to d d/ = 0.5o (see Fig. 7). Note that for the in-plane tension of magnitude λ = 0.5 or
λ = 2, the phase velocities in Gent phases increase by the same value compared to the phase velocities of the neo-Hookean phases,
namely c c c c/ | = / | = 1.35a

G
a
nH

λ a
G

a
nH

λ=0.5 =2 and c c c c/ | = / | = 3.16b
G

b
nH

λ b
G

b
nH

λ=0.5 =2 . This together with the identical deformation induced
change in the geometry leads to the identical width and position of the SBGs for these values of the stretch ratio.

Fig. 6. First shear wave band gap vs. volume fraction of phase a for layered materials in undeformed state with (a) μ μ/ = 10a b and (b) μ μ/ = 1000a b ; ρ ρ/ = 1a b0 0 .

Fig. 7. Relative change in the phase velocities of shear waves as functions of in-plane tension for laminates with v μ μ J= 0.97, / = 1000, = 5a a b ma , J = 2.5mb , and

ρ ρ/ = 1a b0 0 .
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To illustrate the influence of the stiffening of the laminate constituents on the SBGs, we present SBGs as functions of locking
parameter Jmb for the layered material with v J= 0.3, = 100a ma , and μ μ/ = 100a b subjected to the in-plane tension of the magnitude
λ = 2 in Fig. 9. We observe that SBGs widen and shift towards higher frequencies with a decrease in the locking parameter Jmb. In

Fig. 8. Shear wave band gaps vs. in-plane ((a) and (c)) and equibiaxial ((b) and (d)) deformations for the layered materials with Gent phases, namely ρ ρ/ = 1a b0 0 ,

J J v μ μ= 5, = 2.5, = 0.3, / = 100ma mb a a b ((a) and (b)) and v μ μ= 0.97, / = 1000a a b ((c) and (d)).

Fig. 9. Shear wave band gaps as a function of locking parameter Jmb for the layered material with v J= 0.3, = 100a ma , ρ ρ/ = 1a b0 0 , and μ μ/ = 100a b subjected to the

in-plane tension of the magnitude λ = 2.
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particular, the lower boundary of the first SBG shifts from f = 0.44n up to f = 1.35n and its width increases from fΔ = 0.16n up to
fΔ = 0.46n when locking parameter of phase b decreases from J = 100mb down to J = 2.5mb . This happens because the lock-up stretch

ratio (34) decreases together with Jmb, leading to the significant increase in the phase velocity of shear wave in the phase b (see Eq.
(61)).

(c) Shear modulus contrast. To illustrate the influence of the shear modulus contrast of the phases on SBGs, we present SBGs as
functions of the shear modulus contrast for the laminates with v = 0.9a and J = 1mξ in Fig. 10. The corresponding lock-up stretch ratio
is λ = 1.62. The SBGs of the undeformed (λ = 1) laminate and the one subjected to the in-plane tension with λ = 1.5 are presented in
Fig. 10(a) and (b), respectively. Fig. 10(a) shows that the first SBG rapidly widens with an increase in the contrast from 1 to ∼100,
after that the upper boundary flattens, and the SBG width changes slowly with further increase in the shear modulus contrast. The
second and the following SBGs close at certain values of the shear modulus contrast. For example, the third SBG closes when
μ μ/ = 20a b and μ μ/ = 322a b ; however, the SBG reopens again if the shear modulus contrast increases. For laminates with phases
exhibiting strong stiffening (such as Gent phases), these BGs shift towards higher frequencies for any shear modulus contrast with
application of deformation. In particular, the first SBG widens from fΔ = 0.79n up to fΔ = 1.44n and its lower boundary shifts from
f = 0.35n up to f = 0.63n in the laminate with μ μ/ = 50a b subjected to the in-plane extension of the magnitude λ = 1.5 (Fig. 10(b)).

3.2.2. Compressible laminates
To analyze the pressure wave BGs (PBGs), we consider periodic layered materials with compressible phases to ensure the

existence of pressure waves. Fig. 11 shows pressure and shear wave BGs as functions of the volume fraction of phase a in the
undeformed and deformed laminates. Here and thereafter, gray, blue, and black colors correspond to the shear wave, pressure wave,

Fig. 10. Shear band gaps vs. shear modulus contrast for the layered material with v = 0.9a , ρ ρ/ = 1a b0 0 , and J J= = 1ma mb in the undeformed state (a) and the one

subjected to the in-plane tension with λ = 1.5 (b).

Fig. 11. Band gaps vs. volume fraction of the phase a in the undeformed laminate (a) and the one subjected to the in-plane tension of the magnitude λ = 1.5 (b) with
μ μ Λ μ/ = 100, / = 1000a b a a , Λ μ/ = 10b b , and ρ ρ/ = 1a b0 0 . The gray, blue, and black colors correspond to the shear wave, pressure wave, and complete BGs, respectively.

(For interpretation of the references to color in this figure caption, the reader is referred to the web version of this paper.)
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and complete BGs, respectively. We refer to complete BGs when both pressure and shear waves cannot propagate. We find that the
first PBG has a maximal width for a certain volume fraction va depending on the contrast in shear moduli and compressibility of each
phase. Thus, different complete BGs can be tailored by varying the initial material properties and geometry.

In the case of shear waves, the ratio of acoustic impedances z z/a b is independent of deformation, although the acoustic
impedances z ρ c=ξ ξ ξ for both phases are functions of the principal stretches. Substitution of the corresponding phase velocities

(57)1, geometry changes (12), and densities ρ J ρ=ξ ξ ξ
−1

0 into (23) together with the boundary conditions (25), producing relations
λ λ=a b2 2 and λ λ=a b3 3 , yields the dispersion relation (66). Consequently, the SBGs are not influenced by deformation in the laminates
with compressible neo-Hookean phases. Similarly to the laminates with incompressible neo-Hookean phases, the deformation
induced changes in the material properties are fully compensated by the changes in the geometry.

In the case of pressure waves, the dominant factor influencing PBGs is the deformation induced change in the geometry. This is
due to the fact that the phase velocities of pressure waves in neo-Hookean materials change very slowly with the deformation;
moreover, the change is negligible in the case of nearly incompressible materials (see Eq. (57)2). A comparison of the BGs in the
undeformed laminates (Fig. 11(a)) and the BGs in the laminates subjected to the in-plane tension, λ = 1.5 (Fig. 11(b)), shows that
the applied deformation does not change the SBGs while it significantly influences the PBGs.

To clarify how the pressure wave and complete BGs depend on deformation in the laminates with compressible phases exhibiting
weak and strong stiffening, we present these BGs as functions of the applied stretch ratio in Fig. 12. Fig. 12(a) and (b) illustrate how
the in-plane (27) and equibiaxial deformations (28) of the layered material with neo-Hookean phases influence the BG structure. We
observe that PBGs narrow and shift towards lower frequencies in the laminate undergoing contraction while extension of the
laminate widens and shifts PBGs towards higher frequencies. In particular, the lower boundary of the first PBG shifts from f = 1.65n
up to f = 3.17n and its width increases from fΔ = 0.18n up to fΔ = 0.34n in the laminate subjected to the in-plane extension of the
magnitude λ = 2 (see Fig. 12(a)). The equibiaxial deformation has a more pronounced effect on the PBGs, in particular, the
equibiaxial extension of the magnitude λ = 1.6 shifts the lower boundary of the first PBG from f = 1.65n up to f = 4.04n and widens it
from fΔ = 0.18n up to fΔ = 0.44n (see Fig. 12(b)). Remarkably, complete BGs can be induced in a required frequency range by

Fig. 12. Band gaps vs. in-plane ((a) and (c)) and equibiaxial ((b) and (d)) deformation for laminates with v μ μ Λ μ= 0.1, / = 100, / = 1000a a b a a , Λ μ/ = 10b b , and

ρ ρ/ = 1a b0 0 . (a) and (b) refer to the laminate with neo-Hookean phases and (c) and (d) refer to the laminate with Gent phases having J = 5ma and J = 2.5mb .
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deformation while the undeformed laminates do not produce complete BGs in that range. For example, the laminate with
v μ μ Λ μ= 0.1, / = 100, / = 1000a a b a a and Λ μ/ = 10b b has no complete BGs (in the considered frequency range) in the undeformed state
while it has the complete BG of width fΔ = 0.15n when subjected to the in-plane contraction of the stretch ratio magnitude λ = 0.85
(see Fig. 12(a)). In contrast to the in-plane tension, for the equibiaxial deformation we have more “islands” of the complete BGs in
the same range of deformation, however, these “islands” are smaller (compare Fig. 12(a) and (b)).

Fig. 12(c) and (d) illustrate how the in-plane (27) and equibiaxial deformations (28) of the layered material with compressible
Gent phases influence the BG structure. We observe that in the laminate undergoing in-plane contraction PBGs shift towards lower
frequencies less than in laminates with neo-Hookean phases (compare Fig. 12(a) and (c)). In particular, the lower boundary of the
first PBG shifts from f = 0.94n up to f = 1.23n due to the stiffening of the laminate induced by the in-plane contraction of the
magnitude λ = 0.5. Analogously, the equibiaxial contraction of the laminate with Gent phases shifts PBGs towards lower frequencies
less than in the laminate with neo-Hookean phases (compare Fig. 12(b) and (d)). Specifically, the lower boundary of the second PBG
shifts from f = 1.86n up to f = 2.39n because the laminate under the equibiaxial contraction of the magnitude λ = 0.7 significantly
stiffens. Similar to the effect of contraction in the laminate with Gent phases, the extension induced stiffening shifts PBGs towards
higher frequencies compared to the laminates with neo-Hookean phases. In particular, the lower boundary of the first PBG shifts
from f = 3.17n up to f = 3.68n in the laminate with Gent phases undergoing the in-plane extension of the magnitude λ = 2 (compare
Fig. 12(a) and (c)).

Next, let us consider the mechanisms governing the PBGs in the finitely deformed compressible laminates exhibiting weak and
strong stiffening. Fig. 13 presents the relative changes in the thicknesses of the layers (a), and the relative changes in the phase
velocities of pressure waves (b) in each layer as functions of the stretch ratio. The example is given for the laminates with neo-
Hookean and Gent phases subjected to equibiaxial deformation. The laminate parameters are v μ μ Λ μ= 0.1, / = 100, / = 1000a a b a a ,
Λ μ/ = 10b b , J = 5ma , and J = 2.5mb . The corresponding dependence of the BGs on deformation is presented in Fig. 12(b) and (d). A
comparison of Fig. 12(b) and (d) together with Fig. 13 shows a correlation between the position of PBGs and changes in the geometry
and phase velocities of the layers. In particular, we observe that in the laminate with Gent phases undergoing equibiaxial contraction,
the phase velocity of the pressure wave in the highly compressible Gent phase increases while it decreases for the highly
compressible neo-Hookean phase (compare continuous blue and dotted black curves in Fig. 13(b)). For example, for the equibiaxial
contraction of the magnitude λ = 0.7 the changes in the pressure wave velocities are c c/ = 1.11b

G
b
o and c c/ = 0.91b

nH
b
o for the highly

compressible Gent and neo-Hookean phases, respectively. On the other hand, the layer thickness of the highly compressible Gent
phase increases less than for the neo-Hookean phase, namely d d/ = 1.53b

G
b
o and d d/ = 1.62b

nH
b
o for the laminate subjected to the

equibiaxial contraction of λ = 0.7 (compare continuous blue and dotted black curves in Fig. 13(a)). As a result, the PBGs in the
laminates with Gent phases shift towards lower frequencies less than in the laminate with neo-Hookean phases. For the equibiaxial
extension of the magnitude λ = 1.6, the changes in the pressure wave velocities are c c/ = 1.02b

G
b
o and c c/ = 1.03b

nH
b
o for the highly

compressible Gent and neo-Hookean phases, respectively (Fig. 13(b)); whereas the changes in the layer thicknesses are d d/ = 0.37b
G

b
o

and d d/ = 0.42b
nH

b
o (Fig. 13(a)). Although the difference in the phase velocities and layer thicknesses between the Gent and neo-

Hookean phases is relatively small, the lower boundary of the first PBG shifts from f = 4.04n in the laminate with neo-Hookean
phases up to f = 4.50n in the laminate with Gent phases undergoing the equibiaxial extension of the magnitude λ = 1.6 (see
Fig. 12(b) and (d)). This happens because of the nonlinear dependence of PBGs on the changes in the material properties and
geometry induced by deformation, especially in the case of the extreme deformations approaching the lock-up state (λ = 1.64lock ).

Finally, we consider the influence of compressibility of the laminate constituents on the BGs. Fig. 14 shows BGs as a function of
compressibility of the thin softer layers embedded in the nearly incompressible stiffer phase. The results for the undeformed
laminate are presented in Fig. 14(a) while the response of the laminate subjected to the equibiaxial compression (λ = 0.5) is shown in

Fig. 13. Relative change in thicknesses of the layers (a) and phase velocities of pressure (b) waves as functions of equibiaxial deformation for the laminates with
v μ μ Λ μ= 0.1, / = 100, / = 1000a a b a a , Λ μ/ = 10b b , J = 5ma , J = 2.5mb , and ρ ρ/ = 1a b0 0 . (For interpretation of the references to color in this figure caption, the reader is

referred to the web version of this paper.)
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Fig. 14(b). We observe complete BGs in low-frequency range when compressibility of softer phase increases (i.e. Λ μ/b b decreases).
For example, for the undeformed laminate with Λ μ/ = 10b b we observe the first complete BG of width fΔ = 0.89n with the lower
boundary at f = 1.25n , while for Λ μ/ > 35b b there are no complete BGs in the considered frequency range (see Fig. 14(a)).
Furthermore, the maximal width and position of the lowest complete BG vary depending on the applied deformation; thus, for the
laminate with Λ μ/ = 10b b undergoing equibiaxial contraction (λ = 0.5), the lowest complete BG has width fΔ = 0.61n with the lower
boundary at f = 0.50n (see Fig. 14(b)). Note that an increase in compressibility of the thin layers results in a shift of PBGs towards
lower frequencies, producing complete BGs at the low-frequency range. Thus, the wide complete BGs can be realized by composing
laminates of a nearly incompressible matrix and highly compressible thin layers.

Fig. 15 shows BGs as functions of deformations for the laminates with both highly compressible phases exhibiting weak ((a) and
(c)) and strong ((b) and (d)) stiffening effects. Consistent with the observations in Fig. 14, complete BGs shift down towards lower
frequencies. Moreover, the position of complete BGs is highly tunable via deformation. In particular, in the undeformed laminate
with v μ μ Λ μ= 0.95, / = 100, / = 10a a b a a , and Λ μ/ = 5b b , the lowest complete BG has the width fΔ = 0.29n with the lower boundary at
f = 0.92n , while for the laminate under in-plane compression, λ = 0.5, the lowest complete BG has the width fΔ = 0.63n with the
lower boundary at f = 0.57n (see Fig. 15(a)). In case of the equibiaxial compression, λ = 0.5, the lowest complete BG has the width

fΔ = 0.75n with the lower boundary at f = 0.46n (see Fig. 15(c)). Consequently, the equibiaxial deformation has a more pronounced
influence on the position of complete BGs as compared to the effect of the in-plane deformation.

A comparison of Fig. 15(a) and (b) (and also Fig. 15(c) and (d)) shows that in the laminate with Gent phases the PBGs are wider
and they appear at higher frequencies compared to the PBGs in the laminates with neo-Hookean phases. This leads to the shifting of
complete BGs towards higher frequencies. In particular, the lower boundary of the first complete BG in the laminate undergoing the
in-plane contraction of the magnitude λ = 0.5 shifts from f = 0.57n up to f = 0.71n (compare Fig. 15(a) and (b)). In the case of the
equibiaxial contraction of magnitude λ = 0.7, the lower boundary of the first complete BG shifts from f = 0.57n up to f = 0.69n
(compare Fig. 15(c) and (d)). Similarly to the laminates considered in Fig. 12, the transformations of the BGs correlate with the
changes in the thicknesses of the layers and phase velocities within each layer. In particular, an increase in the thicknesses of the
layers (d d/ > 1o ) shifts BGs towards lower frequencies whereas a decrease in the layer thicknesses (d d/ < 1o ) shifts BGs towards
higher frequencies. Once again, an increase in phase velocities (c c/ > 1o ) shifts BGs towards higher frequencies, and a decrease in
phase velocities (c c/ < 1o ) shifts BGs towards lower frequencies.

3.2.3. An example of band gap structures for possible realistic layered materials
In this section, we provide a calculation of the BG structure for composites made of silicon rubber (Elite Double 32, Zhermarck)

and one of a digital material used in multimaterial 3D printing (A85). Both of these materials can be described by the extended neo-
Hookean strain energy function (30). Table 1 summarizes the corresponding parameters for these deformable materials. The phase a
is made of the digital material A85, and the phase b is made of the silicon rubber Zhermarck Elite Double 32. Fig. 16 shows pressure
and shear wave BGs as functions of the volume fraction of phase a in the undeformed and deformed laminates. We observe that the
lowest complete BG has a maximal width for a certain volume fraction va in the undeformed laminate. In particular, for the laminate
with v = 0.87a the lowest complete BG has width fΔ = 0.26n with the lower boundary at f = 2.50n , while for the laminate with v = 0.1a

the lowest complete BG has width fΔ = 0.3n with the lower boundary at f = 3.4n . Consistent with previous observations in this paper,
an extension of the laminate does not change the position of SBGs and shifts up PBGs towards higher frequencies. For example, the
in-plane extension of the magnitude λ = 1.3 shifts the lower boundary of the first PBG from f = 2.50n up to f = 3.23n in the laminate
with v = 0.87a (compare Fig. 16(a) and (b)).

To clarify how the pressure wave and complete BGs depend on deformation in the laminates made of silicon rubber (Elite Double

Fig. 14. Band gaps vs. compressibility of the phase b for the laminate with v μ μ= 0.96, / = 100a a b , Λ μ/ = 1000a a , and ρ ρ/ = 1a b0 0 in the undeformed state (a) and the

one subjected to the equibiaxial compression, λ = 0.5 (b).
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32, Zhermarck) and the digital material (A85), we present BGs as functions of the applied stretch ratio in Fig. 17. Fig. 17(a) and (b)
illustrate how the in-plane (27) and equibiaxial deformations (28) of the layered material with v = 0.3a influence the BG structure.
We observe that PBGs narrow and shift towards lower frequencies in the laminate undergoing contraction while an extension of the
laminate widens and shifts PBGs towards higher frequencies. In particular, the lower boundary of the first PBG shifts from f = 3.05n
down to f = 2.45n and its width decreases from fΔ = 1.33n down to fΔ = 1.07n in the laminate subjected to the in-plane contraction of
the magnitude λ = 0.8 (see Fig. 17(a)). The equibiaxial deformation has a more pronounced effect on the PBGs; in particular, the
equibiaxial contraction of the magnitude λ = 0.8 shifts the lower boundary of the first PBG from f = 3.05n down to f = 1.98n and
narrows it from fΔ = 1.33n down to fΔ = 0.86n (see Fig. 17(b)). Remarkably, complete BGs can be induced in a required frequency
range by deformation while the undeformed laminate does not produce complete BGs in that range. For example, the considered
here laminate has no complete BGs (in the frequency range up to f = 3n ) in the undeformed state while it has the complete BG of
width fΔ = 0.49n when subjected to the in-plane contraction of the stretch ratio magnitude λ = 0.83 (see Fig. 17(a)).

Fig. 17 also shows the Bragg limit frequency, f c πd= /(2 )BL
pw

( ) , and an estimate for the resonance frequency of stiffer layer,
f c πd= /(2 )R

pw a
( ) . Clearly, the first complete BG occurs in the vicinity of the resonance frequency of the stiffer layer; moreover, it

occurs above the Bragg limit. Hence, a composition of both Bragg scattering and inner resonance of stiffer layers participate in
formation of complete BGs. In other words, in layered media the mechanism forming complete BGs is based on the destructive

Fig. 15. Band gaps vs. stretch ratio for laminates subjected to ((a) and (b)) in-plane tension and ((c) and (d)) equibiaxial deformations.
v μ μ Λ μ= 0.95, / = 100, / = 10a a b a a , Λ μ/ = 5b b , ρ ρ/ = 1a b0 0 , and J J= = 2.5ma mb . (a) and (c) refer to laminate with neo-Hookean phases and (b) and (d) refer to

laminate with Gent phases.

Table 1
Material parameters.

Material μ, MPa Λ, MPa ρ , kg/m0
3

Elite Double 32 0.444 22.2 1050
Digital material (A85) 22 1100 1200
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interference of the scattered waves by the stiffer layers and inner resonances of these layers.

4. Conclusions

We considered elastic wave propagation in soft periodic layered media undergoing finite deformations. Firstly, based on an exact
analytical solution for finitely deformed laminates with alternating neo-Hookean phases, we derived explicit relations for phase (41)
and group velocities (55) and (56). Secondly, we obtained long wave estimates (59) and (63) for the phase velocities of pressure and
shear waves propagating perpendicular to the layers in the finitely deformed compressible laminates with neo-Hookean and Gent
phases. These estimates provide the important information on elastic wave propagation with wavelengths larger than microstructure
size, namely l πd≳ ; moreover, these explicit expressions may provide estimates for transversely isotropic fiber composites. Thirdly,
we provided a detailed analysis of the band gap structures for the waves propagating perpendicular to the layers in the
incompressible and compressible layered materials. Specifically, we identified the key parameters and mechanisms influencing
the shear wave, pressure wave, and complete BGs. Based on the analysis, we revealed the advantageous compositions of the
laminates producing the wide BGs in the low-frequency range.

For incompressible laminates, we showed that (i) a small amount of a soft phase in a stiffer matrix produces wide SBGs; (ii) SBG
structure in layered materials with phases exhibiting weak stiffening effects is not influenced by deformation because deformation
induced changes in geometry and effective material properties compensate each other; (iii) contraction or extension of the laminate

Fig. 16. Band gaps vs. volume fraction of the phase a in (a) the undeformed laminate and (b) the one subjected to the in-plane tension of the magnitude λ = 1.3 with
μ μ Λ μ/ = 50, / = 50a b a a , Λ μ/ = 50b b , and ρ ρ/ = 1.14a b0 0 . The gray, blue, and black colors correspond to the shear wave, pressure wave, and complete BGs, respectively.

(For interpretation of the references to color in this figure caption, the reader is referred to the web version of this paper.)

Fig. 17. Band gaps vs. in-plane (a) and equibiaxial (b) deformations for the laminate with v μ μ Λ μ= 0.3, / = 50, / = 50a a b a a , Λ μ/ = 50b b , and ρ ρ/ = 1.14a b0 0 . The blue

dash-dotted and red dashed curves correspond to estimates of the Bragg limit and the resonance frequency of stiffer layer, respectively. (For interpretation of the
references to color in this figure caption, the reader is referred to the web version of this paper.)
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with stiffening in phases widens and shifts up SBGs towards higher frequencies due to the stronger effect of deformation induced
changes in the material properties (as compared to the geometry changes).

For compressible laminates, we showed that (i) wide complete BGs can be produced by composing periodic laminates with thin
highly compressible layers embedded in a nearly incompressible matrix; (ii) the dominant mechanism influencing PBGs is the
deformation induced change in the thicknesses of the layers; (iii) by application of deformation to the laminates with highly
compressible phases, complete BGs in the low-frequency range can be produced. These low-frequency range BGs are not accessible
for laminates with nearly incompressible phases.

In this work, we considered small amplitude motions (superimposed on finite deformations); therefore, the presented results
cannot be fully applied for finite amplitude elastic waves propagating in soft microstructured materials. This can be potentially an
interesting direction of future research. Another aspect is the influence of the direction of elastic wave propagation. We fully address
this aspect in the analysis of long waves considering any direction of wave propagation and any applied deformations. However, our
analysis of elastic wave band gaps focuses on the normal direction of wave propagation, and the consideration of oblique elastic
waves would require different techniques such as Bloch–Floquet numerical analysis or transfer matrix methods. Finally, we note that
a consideration of dissipation can potentially improve the accuracy of the predictions, especially for the composites with constituents
characterized by strong damping effects (Babaee et al., 2015).
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Shear Wave Propagation
and Band Gaps in Finitely
Deformed Dielectric Elastomer
Laminates: Long Wave
Estimates and Exact Solution
We analyze small amplitude shear waves (SWs) propagating in dielectric elastomer (DE)
laminates subjected to finite deformations and electrostatic excitations. First, we derive
long wave estimates for phase and group velocities of the shear waves propagating in
any direction in DE laminates subjected to any homogenous deformation in the presence
of an electric filed. To this end, we utilize a micromechanics-based energy potential for
layered media with incompressible phases described by neo-Hookean ideal DE model.
The long wave estimates reveal the significant influence of electric field on the shear
wave propagation. However, there exists a configuration, for which electric field does not
influence shear waves directly, and can only alter the shear waves through deformation.
We study this specific configuration in detail, and derive an exact solution for the steady-
state small amplitude waves propagating in the direction perpendicular to the finitely
deformed DE layers subjected to electrostatic excitation. In agreement with the long
wave estimate, the exact dispersion relation and the corresponding shear wave band
gaps (SBGs)—forbidden frequency regions—are not influenced by electric field. How-
ever, SBGs in DE laminates with highly nonlinear electroelastic phases still can be
manipulated by electric field through electrostatically induced deformation. In particular,
SBGs in DE laminates with electroelastic Gent phases widen and shift toward higher fre-
quencies under application of an electric field perpendicular to the layers. However, in
laminates with neo-Hookean ideal DE phases, SBGs are not influenced either by electric
field or by deformation. This is due to the competing mechanisms of two governing
factors: changes in geometry and material properties induced by deformation. In this
particular case, these two competing factors entirely cancel each other.
[DOI: 10.1115/1.4037159]

Keywords: dielectric elastomers, layered materials, wave propagation, finite deforma-
tions, band gaps

1 Introduction

Dielectric elastomers (DEs) can develop large deformations
when excited by an external electric field [1]. Therefore, these
artificial muscles are of great interest for various applications,
such as soft robotics [2], various actuators [3,4], energy generators
[5,6], to name a few. It has been recently shown that large defor-
mations can significantly influence wave propagation even in rela-
tively simple deformable materials without electromechanical
coupling [7–10]. In turn, DEs offer a way to manipulate elastic
waves via application of an external electric field. Thus, for exam-
ple, the effect has been used to control wave propagation in
homogenous DEs [11–13]. Moreover, microstructured DEs hold
even greater potential for active control of elastic waves by an
electric field [14,15]. Hence, investigation of wave propagation in
composite DEs opens new possibilities in improving of small
length-scale devices, for example, micro-electromechanical sys-
tems, where an electric field is the preferred operated variable.

Following the work of Toupin [16], the theory of nonlinear
electroelasticity for homogeneous isotropic hyperelastic media

has been revised recently by Dorfmann and Ogden [17], McMeek-
ing and Landis [18], and Suo et al. [19]. More recently, Cohen
et al. [20] proposed a model based on considerations of polymer
networks under electromechanical loadings. Motivated by poten-
tial enhancement of electromechanical coupling, which is typi-
cally rather weak in DEs, microstructured DEs have been
explored [21–23] showing significant potential of this approach.
We note that microstructured DEs may develop instabilities at
different length scales [24–28].

The analysis of small amplitude wave propagation in finitely
deformed nonlinear electroelastic materials in the presence of an
electric field in the frame of the quasi-electrostatic approximation
was presented by Dorfmann and Ogden [29]. This paper has been
followed by a number of works on elastic wave propagation in
finitely deformed homogenous and composite DEs [11–13,30].
Note that layered DEs are of specific importance since they may
be realized through various layer-by-layer material fabrication
techniques, which already allow manufacturing of deformable lay-
ered materials across length scales [31–33]. However, the existing
literature on elastic wave propagation in finitely deformed DE
laminates in the presence of an electric field reports some contra-
dictory results. In particular, Shmuel and deBotton [30] consid-
ered shear wave band gap (SBGs) structures in DE laminates with
ideal dielectric neo-Hookean incompressible phases, and they
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reported that these SBGs alter under application of an external
electric field. However, our results clearly show that the SBGs in
the neo-Hookean DE laminates are not influenced either by elec-
tric field or by induced deformation. We note that our results
agree with the exact solution for the long waves in DE laminates.
Moreover, the derived dispersion relation reduces to the classical
result for linear elastic layered media [34] in the absence of an
electric field and deformation. We should note that Shmuel and
deBotton [35] have just published the corrigendum reporting that
the SBGs in the neo-Hookean DEs are shifted by electric field
toward higher frequencies. However, these new results by Shmuel
and deBotton [35] do not agree with the exact solution for long
waves and with the exact solution for any wavelengths as detailed
in the Appendix.

To shed light on the influence of electric field on shear waves in
DE laminates, we analyze small amplitude shear wave propagat-
ing in DE layered media comprised of two alternating isotropic
incompressible electroelastic phases. First, we derive the long
wave estimates for phase and group velocities of shear waves
propagating in any direction in DE laminates undergoing any
homogenous deformation in the presence of an electric field. To
this end, we make use of an exact solution for finitely deformed
DE laminates allowing us to express an effective energy potential
in terms of microstructure parameters and physical properties
of the constituents. These estimates reveal the significant
dependence of the shear wave characteristics on electric field
and deformation. However, we found that there is a unique
configuration—when elastic waves propagate perpendicular to the
layers—for which phase and group velocities are independent of
electric field, and these acoustic characteristics can be influenced
only through electrostatically induced deformations. This holds
true for any direction of an applied electric field. Again, for any
other direction of propagation, the phase and group velocities
explicitly depend on electric field. We further analyze this specific
configuration and derive the dispersion relation for the small
amplitude shear waves propagating perpendicular to finitely
deformed layers with electric field applied perpendicular to the
layers. The derived dispersion relation is shown to be of the same
form as the relation for hyperelastic laminates [36] undergoing
finite deformations in the absence of an electric field. Thus, shear
waves propagating perpendicular to the layers in DE laminates are
not affected by electric field directly, and they can be influenced
by electric field only through induced deformations. Note that this
result is in full agreement with the exact solution for long waves.
Finally, we analyze SBGs in DE laminates by making use of the
derived dispersion relation. In particular, we show that SBGs
widen and shift up toward higher frequencies in DE laminates
with ideal dielectric Gent phases subjected to an electric field
through the thickness of the layers. Once again, SBGs in the DE
laminates with neo-Hookean ideal dielectric phases do not depend
on electric field.

2 Theoretical Background

To describe finite deformations of a continuous electroelastic
body occupying X0 and Xt domains in the reference and current
configurations, respectively, we introduce the deformation gradi-
ent FðX; tÞ ¼ @xðX; tÞ=@X, where X and x are position vectors in
the reference and current configurations, respectively. Then, the
Jacobian J � detF > 0 defines the volume change of the body
with respect to the reference state.

2.1 Electrostatics. In this work, we adopt the so-called quasi-
electrostatic approximation assuming the absence of magnetic
fields and neglecting electromagnetic interactions. Thus, in the
absence of free body charges and currents, the equations of elec-
trostatics in the current configuration read as

divD ¼ 0 and curlE ¼ 0 (1)

where D and E denote electric displacement and electric field
applied in the current configuration, respectively. Here and there-
after, the differential operators with the first low-case letter refer
to the current configuration, while the differential operators with
the first upper-case letter refer to the reference configuration.

In the reference configuration, the equations of electrostatics
read as

DivDL ¼ 0 and CurlEL ¼ 0 (2)

where

DL ¼ JF�1 � D and EL ¼ FT � E (3)

are the Lagrangian counterparts of D and E, respectively.

2.2 Mechanical Balance Laws. In the absence of body
forces, the linear and angular momentum balance for an electroe-
lastic material are

divs ¼ qx;tt and s ¼ sT (4)

where s represents the total Cauchy stress tensor and q is the mass
density of the material in the current configuration.

In Lagrangian description, the balance equations (4) read as

DivP ¼ q0x;tt and P � FT ¼ F � PT (5)

where

P ¼ Js � F�T and q0 ¼ Jq (6)

are the first Piola–Kirchhoff total stress tensor and the mass den-
sity of the material in the reference configuration, respectively.

2.3 Constitutive Equations. To model nonlinear behavior of
DEs, we consider an energy potential wðF;DLÞ, as introduced in
Dorfmann and Ogden [17]. The strain energy-density potential is
a function of deformation gradient F and Lagrangian counterpart
of electric displacement DL. Then, for an electroelastic material,
the first Piola–Kirchhoff total stress tensor and Lagrangian
counterpart of electric field are given by

P ¼ @w
@F

and EL ¼
@w
@DL

(7)

For an incompressible material, J¼ 1, and the constitutive equa-
tions (7) modify as

P ¼ @w
@F
� pF�T and EL ¼

@w
@DL

(8)

where p denotes an unknown Lagrange multiplier.

2.4 Incremental Equations. For an electroelastic material,
the incremental constitutive equations for the first Piola–Kirchhoff
stress and Lagrangian electric field read as

_P ¼ C0 : _F þM0 � _DL and _EL ¼ _F :M0 þK0 � _DL (9)

respectively. Here, the superposed dot represent incremental
changes in the corresponding variables; C0;M0, and K0 are the
tensors of electroelastic moduli defined as

C0 ¼
@2w
@F@F

; M0 ¼
@2w
@F@DL

and K0 ¼
@2w

@DL@DL
(10)

For an incompressible material, the incremental equations (9) read
as
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_P ¼ C0 : _F þ pF�T � _F
T � F�T � _pF�T þM0 � _DL and

_EL ¼ _F :M0 þK0 � _DL

(11)

2.5 Incremental Motions Superimposed on Finite
Deformation in the Presence of an Electric Field. In the frame
of the updated Lagrangian formulation, the incremental forms of
the governing Eqs. (2) and (5)1, describing small motions super-
imposed on finite deformation, transform to

div _DL? ¼ 0; curl _EL? ¼ 0; and div _P? ¼ q _x;tt (12)

where

_DL? ¼ J�1F � _DL; _EL? ¼ F�T � _EL; and _P? ¼ J�1 _P � FT (13)

are the so-called push-forward versions of _DL, _EL, and _P, respec-
tively. Identifying the field of incremental displacements as u ¼ _x
and then displacement gradient as H ¼ gradu ¼ _F � F�1, we
obtain the following updated incremental relations (9):

_P? ¼ C : HþM � _DL? and _EL? ¼ H :MþK � _DL? (14)

where

Cirks ¼ J�1C0ijklFrjFsl; Mirk ¼M0ijmFrjF
�1
mk and

K ¼ JF�T �K0 � F�1
(15)

are the updated tensors of electroelastic moduli, possessing the
following symmetries:

Cirks ¼ Cksir; Mirk ¼Mrik; and K ¼ KT (16)

For an incompressible material, the incremental equations (14)
read as

_P? ¼ C : Hþ pHT � _pIþM � _DL? and

_EL? ¼ H :MþK � _DL?

(17)

moreover, the incompressibility assumption implies

trH � div u ¼ 0 (18)

2.6 Plane Waves in Incompressible DEs Subjected to
Electromechanical Loading. We seek for solution of Eq. (12) in
the form of plane waves with constant polarizations [29]

u ¼ gf ðn � x� ctÞ; _DL? ¼ dgðn � x� ctÞ; and

_p ¼ Pðn � x� ctÞ
(19)

where f, g, and P are arbitrary twice continuously differentiable,
continuously differentiable, and continuous functions, respec-
tively; the unit vectors g and d represent polarization vectors of
mechanical and electrical displacements, respectively; the unit
vector n denotes the direction of wave propagation; and c is the
phase velocity of the wave.

Substitution of Eqs. (17) and (19) into Eqs. (12) and (18) yields

Â � g ¼ qc2g and g � n ¼ 0 (20)

where Â is the so-called generalized acoustic tensor defining the
condition of propagation of plane elastic waves in an incompressi-
ble electroelastic solid. The generalized acoustic tensor for an
electroelastic material with an arbitrary energy potential wðF;DLÞ
can be calculated as follows [37]:

Â ¼ Q̂ � 2

trK̂ð Þ2 � trK̂
2

R̂ � trK̂ð ÞÎ � K̂ð Þ � R̂T
(21)

where

Î ¼ I� n� n (22)

is the projection on the plane normal to n; K̂ ¼ Î �K � Î;
Q̂ ¼ Î �Q � Î and R̂ ¼ Î � R � Î, where

Qik ¼ Cijklnjnl and R ¼ n �M (23)

Note that the generalized acoustic tensor Â is symmetric. Recall
that an incompressible electroelastic material is strongly elliptic

(stable), if its generalized acoustic tensor Â is positively defined,

i.e., g � Â � g > 0 for any unit vectors n and g satisfying the
incompressibility constraint (J¼ 1) n � g ¼ 0 along an electrome-
chanical loading path defined through a combination of DL and F.

3 Analysis and Results

Consider periodic laminates made out of two isotropic incom-

pressible alternating ideal DE phases with volume fractions vðaÞ

and vðbÞ ¼ 1� vðaÞ. Here and thereafter, the fields and parameters

of the phases are denoted by superscripts ð•ÞðaÞ and ð•ÞðbÞ, respec-
tively. Geometrically, the layers are characterized by their thick-

nesses HðaÞ ¼ vðaÞH and HðbÞ ¼ vðbÞH, where H is the period of
the undeformed laminate (see Fig. 1(a)). In the deformed lami-
nates (see Fig. 1(b)), the layer thicknesses change as follows:

hðaÞ ¼ kðaÞ2 HðaÞ; hðbÞ ¼ kðbÞ2 HðbÞ; and h ¼ �k2H (24)

where �k2 ¼ vðaÞkðaÞ2 þ vðbÞkðbÞ2 and kða;bÞ2 are the stretch ratios in the
direction e2 for phases a and b, respectively.

Fig. 1 Schematic representation of the undeformed (a) and
subjected to the electromechanical load (b) periodic layered
material with alternating phases a and b. A unit cell (c);
(e1; e2; e3) is the orthonormal basis.
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The macroscopically applied electromechanical loads are

expressed in terms of the average deformation gradient �F and

Lagrangian electric displacement �DL, namely

�F ¼ vðaÞFðaÞ þ vðbÞFðbÞ and �DL ¼ vðaÞD
ðaÞ
L þ vðbÞD

ðbÞ
L (25)

The continuity of the displacements along the interface between
the layers yields condition for the deformation gradients FðaÞ and
FðbÞ

ðFðaÞ � FðbÞÞ � q ¼ 0 (26)

and the continuity of the tractions across the interface between the
layers yields

ðPðaÞ � PðbÞÞ �m ¼ 0 (27)

where unit vector m denotes the initial lamination direction (see
Fig. 1(a)), and q is an arbitrary unit vector perpendicular to m. In
the absence of free charges at the interfaces, the jump conditions
for Lagrangian electric displacement and electric field are

ðDðaÞL � D
ðbÞ
L Þ �m ¼ 0 and ðEðaÞL � E

ðbÞ
L Þ �m ¼ 0 (28)

In the current configuration, the interface jump conditions (27)
and (28) read as

ðsðaÞ � sðbÞÞ �m ¼ 0; ðDðaÞ � DðbÞÞ �m ¼ 0 and

ðEðaÞ � EðbÞÞ �m ¼ 0
(29)

3.1 Long Wave Estimates for DE Laminates Under
Electromechanical Loads. Let us consider DE laminates with
isotropic incompressible dielectric phases described by the neo-
Hookean ideal dielectric model, namely

w nð Þ ¼ l nð Þ

2
F nð Þ : F nð Þ � 3ð Þ þ 1

2e nð Þ D
nð Þ

L � C nð Þ � D nð Þ
L (30)

where lðnÞ and eðnÞ are the shear modulus and the electric permit-

tivity in the undeformed state, respectively; C ¼ FT � F is the right
Cauchy–Green tensor. Under the incompressibility assumption, a
closed-form exact solution for finitely deformed periodic layered
electroactive materials with neo-Hookean ideal dielectric phases
can be derived [21,24–26]. By utilizing the exact analytical solu-
tion, an effective free energy function can be constructed [37]

w �F; �DL

� �
¼ �l

2
�F : �F � 3ð Þ � �l � l^

2
m � �C �m� 1

m � �C
�1 �m

� �

þ 1

2�e
�DL � �C � �DL þ

1

2

1

e
^
� 1

�e

� � �DL �mð Þ2

m � �C
�1 �m

(31)

where �C ¼ �F
T � �F is the average right Cauchy–Green tensor, and

�l ¼ v að Þl að Þ þ v bð Þl bð Þ and l^ ¼ v að Þ

l að Þ þ
v bð Þ

l bð Þ

 !�1

(32)

�e ¼ v að Þe að Þ þ v bð Þe bð Þ and e
^ ¼ v að Þ

e að Þ þ
v bð Þ

e bð Þ

 !�1

(33)

The generalized acoustic tensor (21) corresponding to the free
energy function (31) takes the form

Âðn; �F; �DLÞ ¼ A1 Î þ A2ðÎ � �F�T �mÞ � ðÎ � �F�T �mÞ (34)

where

A1 ¼ �lðn � �B � nÞ þ ðl^ � �lÞðn � �F �mÞ2 (35)

and

A2 ¼
�l � l^

a2

4b2

a
� 1

� �
� 1

e
^
� 1

�e

� �

�
�DL �mð Þ2

a2
� 4

c

�DL �mð Þ2b2

a2
þ 1

4
n � �F � �DLð Þ2

  

�
�DL �mð Þ n � �F � �DLð Þb

a

��
(36)

where �B ¼ �F � �FT
is the average left Cauchy–Green tensor,

a ¼ m � �C
�1 �m, b ¼ n � �F�T �m, and c ¼ a�e=e

^ þ b2ð1� �e=e
^ Þ.

One can show that the generalized acoustic tensor (34) has the fol-
lowing eigenvalues in the two-dimensional space normal to n:

a1 ¼ A1 and a2 ¼ A1 þ A2ða� b2Þ (37)

In general, we have two distinct shear waves propagating in
finitely deformed DE laminates in the presence of an electric field.
The corresponding phase velocities are

�cð1Þsw ¼
ffiffiffiffiffiffiffiffiffiffi
a1=�q

p
and �cð2Þsw ¼

ffiffiffiffiffiffiffiffiffiffi
a2=�q

p
(38)

where �q ¼ vðaÞqðaÞ þ vðbÞqðbÞ is the average density of the lami-

nate. Remarkably, the first shear wave phase velocity �c
ð1Þ
sw is

explicitly independent of the electric field; moreover, it coincides
with the phase velocity of the corresponding shear wave propagat-
ing in finitely deformed laminate in the absence of an electric field

[36]. However, the second shear wave phase velocity �c
ð2Þ
sw depends

explicitly on electric field.
Let us consider some particular cases, where for simplicity, we

set

m ¼ e2 and �F ¼ �k1e1 � e1 þ �k2e2 � e2 þ �k3e3 � e3 (39)

First, we study shear waves propagating perpendicular to layers,
i.e., n ¼ e2. Regardless of the value and the direction of the
applied electric displacement, the phase velocities of both shear
waves are identical and independent of electric quantities, namely

�csw ¼ �cð1Þsw ¼ �cð2Þsw ¼ �k2

ffiffiffiffiffiffiffiffiffiffi
l^ =�q

q
(40)

Thus, the phase velocities (40) depend on electric field only if
�k2 ¼ �k2ð�DLÞ.

Second, we apply an electric field along the layers,

�DL ¼ �DL

ffiffiffiffiffiffiffi
�le
^

q
e1, and study shear waves propagating along the

layers. Thus, for wave propagation in the same direction as the
applied electric field (n ¼ e1), the phase velocities of the shear
waves are distinct, and one of them depends on the electric field,
namely

�cð1Þsw ¼ �k1

ffiffiffiffiffiffiffiffiffi
�l=�q

p
ðgð1Þ ¼ e3Þ (41)

and

�c 2ð Þ
sw ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�k

2

2

l^

�l
�1

 !
þ�k

2

1 1þ �D
2
L

e
^

�e
1� e

^

�e

� �� � !
�l
�q

vuut
g 2ð Þ ¼ e2

� �
(42)
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However, for wave propagation perpendicular to the electric field
(n ¼ e3), the phase velocities of the shear waves are distinct and
independent of electric field, namely

�cð1Þsw ¼ �k3

ffiffiffiffiffiffiffiffiffi
�l=�q

p
ðgð1Þ ¼ e1Þ (43)

and

�c 2ð Þ
sw ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�k

2

2

l^

�l
� 1

 !
þ �k

2

3

 !
�l
�q

vuut
g 2ð Þ ¼ e2

� �
(44)

Third, we apply an electric field perpendicular to the layers

( �DL ¼ DL

ffiffiffiffiffiffiffi
�le
^

q
e2) and analyze shear wave propagation along the

layers (n ¼ e1;3). In this case, the phase velocities of shear waves
are different, and the phase velocity of the so-called in-plane shear

wave (with polarization gð2Þ ¼ e2) depends explicitly on electric
field, i.e.,

�cð1Þsw ¼ �k1;3

ffiffiffiffiffiffiffiffiffi
�l=�q

p
ðgð1Þ ¼ e3;1Þ (45)

and

�c 2ð Þ
sw ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�k

2

1;3 þ �k
2

2

l^

�l
� 1� D2

L 1� e
^

�e

� � ! !
�l
�q

vuut
g 2ð Þ ¼ e2

� �
(46)

Now, let us consider the example when deformation of DE lam-
inates is induced by an electric field applied perpendicular to the
layers, i.e.,

m ¼ e2; �DL ¼ DL

ffiffiffiffiffiffiffi
�le
^

q
e2; and

�s ¼ vðaÞsðaÞ þ vðbÞsðbÞ ¼ 0

(47)

Then, the symmetry of the problem in the plane he1; e3i, the
incompressibility assumption, and the continuity condition for dis-
placements along interfaces between the layers (26) yield the
average deformation gradient in the form

�F ¼ ke2 � e2 þ k�1=2ðI� e2 � e2Þ (48)

The total Cauchy stress and electric field within each phase are

sðnÞ ¼ lðnÞBðnÞ þ ðeðnÞÞ�1
DðnÞ � DðnÞ � pðnÞI and EðnÞ ¼ DðnÞ=eðnÞ

(49)

where in our case, DðnÞ ¼ D2e2 ¼ kDL

ffiffiffiffiffiffiffi
�le
^

q
e2 and BðnÞ ¼ k2e2

� e2 þ k�1ðI� e2 � e2Þ. Hence

sðnÞ11 ¼ sðnÞ33 ¼ lðnÞk�1 � pðnÞ and

sðnÞ22 ¼ lðnÞk2 þ ðeðnÞÞ�1�le
^

k2D2
L � pðnÞ

(50)

The continuity condition (29)1 and (47)3 yield

sðaÞ22 ¼ sðbÞ22 ¼ 0 and vðaÞsðaÞ11 þ vðbÞsðbÞ11 ¼ 0 (51)

By solving the system of equations (51), we obtain an expression
for the induced stretch

k ¼ ð1þ D2
LÞ
�1=3

(52)

In terms of the Lagrangian electric field

�EL ¼ EL

ffiffiffiffi
�l

e
^

r
e2 (53)

where EL ¼ k2DL. Equation (52) reads as

E2
L ¼ kð1� k3Þ (54)

Equation (54) yields only one physically relevant solution,
namely

k ¼ 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12g�3 � 1

p� �
g

2
ffiffiffi
63
p (55)

where

g ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8
ffiffiffi
33
p

E2
Lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 27� 256E6

L

� �q
3

r þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 9þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 27� 256E6

L

� �q� �
3

svuuuut
(56)

Note that Eq. (54) yields expressions for the so-called limiting
electric field and the corresponding stretch induced by this field,
namely

Elim
L ¼

ffiffiffi
3
p

2
ffiffiffi
23
p ’ 0:687; klim ¼ 2�2=3 ’ 0:63; and

Dlim
L ¼

ffiffiffi
3
p
’ 1:732

(57)

Figure 2(a) shows the induced stretch (55) as the function of the
dimensionless Lagrangian electric field. Remarkably, the limiting

Fig. 2 Induced stretch as function of dimensionless Lagrangian (a) and Eulerian (b) electric
fields
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induced stretch klim ¼ 2�2=3 does not depend on composition of
the laminate and coincides with the limiting stretch for homogene-
ous DEs [38]. The induced stretch can be expressed as a function

of the Eulerian electric field, �E ¼ �F
�T � �EL ¼ E

ffiffiffiffiffiffiffiffiffiffi
�l=e

^

q
e2, where

E ¼ k�1EL. Thus, Eq. (54) reads as

E2 ¼ k�1 � k2 (58)

Figure 2(b) shows the induced stretch as the function of the nor-
malized true or Eulerian electric field as described by Eq. (58).
Analogously to the case of homogeneous DEs [38], the limiting
value of electric field may be interpreted as the starting point of
thinning down without limit, after the critical value of electric
field is reached, E � Elim ¼ 2�2=3

ffiffiffi
3
p

. Hence, in the continuation,
we present our examples for electric fields ranging from 0 up to
Elim.

For the considered electrostatically induced deformations (48)
and (52), the expressions for the phase velocities (40), (45), and
(46) read as

(1) n ¼ e2

�csw ¼ �cð1Þsw ¼ �cð2Þsw ¼ ð1þ D2
LÞ
�1=3

ffiffiffiffiffiffiffiffiffiffi
l^ =�q

q
(59)

(2) n ¼ e1;3

�cð1Þsw ¼ ð1þ D2
LÞ

1=6
ffiffiffiffiffiffiffiffiffi
�l=�q

p
ðgð1Þ ¼ e3;1Þ (60)

and

�c 2ð Þ
sw ¼ 1þ D2

L

� ��1=3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ D2

L

e
^

�e
�l

l^

 !
l^

�q

vuut g 2ð Þ ¼ e2

� �
(61)

Note that if lðaÞ=lðbÞ ¼ eðaÞ=eðbÞ, then e
^
=�e ¼ l^ =�l; hence, for

lðaÞ=lðbÞ ¼ eðaÞ=eðbÞ, Eq. (61) reduces to

�cð2Þsw ¼ ð1þ D2
LÞ

1=6

ffiffiffiffiffiffiffiffiffiffi
l^ =�q

q
ðgð2Þ ¼ e2Þ (62)

Figure 3 shows the normalized phase velocities of the shear waves
(59)–(61) as functions of the dimensionless Lagrangian electric
displacement. We normalize the phase velocities by the corre-
sponding values in the absence of an electric field, i.e.,

�c0 ¼ �cswjDL¼0; therefore, all presented curves are valid for any

density contrasts qðaÞ=qðbÞ between the layers; moreover, thanks
to the normalization the dash-dotted gray curve, corresponding to
the wave propagating perpendicular to the layers, is valid for any
composition of DE laminates. The phase velocities of both shear
waves propagating perpendicular to the layers coincide and
monotonically decrease with an increase in electric displacement;
in particular, the phase velocities decrease by �37 % for D ¼
Dlim (see the dash-dotted gray curve in Fig. 3).

To illustrate the influence of electric field and direction of wave
propagation on the characteristics of elastic waves in the layered
DEs, we consider wave propagation in the plane he1; e2i, i.e.,
n ¼ cos u e1 þ sin u e2. Thus, the expression for the phase veloc-
ities (38) together with Eqs. (48) and (52) reduces to

�c 1ð Þ
sw uð Þ ¼ 1þ D2

L

� ��1=3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ D2

L

� �
cos2uþ l^

�l
sin2u

 !
�l
�q

vuut
(63)

and

�c 2ð Þ
sw uð Þ ¼ 1þD2

L

� ��1=3

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l^

�l
cos22uþ sin22uþD2

L cos2u
�e

e
^

cos2uþ sin2u
� ��1

 !
�l
�q

vuut
(64)

By making use of the explicit relations (63) and (64), we construct
the polar diagrams of slownesses �sswðuÞ ¼ 1=�cswðuÞ. Figure 4
shows an example of the slowness curves for the so-called out-of-
plane (with polarization g ¼ e3) and in-plane (with polarization
lying in the plane he1; e2i) shear waves in the DE laminates sub-
jected to an electric field applied perpendicular to the layers.
Remarkably, the slownesses of the in-plane shear waves increase
for any direction of wave propagation in DE laminates subjected
to an electric field, if contrast in electric permittivities is larger
than the contrast in shear moduli (see Fig. 4(d)).

The dispersion relations for long waves in the incompressible
DE laminates are derived from Eq. (38), and have the following
form:

�xð1Þsw ¼
ffiffiffiffiffiffiffiffiffiffi
b1=�q

p
and �xð2Þsw ¼

ffiffiffiffiffiffiffiffiffiffi
b2=�q

p
(65)

where

b1 ¼ �lðk � �B � kÞ þ ðl^ � �lÞðk � �F �mÞ2 (66)

and

b2 ¼ b1 þ ak2 � b2
k

� � �l � l^

a2

4b2
k

ak2
� 1

� �
� 1

e
^
� 1

�e

� �"

�
�DL �mð Þ2

a2
� 4

ck

�DL �mð Þ2b2
k

a2
þ 1

4
k � �F � �DLð Þ2

  

�
�DL �mð Þ k � �F � �DLð Þbk

a

��	
(67)

where k is the wave vector, k ¼ jkj is the wave number, bk ¼
k � �F�T �m and ck ¼ ak2�e=e

^ þ b2
kð1� �e=e

^ Þ.
Now, group velocity can be calculated as

vg ¼ rk �x (68)

From Eqs. (65) and (68), we obtain the explicit formulae for the
shear wave group velocities in homogenized DE laminates

Fig. 3 The phase velocities of shear waves (59)–(61) as func-
tions of the dimensionless electric displacement for laminates

with v (a) 5 0:2 and l(a)/l(b) 5 5. The phase velocities are nor-
malized by the corresponding values in the absence of electric
field.

091002-6 / Vol. 84, SEPTEMBER 2017 Transactions of the ASME

Downloaded From: http://appliedmechanics.asmedigitalcollection.asme.org/pdfaccess.ashx?url=/data/journals/jamcav/936374/ on 07/08/2017 Terms of Use: http://www.asme.org/about-asme/terms-of-use



v 1ð Þ
sw ¼

�l �B � nþ l^ � �l
� �

n � �F �mð Þ�F �mffiffiffiffiffiffiffiffi
�qa1

p (69)

and

v 2ð Þ
sw ¼

1ffiffiffiffiffiffiffiffi
�qa2

p �l �B � nþ l^ � �l
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� ���
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	��
(70)

where Dm ¼ �DL �m and FnD ¼ n � �F � �DL. We note that, for

m ¼ e2 and �F ¼ �k1e1 � e1 þ �k2e2 � e2 þ �k3e3 � e3, the absolute
values of the group velocities coincide with the phase velocities
for the waves propagating along the principal directions in the DE
laminates subjected to the electric field along or perpendicular to
the layers.

To illustrate the influence of electric field and direction of wave
propagation on the energy propagation in DE laminates, we con-
sider wave propagation in the plane he1; e2i, i.e., n ¼ cos u e1

þsin u e2. Recall that the outer normal to the slowness curve
defines the direction of the energy flow [39]. Thus, by assigning
the absolute value of the group velocity (i.e., jvswj) to the normal
to the slowness curve for all possible propagation directions, we
construct the polar diagrams for the group velocity or the energy
curves [39,40]. In particular, the expression for the group veloc-
ities (69) and (70) together with Eqs. (48) and (52) yields energy
curves shown in Fig. 5. Clearly, the group velocities of shear
waves (SWs) strongly depend on the propagation direction and
applied electric field. Application of electric field perpendicular to
the layers increases the group velocity of the out-of-plane SW
propagating along the layers and decreases it for SW propagating
perpendicular to the layers regardless of laminate composition
(see Figs. 5(a)–5(c)). While the group velocity of the in-plane SW
propagating along the layers can either decrease or increase with
application of electric field depending on the laminate composi-
tion (compare Figs. 5(d)–5(f)). Moreover, the energy curves of the
in-plane SWs have intersections, meaning that the absolute values
and directions of the group velocities coincide for two distinct
wave propagation directions. Remarkably, the position of these

Fig. 4 Slowness curves for the out-of-plane (a)–(c) and in-plane (d)–(f) shear waves propagating in the DE laminates with differ-
ent compositions subjected to electric field perpendicular to the layers. Scale is 0.4 per division, and slowness is normalized byffiffiffi

l
^

q
/�q. Note that the horizontal and vertical axes with the corresponding labels n1/�c and n2/�c serve for showing the principal

directions and physical quantity presented on the polar plot only.
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intersections changes with a change in the magnitude of the
applied electric field. It is worth noting also that the energy curves
of plane waves presented here may serve as a tool to define the
wave fronts of impulsive point source excited waves in homoge-
nized laminates [40,41]. In this case, the intersections of the
energy curves correspond to the regions of null energy [40].

3.2 Band Gap Structure. In this section, we consider lami-
nates with incompressible electroelastic phases describing by the
following energy potential:

w nð Þ F nð Þ;D nð Þ
L

� �
¼ w nð Þ

elas I nð Þ
1

� �
þ 1

2e nð Þ I nð Þ
5 (71)

where I1 ¼ trC ¼ F : F is the first invariant of the right
Cauchy–Green deformation tensor C ¼ FT � F, and I5 ¼ DL � C � DL

is the additional invariant accounting for the electromechanical cou-
pling. The tensors of electroelastic moduli (15) for energy potential
(71) are

C
nð Þ

ijkl ¼ 2 dikB nð Þ
lj w nð Þ

1 þ 2B nð Þ
ij B nð Þ

kl w nð Þ
11

� �
þ 1

e nð Þ dikD nð Þ
l D nð Þ

j ;

M nð Þ
ijk ¼

1

e nð Þ dikD
nð Þ

j þ djkD
nð Þ

i

� �
; K

nð Þ
ij ¼

1

e nð Þ dij

(72)

where wðnÞ1 ¼ @w
ðnÞ=@I

ðnÞ
1 and wðnÞ11 ¼ @w

ðnÞ
1 =@I

ðnÞ
1 .

We consider steady-state transversal small amplitude excita-
tions propagating perpendicular to the interface between the layers

(along the x2 direction, see Fig. 1(c)) in the laminate subjected to
macroscopically applied electromechanical loads

�F ¼ k1e1 � e1 þ k2e2 � e2 þ k3e3 � e3 and �DL ¼ DL

ffiffiffiffiffiffiffi
�le
^

q
e2

(73)

Here, we use the displacement continuity along the interface

between the layers (26) producing kðaÞ1 ¼ kðbÞ1 � k1 and kðaÞ3 ¼ kðbÞ3

� k3, and the incompressibility assumption yielding kðaÞ2 ¼ kðbÞ2

� k2. Following Tiersten [42], we assume that the incremental

fields uðnÞ; _D
ðnÞ
L? , and _pðnÞ depend on the coordinate x2 and time t

only. Under these assumptions, substitution of Eqs. (17), (18), and
(72) into Eq. (12) yields

@2u
nð Þ

1

@t2
¼ c nð Þ

sw

� �2 @2u
nð Þ

1

@x2
2

;
@ _p nð Þ

@x2

¼ 0; and
@2u

nð Þ
3

@t2
¼ c nð Þ

sw

� �2 @2u
nð Þ

3

@x2
2

(74)

where

cðnÞsw ¼ k2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2wðnÞ1

.
qðnÞ

r
(75)

Next, substitution of Eqs. (18), (72), and (73) into Eq. (17)
yields

Fig. 5 Energy curves for the out-of-plane (a)–(c) and in-plane (d)–(f) shear waves propagating in the DE laminates with different
compositions subjected to electric field perpendicular to the layers. Scale is 0.4 per division, where group velocity is normalized

by
ffiffiffi
�q
p

/l
^
. Note that the horizontal and vertical lines with the corresponding labels (n1v) and (n2v) serve for showing the principal

directions and physical quantity presented on the polar plot only.
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_P
nð Þ
?12 ¼ 2k2
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nð Þ

1
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nð Þ

1
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2
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2
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1
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_P
nð Þ
?22 ¼

2

e nð Þ D nð Þ
2

_D
nð Þ

L?2 � _p nð Þ
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nð Þ
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@u nð Þ
3

@x2

þ D nð Þ
2

e nð Þ D nð Þ
2

@u nð Þ
3

@x2

þ _D
nð Þ

L?3

 !
;
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nð Þ

L?3 ¼
1

e nð Þ D nð Þ
2

@u nð Þ
3

@x2

þ _D
nð Þ

L?3

 !

(76)

where D
ðnÞ
2 ¼ D2 according to Eq. (29)2.

The incremental jump conditions across the interface between
the layers (x2 ¼ 0) are

_P
ðaÞ
?12 ¼ _P

ðbÞ
?12;

_P
ðaÞ
?22 ¼ _P

ðbÞ
?22;

_P
ðaÞ
?32 ¼ _P

ðbÞ
?32;

_E
ðaÞ
L?1 ¼ _E

ðbÞ
L?1;

_E
ðaÞ
L?3 ¼ _E

ðbÞ
L?3;

_D
ðaÞ
L?2 ¼ _D

ðbÞ
L?2

(77)

Hence, substitution of Eq. (76) into Eq. (77) yields

w að Þ
1

@u
að Þ

1

@x2






x2¼0

¼ w bð Þ
1

@u bð Þ
1

@x2






x2¼0

;

w að Þ
1

@u
að Þ

3

@x2






x2¼0

¼ w bð Þ
1

@u bð Þ
3

@x2






x2¼0

;

_p bð Þ � _p að Þ ¼ D2
_DL?2

1

e bð Þ �
1

e að Þ

� �
(78)

We seek solution for Eq. (74)1 in the form

u
ðnÞ
1 ¼ AðnÞeiðkðnÞx2�xtÞ þ BðnÞeið�kðnÞx2�xtÞ (79)

where x represents the angular frequency, and kðnÞ ¼ x=cðnÞ is the
wave number. The perfect bonding between the layers implies

u
ðaÞ
1 jx2¼0 ¼ u

ðbÞ
1 jx2¼0 (80)

Then, the substitution of Eq. (79) into Eq. (80) yields

AðaÞ þ BðaÞ � AðbÞ � BðbÞ ¼ 0 (81)

Next, the substitution of Eq. (79) into Eq. (78)1 yields

w að Þ
1

c að Þ A að Þ � w að Þ
1

c að Þ B að Þ � w bð Þ
1

c bð Þ A bð Þ þ w bð Þ
1

c bð Þ B bð Þ ¼ 0 (82)

Two additional conditions for constants AðaÞ; BðaÞ; AðbÞ, and
BðbÞ are obtained from the periodicity consideration. Hence, we
adjust the form of the solution (79) to be the steady-state wave
expression with the same wave number k for both phases

u
ðnÞ
1 ¼ U

ðnÞ
1 ðx2Þeiðkx2�xtÞ (83)

where

U
ðnÞ
1 ðx2Þ ¼ AðnÞeiKðnÞ� x2 þ BðnÞe�iK

ðnÞ
þ x2 and K

ðnÞ
6 ¼ kðnÞ6k (84)

According to Floquet theorem, functions U
ðnÞ
1 ðx2Þ must be peri-

odic with the period equal to the length of the unit cell (see

Fig. 1(c)), namely h ¼ hðaÞ þ hðbÞ

U
ðaÞ
1 ð�hðaÞÞ ¼ U

ðbÞ
1 ðhðbÞÞ (85)

Thus, substitution of Eq. (84) into Eq. (85) yields

e�iKðaÞ� hðaÞAðaÞ þ eiK
ðaÞ
þ hðaÞBðaÞ � eiKðbÞ� hðbÞAðbÞ � e�iK

ðbÞ
þ hðbÞBðbÞ ¼ 0

(86)

Next, substituting Eq. (83) and _D
ðnÞ
L?1 ¼ d

ðnÞ
1 ðx2Þeiðkx2�xtÞ into

Eq. (76)1, we obtain

_E
nð Þ

L?1 x2; tð Þ ¼ E nð Þ
1 x2ð Þei kx2�xtð Þ;

E nð Þ
1 x2ð Þ ¼

1

e nð Þ D2

ix

c nð Þ A nð ÞeiK nð Þ
� x2 � B nð Þe�iK

nð Þ
þ x2

� �
þ d

nð Þ
1 x2ð Þ

� �
(87)

and

_P
nð Þ
?12 x2; tð Þ ¼ P nð Þ

1 x2ð Þei kx2�xtð Þ;

P nð Þ
1 x2ð Þ ¼ 2k2

2w
nð Þ

1

ix

c nð Þ A nð ÞeiK nð Þ
� x2 � B nð Þe�iK

nð Þ
þ x2

� �
þ D2E nð Þ

1 x2ð Þ
(88)

where according to Floquet theorem

PðaÞ1 ð�hðaÞÞ ¼ PðbÞ1 ðhðbÞÞ; EðaÞ1 ð�hðaÞÞ ¼ EðbÞ1 ðhðbÞÞ;
d
ðaÞ
1 ð�hðaÞÞ ¼ d

ðbÞ
1 ðhðbÞÞ

(89)

Finally, substitution of Eq. (88) into Eq. (89) yields

w að Þ
1

c að Þ e�iK að Þ
� h að Þ

A að Þ � w að Þ
1

c að Þ eiK
að Þ
þ h að Þ

B að Þ � w bð Þ
1

c bð Þ eiK bð Þ
� h bð Þ

A bð Þ

þ w bð Þ
1

c bð Þ e�iK bð Þ
þ h bð Þ

B bð Þ ¼ 0 (90)

System of equations (81), (82), (86), and (90) has a nontrivial
solution if

det

1 1 �1 �1
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1
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c bð Þ e
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2
66666666664

3
77777777775
¼0

(91)

One can show that Eq. (91) together with Eq. (75) reduces to

cos kh ¼ cos
xh að Þ

c að Þ

� �
cos

xh bð Þ

c bð Þ

 !

� 1

2

q að Þc að Þ

q bð Þc bð Þ þ
q bð Þc bð Þ

q að Þc að Þ

 !
sin

xh að Þ

c að Þ

� �
sin

xh bð Þ

c bð Þ

 !
(92)

describing the dispersion relation x ¼ xðkÞ with cðnÞ and hðnÞ

being functions of deformation, which can be induced by electric
field or otherwise, for example, purely mechanically. The
obtained dispersion relation fully agrees with the exact solution
for long waves (40) propagating perpendicular to the layers in
electroelastic laminates, clearly showing that shear wave propaga-
tion is independent of electric field for this configuration. We note
that the dispersion relation (92) is different from those presented
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by Shmuel and deBotton [30,35] as detailed in the Appendix.
Moreover, the dispersion relation (92) has the same form as the
classical result for purely elastic laminates [34], if no deformation
is applied. Recently, the dispersion relation by Rytov [34] has
been extended to account for finite deformations in purely
mechanical hyperelastic laminates [36]. Remarkably, the disper-
sion relation (92) is identical to the one considered in Galich et al.
[36] for the purely mechanical problem; the only difference,
which, however, does not affect the way how SBGs change, is
that here the deformation is induced by an electric field. Thus, the
analysis and conclusions of Galich et al. [36] can be fully applied
here. In particular, Galich et al. [36] showed that SBGs do not
depend on deformation in laminates with neo-Hookean phases.
This is due to the fact that the two main factors—changes in the
geometry and phase velocity induced by deformation—
completely cancel each other [36]. This is again in contradiction
with the conclusions of Shmuel and deBotton [30,35], and Shmuel
and Band [43]; these works utilized different dispersion relations,
but all arrived at the conclusions that SBGs are tunable by an elec-
tric field [30,35] or by deformation [43] in neo-Hookean ideal
dielectric or purely mechanical neo-Hookean laminates, respec-
tively. Once again, the SBGs do not depend either on deformation
or on electric field in the neo-Hookean ideal dielectric or purely
mechanical neo-Hookean laminates.

To achieve electric field (or deformation)-induced tunability of
the SBGs, one should consider laminates with phases exhibiting
stronger stiffening, for example, Arruda–Boyce [44] or Gent [45]
phases. To illustrate this, we consider laminates with electroelastic
phases describing by the energy potential (71) with Gent elastic
part [45]

w nð Þ
elas F nð Þð Þ ¼ � l nð ÞJ nð Þ

m

2
ln 1� I nð Þ

1 � 3

J
nð Þ

m

 !
(93)

where JðnÞm is the dimensionless parameter defining the lock-up

stretch ratio, such that in the limit ðIðnÞ1 � 3Þ ! JðnÞm , the strain

energy becomes unbounded. Recall that the stiffening effects
describing by the Gent model, which is an approximation of the
Arruda–Boyce model [44], refer to finite extensibility of polymer
chains. For DE laminates with electroelastic Gent phases sub-
jected to the electric field perpendicular to the layers (as defined
in Eq. (47)), the relation between the induced stretch and Lagran-
gian electric displacement is

DL ¼ k�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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�l
J

að Þ
m v að Þl að Þ

2� 3þ J
að Þ

m

� �
kþ k3

þ J bð Þ
m v bð Þl bð Þ

2� 3þ J bð Þ
m

� �
kþ k3

 !vuut
(94)

Substitution of Eq. (93) into Eq. (75) yields [8]

c
nð Þ

G ¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

nð Þ
m

3þ J
nð Þ

m � k2 � 2k�1

l nð Þ

q nð Þ

s
(95)

Next, by making use of Eqs. (94), (95), (24), and (92), SBG struc-
tures can be constructed for electroelastic laminates subjected to
the electric field perpendicular to the layers. Figures 6(a)–6(c)
show the SBGs as functions of the Lagrangian electric displace-
ment applied perpendicular to the layers for wave propagating
perpendicular to the layers in the DE laminates with the Gent elec-
troelastic phases. Thanks to the specific normalization of the

Lagrangian electric displacement, namely �DL ¼ DL

ffiffiffiffiffiffiffi
�le
^

q
e2, the

presented band gaps correspond to DE laminates with any contrast

in electric permittivities eðaÞ=eðbÞ between the layers. The lock-up
stretch for Jm ¼ 0:5 is klock ’ 0:65. Application of DL ¼ 3:5 leads
the contraction of the considered DE laminates down to k ’ 0:68.
Clearly, the application of the electric field perpendicular to the
layers widens and shifts SBGs up to the higher frequencies. In
particular, the application of the Lagrangian electric displacement

of DL ¼ 3:5 to the laminate with vðaÞ ¼ 0:5 and lðaÞ=lðbÞ ¼ 10
shifts the lower boundary of the first SBG from fn ¼ 0:41 up to

Fig. 6 Shear wave band gaps as functions of dimensionless Lagrangian electric displacement for waves propagating perpen-
dicular to the layers. The band gap structures are true for any contrast in electric permittivities e(a)/e(b) between the layers. The

locking parameters for Gent phases are J
(a)
m 5 J

(b)
m 5 0:5. The densities of the layers are identical, i.e., q(a)/q(b) 5 1. Frequency is

normalized as fn 5 (xH /2p)

ffiffiffiffiffiffiffiffi
�q/l

^

q
.
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fn ¼ 0:95 and widens it from Dfn ¼ 0:26 up to Dfn ¼ 0:62 (see
Fig. 6(b)). Once again, these changes in SBGs occur due to
electrostatically induced deformation. As a comparison, Figs.
6(d)–6(f) show the SBGs as functions of the Lagrangian electric
displacement applied perpendicular to the layers for the waves
propagating perpendicular to the layers in the DE laminates with
the neo-Hookean electroelastic phases. Recall that for the neo-
Hookean dielectric elastomer laminates, the normalized limiting

electric displacement is constant, i.e., Dlim
L ¼

ffiffiffi
3
p

, while for the
Gent dielectric elastomer laminates, the limiting electric field
depends on the on the locking parameter Jm. Note that for the
Gent DE laminates discussed in Fig. 6, the limiting electric fields
are higher than the ones needed to reach the lock-up stretches.
Finally, we note that the influence of stiffening effects on band
gap structures in finitely deformed incompressible and compressi-
ble layered materials was thoroughly analyzed by Galich et al.
[36]. The only difference is that here we induce deformation by
application of an electric field.

4 Conclusion

We considered shear wave propagation in electroelastic layered
media subjected to finite deformations and electric fields. First,
we derived the long wave estimates—the exact solution for the
long waves—for phase and group velocities of shear waves propa-
gating in the laminates with electroelastic neo-Hookean phases.
The derived formulae are expressed in terms of the volume frac-
tions and electroelastic constants of the phases. Moreover, these
long wave estimates are given for any direction of wave propaga-
tion, and for any applied electric field and homogenous finite
deformations. Furthermore, we have found that the shear wave
propagation perpendicular to the layers depends on electric field
only though the induced deformation.

Second, we derived the dispersion relations for the shear waves
propagating perpendicular to the layers in the laminates with
incompressible hyperelastic ideal dielectric phases, described by
the energy potential (71). Consistently with the long wave esti-
mates, the derived dispersion relation is independent of electric
field, and the dispersion relation has the same form as its analog
for the purely elastic laminates. The dispersion relation shows that
SBGs in the electroelastic laminates are tunable by an electric
field only through induced deformation. In particular, the applica-
tion of an electric field to the DE laminates with electroelastic
Gent phases widens and shifts SBGs toward higher frequencies.
However, SBGs do not depend on deformation (induced by an
electric field or mechanically) in DE laminates with electroelastic
neo-Hookean phases. Finally, we emphasize that consideration of
dissipation can potentially improve the accuracy of the predic-
tions, especially for the composites with constituents character-
ized by strong damping effects [46].
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Appendix: Comparison of Dispersion Relation, Exact

Solution for Long Waves, and Results by Shmuel and

deBotton

Figure 7 shows a comparison of the exact solution for long
waves (59), dispersion relation (92), and the results reported by
Shmuel and deBotton [30,35]. For clarity, we normalize the wave

vector and frequency as in Shmuel and deBotton [30]. The DE
laminate is subjected to the electrostatic excitation of DL ¼ 1:27
(corresponding to D̂ ¼ 1:5 in Shmuel and deBotton [30,35]). The
continuous black and dotted blue curves correspond to the exact
solution for long waves (59) and dispersion relation (92), respec-
tively. The dotted and dashed red curves refer to the results
reported by Shmuel and deBotton [30] (see Fig. 8(a) therein) and
the results presented in Shmuel and deBotton [35] (see Fig. 7(b)
therein), respectively. We observe that the curves for dispersion
relation (92) and exact solution for long waves (59) overlap, while
the dispersion curves from Shmuel and deBotton [30,35] signifi-
cantly differ from the exact solution for long waves.

Fig. 7 Comparison of the exact solution for long waves (59),
dispersion relation (92), and results reported by Shmuel and
deBotton [30,35] for the shear waves propagating perpendicular
to the layers in the laminates with incompressible ideal DE
neo-Hookean phases subjected to electric field perpendicular
to layers, namely DL 5 1:27. The laminate is made of VHB-4910
and ELASTOSIL RT-625: v(a) 5 0.5, l(a)/l(b) 5 1.19, e(a)/e(b) 5 1.74,
and q(a)/q(b) 5 0.94, where l(b) 5 342 kPa, e(b) 5 2.7, and
q(b) 5 1020 kg/m3.

Fig. 8 Comparison of the exact solution for long waves (59), dis-
persion relation (92), and dispersion relation by Shmuel and
deBotton [35] for the waves propagating perpendicular to the
layers in the laminates with incompressible neo-Hookean phases
subjected to electric field perpendicular to layers, namely,

DL 5 0:37; v (a) 5 0:8; l(a)/l(b) 5 e(a)/e(b) 5 20, and q(a)/q(b) 5 1
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For completeness, we show a comparison of the exact solution
for long waves (59), dispersion relation (92), and dispersion rela-
tion reported by Shmuel and deBotton [35] for the DE laminates
with a more pronounced dispersion. In particular, the comparison
is shown for the DE laminates with incompressible neo-Hookean

phases with vðaÞ ¼ 0:8, lðaÞ=lðbÞ ¼ eðaÞ=eðbÞ ¼ 20, and qðaÞ=qðbÞ ¼ 1
in Fig. 8. The laminate is subjected to the electric field perpendicular

to the layers, namely, DL ¼ 0:37 (corresponding to D̂ ¼ 3 in the
notation of Shmuel and deBotton [35]). We observe that dispersion
relation (92) and the exact solution for long waves (59) are in excel-
lent agreement for the corresponding wavelengths, whereas the
results reported by Shmuel and deBotton [35] produce significantly
different results from the exact solution for long waves (59) even in
the long wave limit of kh! 0. In particular, for this case, the phase
velocity predicted by the exact solution (59) significantly differs
from the phase velocity calculated from the dispersion relation by

Shmuel and deBotton [35] by a factor of 2, namely, �cðSDÞ ’ 2�csw.
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We investigate the propagation of shear waves in finitely deformed 3D fiber-reinforced composites. We 

employ a micromechanics based approach and derive explicit expressions for the phase and group ve- 

locities of the shear waves in the long wave limit. Thus, we obtain the important characteristics of the 

shear waves in terms of the volume fractions and material properties of the constituents. We find that 

the phase and group velocities significantly depend on the applied deformation and direction of wave 

propagation. To account for interactions between the elastic waves and microstructure in finitely de- 

formed 3D periodic fiber-reinforced materials, we employ the Bloch wave analysis superimposed on large 

macroscopically applied homogeneous deformations, and we implement the technique into a finite el- 

ement code. The Bloch wave numerical analysis reveals the essential dispersion phenomenon for the 

shear waves propagating along the fibers in the finitely deformed 3D periodic fiber-reinforced materials. 

We find that the appearance of the dispersion phenomenon and the corresponding wavelengths can be 

tuned by material composition and deformation. 
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1. Introduction 

Nature actively exploits sophisticated microstructures to

achieve remarkable material properties and functionalities. In

particular, the fiber-reinforced deformable composites, possessing

a light weight, high strength and flexibility at the same time, are

widely present in nature ( Saheb and Jog, 1999 ). However, natural

materials are biodegradable and poorly resistant to moisture, and

not always they can provide desirable properties; therefore, syn-

thetic composite materials are of a great interest. The mechanical

performance of composite materials can be tailored by designing

microstructures combining soft and stiff constituents. Recent

advances in the material fabrication techniques and 3D-printing

already allow realization of microstructured metamaterials with

various properties and functionalities ( Babaee et al., 2013; Kolle

et al., 2013; Rudykh and Boyce, 2014a; Lin et al., 2014; Ge et al.,

2013; Bafekrpour et al., 2014; Rudykh et al., 2015; Celli and

Gonella, 2015; Srivastava, 2016; Golub et al., 2012; Fomenko et al.,

2014 ). Moreover, soft metamaterials can be reversibly deformed,

and, thus, enabling us to manipulate their effective properties via

deformation ( Li et al., 2013; Slesarenko and Rudykh, 2016 ). Thus,

for example, elastic wave propagation in soft composite materials
∗ Corresponding author. 

E-mail address: rudykh@technion.ac.il (S. Rudykh). 
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an be controlled by deformation ( Bertoldi and Boyce, 2008b;

ertoldi et al., 2008; Gei, 2008; Rudykh and Boyce, 2014b; Galich

t al., 2017; Babaee et al., 2016; Chen and Elbanna, 2016 ). Even

n relatively simple homogeneous hyperelastic materials, elastic

ave characteristics can be significantly transformed via defor-

ation ( Dorfmann and Ogden, 2010; Galich and Rudykh, 2015b;

015a; 2016 ). It is worth noting that many soft biological tissues

re found to possess fiber-matrix microstructures ( Humphrey,

002 ), and the soft tissues frequently experience large defor-

ations due to growth or other physiological processes. Hence,

nvestigation of elastic wave propagation in 3D fiber compos-

tes (FCs) undergoing finite deformations can be beneficial for

iomedical applications such as ultrasound testing. 

Small amplitude elastic wave propagation in finitely deformed

omogeneous isotropic materials was pioneered by Biot (1940) on

he basis of the static nonlinear theory ( Biot, 1939 ). Waves of

 finite amplitude propagating in a pre-stressed elastic medium

ere investigated by John (1966) , and Currie and Hayes (1969) .

oulanger and Hayes (1992) considered wave propagation in

nitely deformed incompressible Mooney–Rivlin materials and

erived explicit relations for wave velocities. Boulanger et al.

1994) extended this work to a broader class of finitely deformed

ompressible Hadamard materials and first obtained the explicit

xpressions for the phase velocities of longitudinal and transver-

al waves. Recently, Destrade and Ogden (2013) have revised and

eneralized the problem of an infinitesimal wave propagation in

http://dx.doi.org/10.1016/j.ijsolstr.2016.12.007
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Q  
he finitely deformed hyperelastic materials by application of the

nvariant theory. More recently, Galich and Rudykh (2015b ) have

nvestigated infinitesimal wave propagation in finitely deformed

ompressible Gent materials, exhibiting pronounced stiffening ef-

ects, and obtained closed form expressions for the phase velocities

f longitudinal and transversal waves. 

By employing the nonlinear elastic theory ( Truesdell and

oll, 1965 ) and a phenomenological approach, Scott and Hayes

1976) considered small amplitude plane waves superimposed

n a homogeneous deformation in the so-called idealized fiber-

einforced materials, assuming an incompressible matrix and in-

xtensible fibers. Later, Scott (1991, 1992) extended this analysis

nd considered infinitesimal vibrations of an arbitrary form su-

erimposed on a finite deformation for a broad class of elastic

nisotropic materials. The infinitesimal elastic wave propagation

n nearly incompressible and nearly inextensible fiber-reinforced

aterials with unidirectional and orthogonal fibers was examined

y Rogerson and Scott (1994) . More recently, Ogden and Singh

2011) revisited the problem of infinitesimal wave propagation in

n incompressible transversely isotropic elastic solid in the pres-

nce of an initial stress. In their work, Ogden and Singh (2011) ex-

loited the phenomenological theory of invariants and presented a

ore general and transparent formulation of the theory for small

mplitude waves propagating in a deformed transversely isotropic

yperelastic solid. 

In this work, we employ a micromechanics based approach ac-

ounting for the phase properties and their spatial distribution

o analyze the wave propagation in finitely deformed 3D FCs, as

pposite to previous works that employ phenomenological ap-

roach ( Scott and Hayes, 1976; Scott, 1991, 1992; Rogerson and

cott, 1994; Ogden and Singh, 2011 ), or numerically model the

omposites in 2D settings ( Rudykh and Boyce, 2014b; Bertoldi and

oyce, 2008b ), or do not consider finite deformations ( Aberg and

udmundson, 1997; Kushwaha et al., 1993 ). Here, we derive ex-

licit closed form expressions for phase and group velocities of

he shear waves for any direction of wave propagation in finitely

eformed 3D fiber-reinforced materials with neo-Hookean phases.

hese explicit expressions provide important information on the

lastic wave propagation in the long wave limit. To account for

he interaction of the elastic waves with the composite microstruc-

ure, the Bloch wave analysis is implemented in the finite ele-

ent code, allowing us to analyze small amplitude motions su-

erimposed on finite macroscopically applied homogeneous defor-

ations. It should be noted that we analyze the finitely deformed

brous materials in fully 3D settings – both the deformation and

he direction of the wave propagation – which, to the best of our

nowledge, is not covered in the existing literature. We investi-

ate the role of the material composition and phase properties

n the dispersion of shear waves. We specifically focus on the in-

uence of deformation on the dispersion of the shear waves. By

onsidering the waves propagating in the direction of fibers, we

nd that the applied deformation strongly affects the long waves;

hereas the influence of the deformation is weaker for the ranges

f short wavelengths. The effect of deformation is found to be

ore pronounced in FCs with moderate and large shear modu-

us contrasts between the phases and with large volume fractions

f fibers. Finally, we compare the micromechanics based homog-

nization technique and the numerical Bloch wave analysis, thus,

ringing together the different length-scale analyses, and showing

he equivalence of these distinct approaches at certain ranges of

avelengths. 

. Theoretical background 

Consider a continuum body and identify each point in the un-

eformed configuration with its vector X . In the deformed body,
he new location of the corresponding points is defined by map-

ing function x = χ(X , t) . Hence, the deformation gradient is F =
 x /∂ X , and its determinant J ≡ det F > 0 . For a hyperelastic ma-

erial described by a strain energy function ψ( F ), the first Piola–

irchhoff stress tensor can be calculated as follows 

 = 

∂ψ(F ) 

∂F 
. (1) 

or an incompressible material, J = 1 and Eq. (1) modifies as 

 = 

∂ψ(F ) 

∂F 
− pF −T , (2) 

here p represents an unknown Lagrange multiplier. The corre-

ponding Cauchy stress tensor is related to the first Piola-Kirchhoff

tress tensor via the relation σ = J −1 P · F T . 

In the absence of body forces the equations of motion can be

ritten in the undeformed configuration as 

iv P = ρ0 
D 

2 χ

Dt 2 
, (3) 

here ρ0 is the initial density of the material and the operator

 

2 ( • )/ Dt 2 represents the material time derivative. If the deforma-

ion is applied quasi-statically, the right hand part of Eq. (3) can

e assumed to be zero, and the equilibrium equation is obtained

s 

iv P = 0 . (4) 

Consider next infinitesimal motions superimposed on the equi-

ibrium state. The equations of the incremental motions are 

iv ̇ P = ρ0 
D 

2 u 

Dt 2 
, (5) 

here ˙ P is the incremental change in the first Piola–Kirchhoff

tress tensor and u is the incremental displacement. 

The linearized constitutive law can be written as 

˙ 
 i j = A 0 i jkl 

˙ F kl , (6) 

here ˙ F = Grad u is the incremental change in the deformation

radient, and the tensor of elastic moduli is defined as A 0 iαkβ =
 

2 ψ/∂ F iα∂ F kβ . Under substitution of Eq. (6) into Eq. (5) the incre-

ental motion equation takes the form 

 0 i jkl u k,l j = ρ0 
D 

2 u i 

Dt 2 
. (7) 

. Long wave estimates for finitely deformed incompressible 

ber composites 

To analyze small amplitude motions superimposed on a finite

eformation, we present equation of motion (7) in the updated La-

rangian formulation 

 i jkl u k,l j = ρ
∂ 2 u i 

∂t 2 
, (8) 

here A iqkp = J −1 A 0 i jkl F pl F q j and ρ = J −1 ρ0 is the density of the

eformed material. 

We seek a solution for Eq. (8) in the form of plane waves with

onstant polarization 

 = g h (n · x − ct) , (9)

here h is a twice continuously differentiable function and unit

ector g denotes the polarization; the unit vector n defines the

irection of wave propagation, and c is the phase velocity of the

ave. 

Substituting (9) into (8) , we obtain 

 (n ) · g = ρc 2 g , (10)
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Fig. 1. Schematic representation of the FC with random distribution of fibers. ( e 1 , 

e 2 , e 3 ) is the orthonormal basis. 
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where 

Q i j = A i jkl n j n l (11)

is the acoustic tensor defining the condition of propagation of the

infinitesimal plane waves. 

For incompressible materials Eq. (8) modifies as 

A i jkl u k,l j + 

˙ p ,i = ρ
∂ 2 u i 

∂t 2 
, (12)

together with the incompressibility constraint 

u i,i = 0 . (13)

Substitution of (9) and ˙ p = p 0 h 
′ (n · x − ct) , where p 0 is a scalar,

into (12) and (13) yields 

ˆ Q (n ) · g = ρc 2 g and g · n = 0 , (14)

where ˆ Q = ̂

 I · Q · ˆ I and ̂

 I = I − n � n is the projection onto the plane

normal to n . 

Next, let us consider a FC made out of aligned fibers embedded

in a softer matrix with the volume fractions v f and v m 

= 1 − v f .
Here and thereafter, the fields and parameters of the constituents

are denoted by the subscripts ( • ) f and ( • ) m 

for fibers and matrix,

respectively. In the reference configuration the volume fractions of

the phases can be calculated as 

v f = 1 / �

∫ 
�

η f ( X ) dX and v m 

= 1 / �

∫ 
�

(
1 − η f ( X ) 

)
dX , (15)

where η f = 1 if X is within the fiber phase and η f = 0 otherwise;

� is the volume occupied by the composite in the reference state.

The macroscopic deformation gradient is defined as 

F̄ = 1 / �

∫ 
�

F ( X ) dX . (16)

The boundary conditions for F f and F m 

, and for P f and P m 

at the

interfaces between the fibers and matrix are (
F f − F m 

)
· m = 0 and 

(
P f − P m 

)
· w = 0 , (17)

where the unit vector m denotes the initial fiber directions (see

Fig. 1 ), and w is the arbitrary unit vector orthogonal to m . 

In this work, we consider fiber-reinforced materials with incom-

pressible phases described by a neo-Hookean strain energy func-

tion ( Ogden, 1997 ) 

ψ 

inc 
ξ = 

μξ

2 

(F ξ : F ξ − 3) , (18)

where μξ is the initial shear modulus. For a FC with incompress-

ible neo-Hookean phases, an effective strain energy density func-

tion can be constructed ( deBotton et al., 2006 ) 

ψ( ̄F ) = 

˜ μ(
F̄ : F̄ − 3 

)
+ 

μ̄ − ˜ μ(
I 4 + 2 I −1 / 2 

4 
− 3 

)
, (19)
2 2 
here I 4 = m · C̄ · m , and C̄ = F̄ T · F̄ is the average right Cauchy-

reen deformation tensor; 

¯ = v f μ f + v m 

μm 

and ˜ μ = μm 

(
1 + v f 

)
μ f + v m 

μm 

v m 

μ f + 

(
1 + v f 

)
μm 

(20)

re the homogenized elastic moduli. 

The acoustic tensor (14) corresponding to the strain energy

unction (19) takes the form 

ˆ 
 (n , ̄F ) = q 1 ̂ I + q 2 

(
ˆ I · F̄ · m 

)
�

(
ˆ I · F̄ · m 

)
, (21)

here 

 1 = ˜ μ
(
n · B̄ · n 

)
+ ( ̄μ − ˜ μ) 

(
1 − I −3 / 2 

4 

)(
n · F̄ · m 

)2 
(22)

nd 

 2 = 3 I −5 / 2 
4 ( ̄μ − ˜ μ) 

(
n · F̄ · m 

)2 
, (23)

here B̄ = F̄ · F̄ T is the average left Cauchy–Green deformation ten-

or. The acoustic tensor (21) has the following nontrivial eigenval-

es with the eigenvectors lying in the plane normal to n 

 1 = q 1 and a 2 = q 1 + q 2 

(
I 4 −

(
n · F̄ · m 

)2 
)
. (24)

hus, we have two distinct shear waves propagating in a finitely

eformed incompressible FC with the corresponding phase veloci-

ies 

¯
 

(1) 
sw 

= 

√ 

a 1 
ρ̄0 

and c̄ (2) 
sw 

= 

√ 

a 2 
ρ̄0 

, (25)

here ρ̄0 = v f ρ0 f + v m 

ρ0 m 

is the average initial density of the FC. 

The phase velocities of the shear waves (25) coincide only for

pecial cases of applied deformations and directions of wave prop-

gation. For instance, let us consider a uniaxially deformed FC with

he corresponding macroscopic deformation gradient 

¯
 = λe 2 � e 2 + λ−1 / 2 ( I − e 2 � e 2 ) , (26)

here λ is the applied macroscopic stretch ratio. Then, for waves

ropagating perpendicular to the fibers, i.e. m = e 2 and n = e 1 , the

hase velocities of the shear waves coincide 

¯
 sw 

= c̄ (1) 
sw 

= c̄ (2) 
sw 

= 

√ 

˜ μ

λρ̄0 

. (27)

he phase velocities also coincide for the waves propagating along

he fibers, i.e. n = m = e 2 , 

¯
 sw 

= c̄ (1) 
sw 

= c̄ (2) 
sw 

= λ

√ 

μ̄ + ( ̃  μ − μ̄) λ−3 

ρ̄0 

. (28)

owever, for an oblique propagation of the waves relative to the

ber direction, for example, m = e 2 and n = ( e 1 + e 2 ) / 
√ 

2 , the

hase velocities of the shear waves are distinct 

¯
 

(1) 
sw 

= 

√ 

2 ̃  μ + 

(
λ3 − 1 

)
μ̄

2 λρ̄0 
( g = e 3 ) (29)

nd 

¯
 

(2) 
sw 

= 

√ 

˜ μ + μ̄
(
1 + 2 λ3 

)
4 λρ̄0 

(
g = ( e 2 − e 1 ) / 

√ 

2 

)
. (30)

ote that (28) yields an explicit expression for the critical stretch

atio corresponding to the onset of macroscopic instability under

niaxial contraction ( Rudykh and deBotton, 2012 ), namely 

cr = 

(
1 − ˜ μ

μ̄

)1 / 3 

. (31)
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a b

Fig. 2. Slowness curves for the out-of-plane (a) and in-plane (b) shear waves propagating in the FC with v f = 0 . 2 , μ f /μm = 10 , and ρ0 f /ρ0 m = 1 under uniaxial tension (26) . 

Scale is 0.4 per division, and slowness is normalized by 
√ 

˜ μ/ ̄ρ0 . Note that the horizontal and vertical axes with the corresponding labels n 1 /c and n 2 /c serve for showing 

the principal directions and physical quantity presented on the polar plot only. 
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To illustrate the influence of the deformation and direction of

ave propagation on the characteristics of elastic waves in the

Cs, we consider wave propagation in the plane 〈 e 1 , e 2 〉 , i.e. n =
os ϕ e 1 + sin ϕ e 2 . By the use of the explicit relations (25) we

onstruct the polar diagrams of slowness s̄ sw 

(ϕ) = 1 / ̄c sw 

(ϕ) , also

nown in literature as slowness curves ( Musgrave, 1970; Nayfeh,

995 ). Fig. 2 shows an example of the slowness curves for the so-

alled out-of-plane (with polarization g = e 3 ) and in-plane (with

olarization lying in plane 〈 e 1 , e 2 〉 ) shear waves in the FC under-

oing uniaxial tension along the fibers. The examples are given for

he FC with v f = 0 . 2 , μ f /μm 

= 10 , and the fiber direction m = e 2 .

he continuous black curves correspond to the undeformed FC,

hile the dash-dotted green and dotted blue curves are for the FC

nder the uniaxial contraction ( λ = 0 . 85 ) and extension ( λ = 1 . 5 ),

espectively. Note that the critical stretch ratio for the consid-

red FC undergoing uniaxial contraction is λcr = 0 . 80 ; therefore,

he presented slowness curves for the compressed ( λ = 0 . 85 ) FC

orrespond to a macroscopically stable state. The slowness curves

learly indicate the significant influence of the applied deforma-

ion on the shear wave propagation. Specifically, the contraction

long the fibers results in a significant decrease of the phase ve-

ocities of the shear waves propagating in the direction of fibers;

hile the phase velocities increase for the waves propagating per-

endicular to the fibers since these directions experience exten-

ion. Note that the phase velocity of the in-plane shear wave in

he uniaxially deformed FC is maximal for certain directions of

ave propagation n 0 . To find these directions, we substitute (26) ,

 0 = cos ϕ 0 e 1 + sin ϕ 0 e 2 , and m = e 2 into (25) 2 , and then solve

he extreme value problem for the phase velocity c̄ (2) 
sw 

as a func-

ion of ϕ0 : 

 0 = ±1 

2 

arccos 

( 

1 − λ3 

3 

(
1 − ˜ μ

μ̄

)
) 

+ πz, z = 0 , 1 . (32)

n the undeformed state ϕ 0 = ±π
4 , ± 3 π

4 . Moreover, these directions

iffer from the principal directions in contrast to the out-of-plane

hear wave – the phase velocity of which has the maxima in
he directions of the principal axes. For example, in the uniaxially

tretched FC the phase velocity of the out-of-plane shear wave is

aximal for the wave propagation along the fibers, i.e. for n = ±e 2 
see Fig. 2 (a)). 

The dispersion relations for the long waves in an incompress-

ble neo-Hookean FC are derived from (25) and have the following

orm 

¯  (1) 
sw 

= 

√ 

b 1 
ρ̄0 

and ω̄ 

(2) 
sw 

= 

√ 

b 2 
ρ̄0 

(33) 

here 

 1 = ˜ μ(k · B̄ · k ) + ( ̄μ − ˜ μ) 
(
1 − I −3 / 2 

4 

)(
k · F̄ · m 

)2 
(34)

nd 

 2 = b 1 + 3 I −5 / 2 
4 ( ̄μ − ˜ μ) 

(
k · F̄ · m 

)2 
(

I 4 − k −2 
(
k · F̄ · m 

)2 
)
, (35) 

here k is the wave vector and k = | k | is the wave number. 

Hence, we can find the corresponding group velocity defined as

 g = ∇ k ω. (36) 

ubstitution of (33) into (36) yields explicit expressions for the

roup velocities of the long waves propagating in the finitely de-

ormed FC 

 

( 1 ) 
sw 

= 

(
˜ μB̄ · n + ( ̄μ − ˜ μ) 

(
1 − I −3 / 2 

4 

)(
n · F̄ · m 

)
F̄ · m 

)
√ 

ρ̄0 a 1 
(37) 

nd 

v ( 
2 ) 

sw 

= 

1 √ 

ρ̄0 a 2 

(
˜ μB̄ · n + 

( ̄μ − ˜ μ) 
(
n · F̄ · m 

)[ 
3 I −5 / 2 

4 

(
n · F̄ · m 

)3 
n + (

1 + 2 I −3 / 2 
4 

(
1 − 3 I −1 

4 

(
n · F̄ · m 

)2 
))

F̄ · m 

] )
. 

(38) 

n particular, the group velocities of the shear waves coincide for

aves propagating perpendicular to the fibers (i.e. m = e 2 and n =
 ) in the uniaxially deformed FC 
1 
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a bn2v

n1v n1v

n2v

Fig. 3. Energy curves for (a) – out-of-plane and (b) – in-plane shear waves propagating in the FC with v f = 0 . 2 , μ f /μm = 10 , and ρ0 f /ρ0 m = 1 under uniaxial tension. Scale 

is 0.4 per division, where group velocity is normalized by 
√ 

ρ̄0 / ̃ μ. Note that the horizontal and vertical axes with the corresponding labels (n 1 v) and (n 2 v) serve for showing 

the principal directions and physical quantity presented on the polar plot only. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

a  

o  

i  

t  

t  

d  

i  

0  

fi  

t  

s  

v  

z  

s  

s  

λ  

o  

i  

t  

a  

t  

c  

w  

t  

z  

t  

s  

a

4

 

r  

a  

B  
v (1) 
sw 

= v (2) 
sw 

= 

√ 

˜ μ

λρ̄0 

e 1 . (39)

The group velocities also coincide for the waves propagating along

the fibers, i.e. n = m = e 2 , 

v (1) 
sw 

= v (2) 
sw 

= λ

√ 

μ̄ + ( ̃  μ − μ̄) λ−3 

ρ̄0 

e 2 . (40)

To illustrate the derived results (37) and (38), we consider wave

propagation in the plane 〈 e 1 , e 2 〉 , i.e. n = cos ϕ e 1 + sin ϕ e 2 . Re-

call that the outer normal to the slowness curve shows the di-

rection of the energy flow ( Musgrave, 1970; Nayfeh, 1995 ). Hence,

by assigning the absolute value of the group velocity (i.e. | v sw 

|)

to the normal to the slowness curve for all possible propaga-

tion directions, the polar diagrams of group velocity or the en-

ergy curves ( Musgrave, 1970; Nayfeh, 1995 ) are constructed. Fig. 3

shows an example of the energy curves for (a) out-of-plane and

(b) in-plane shear waves propagating in the uniaxially deformed

FC with v f = 0 . 2 , μ f /μm 

= 10 , and ρ0 f /ρ0 m 

= 1 . The continuous

black curves correspond to the undeformed FC while the dash-

dotted green and dotted blue curves refer to the uniaxial contrac-

tion ( λ = 0 . 85 ) and extension ( λ = 1 . 5 ), respectively. Clearly, the

group velocities of the shear waves strongly depend on the applied

deformation and direction of wave propagation. Moreover, the en-

ergy curve of the in-plane shear wave has intersections, and their

position can be manipulated by deformation (see Fig. 3 (b)). These

intersections of the energy curves mean that the absolute values

and directions of group velocity coincide for two different direc-

tions of wave propagation. For the out-of-plane shear wave the in-

tersections are not observed (see Fig. 3 (a)). It is worth mention-

ing also that the energy curves of plane waves coincide with the

wave fronts of impulsive point source excited waves in homoge-

neous anisotropic materials ( Langenberg et al., 2010; Nayfeh, 1995 ).

In this case, these cusps of energy curves will correspond to the

regions of null energy ( Nayfeh, 1995 ). 
Next, let us consider slowness and energy curves near to, and

t the onset of instability point. Fig. 4 shows the slowness curves

f the shear waves propagating in the FC subjected to the uniax-

al contraction of λ = 0 . 81 (dash-dotted green) and λ = 0 . 80 (dot-

ed red), while λcr = 0 . 80 . A comparison of Figs. 2 and 4 shows

hat the slowness of both shear waves propagating along the fibers

ramatically increases (or phase velocity decreases) when the crit-

cal stretch is approached. In particular, in the FC contracted to λ =
 . 81 , the slownesses of shear waves propagating in the direction of

bers are 3.8 times larger than in the undeformed FC. Eventually,

he slownesses tend to infinity in the FC contracted to the critical

tretch ratio, i.e. at λ = 0 . 80 . This is due to the fact that the phase

elocities of the shear waves propagating along the fibers attain

ero value in the FC subjected to λ = λcr (see (28) ). Lastly, Fig. 5

hows the energy curves of the shear waves propagating in the FC

ubjected to the uniaxial contraction of λ = 0 . 81 ((a) and (b)) and

= 0 . 80 ((c) and (d)). We observe that the energy curve of the

ut-of-plane shear wave for the FC subjected to λcr degenerates

nto the three dots (see Fig. 5 (c)). The dot in the center means that

he absolute value of the group velocity is zero for the wave prop-

gating in direction of fibers (see (40) ); the other two dots mean

hat the absolute value and direction of the group velocity do not

hange with the wave propagation direction. For the in-plane shear

ave, the energy curve degenerates into the dot and two curved

riangles (see Fig. 5 (d)). The dot in the center corresponds to the

ero group velocity of the wave propagating along the fibers, while

he curved triangles refer to the curvature of the corresponding

lowness curve (see Fig. 4 (b)) in the vicinity of the wave prop-

gation directions perpendicular to the fibers (i.e. n = ±e 1 ). 

. Bloch wave analysis for wave propagation in 3D periodic FCs 

To obtain the dispersion relations for finitely deformed 3D pe-

iodic FCs, we employ the Bloch wave analysis superimposed on

 finite deformation ( Aberg and Gudmundson, 1997; Bertoldi and

oyce, 20 08b; 20 08a; Rudykh and Boyce, 2014b ). We implement
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a b

Fig. 4. Slowness curves for the out-of-plane (a) and in-plane (b) shear waves propagating in the FC with v f = 0 . 2 , μ f /μm = 10 , and ρ0 f /ρ0 m = 1 under uniaxial ten- 

sion (26) near the instability. Scale is 0.5 per division, and slowness is normalized by 
√ 

˜ μ/ ̄ρ0 . 
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he analysis in the finite element code. Fig. 6 shows an example

f the corresponding representative volume element (RVE) for a FC

ith a square periodic unit cell. Geometrically, the fibers are char-

cterized by their diameters, namely d = 2 a 
√ 

v f /π, where a is the

eriod of the FC (see Fig. 6 ). The periodic unit cell occupies a do-

ain � in the undeformed configuration, namely 

−a/ 2 ≤ x 1 ≤ a/ 2 , − h/ 2 ≤ x 2 ≤ h/ 2 , 

and − a/ 2 ≤ x 3 ≤ a/ 2 . 
(41) 

First, a solution for a finitely deformed state is obtained.

he macroscopic deformation gradient F̄ = 1 / �
∫ 
� F dV is applied

hrough periodic boundary conditions imposed on the displace-

ents of the RVE faces such that 

 B − U A = 

(
F̄ − I 

)
· ( X B − X A ) = H̄ · ( X B − X A ) , (42)

here A and B are the nodes on the opposite faces of the RVE

oundary, H̄ is the average displacement gradient tensor, and U =
 ( X ) − X is the displacement field. The macroscopic first Piola–

irchhoff stress tensor and the corresponding Cauchy stress tensor

re calculated as P̄ = 1 / �
∫ 
� P dV and σ̄ = 1 / �

∫ 
� σdV, respectively.

igid body motions are prevented by fixing the displacements of

 single node. Although the analysis is general and it can be ap-

lied for materials subjected to any macroscopically applied homo-

eneous deformation F̄ , here the examples are given for a uniaxial

oading (26) . 

Second, the Bloch wave analysis is performed for the finitely

eformed state. The corresponding incremental change in the dis-

lacement and the first Piola–Kirchhoff stress tensor can be ex-

ressed as 

 ( X , t ) = 

˙ κ( X ) e −iωt and 

˙ P = 

˙ P e −iωt , (43)

here ω is the angular frequency. By substitution (43) in (5) , we

btain 

iv ˙ P + ρ0 ω 

2 ˙ κ = 0 . (44)

According to the Floquet theorem ( Kittel, 2004 ) 

˙ ( X + R ) = 

˙ κ( X ) e −i K 0 ·R , (45) 
here R defines the distance between the nodes on the oppo-

ite faces of the RVE in the reference configuration. The periodicity

onditions (45) are imposed in the finite element code through the

orresponding boundary conditions for the displacements of the

pposite faces ( Slesarenko and Rudykh, 2017; Bertoldi and Boyce,

0 08a; 20 08b; Wang and Bertoldi, 2012 ). The dispersion relations

re obtained by solving the eigenvalue problem stemming from

qs. (43) –(45) for a range of the wave vectors K 

0 . 

We start from comparing the results of the Bloch wave numer-

cal analysis and the analytical estimates (33) for the long wave

imit. Fig. 7 presents the comparisons for the wave propagating

n the direction of fibers. The FCs are subjected to the uniaxial

ension (26) along the fiber direction of the magnitude λ = 1 . 25 .

ig. 7 (a) and (b) show the comparison for FCs with v f = 0 . 25 ,

f /μm 

= 10 and μ f /μm 

= 10 0 0 , respectively; while Fig. 7 (c) and

d) show the comparison for FCs with v f = 0 . 01 , μ f /μm 

= 10 and

f /μm 

= 10 0 0 , respectively. The continuous black curves refer to

he numerical simulations while the dashed red curves correspond

o the long wave estimates (33) . Here and thereafter, we consider

Cs with constituents having identical densities (i.e. ρ0 f /ρ0 m 

= 1 ),

nd frequency is normalized as f n = fa 
√ 

ρ̄0 / ̃  μ, where f = ω/ ( 2 π) .

ig. 7 (a) and (c) show that the long wave estimates are in excel-

ent agreement with the results of numerical simulations up to the

avelengths comparable with the period a of the unit cell for FCs

ossessing a small amount of fibers and a moderate contrast in

he shear modulus between the constituents. However, for larger

ontrasts in the shear moduli, the long wave estimates are in good

greement with the Bloch wave analysis only for wavelengths sig-

ificantly exceeding the period of the unit cell, namely l � π2 a

see Fig. 7 (b) and (d)). Thus, the difference between the long wave

stimates (33) and Bloch wave analysis increases with an increase

n the volume fraction and shear modulus of fibers (i.e. the role of

he fibers becomes more significant). 

Fig. 8 presents the dispersion curves for the periodic FCs

ith v f = 0 . 25 and (a) μ f /μm 

= 10 , (b) μ f /μm 

= 100 , and (c)

f /μm 

= 10 0 0 undergoing uniaxial deformations along the fibers.
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a

c

b

d

Out-of-plane shear wave In-plane shear wave

Fig. 5. Energy curves for the out-of-plane (a, c) and in-plane (b, d) shear waves propagating in the FC with v f = 0 . 2 , μ f /μm = 10 , and ρ0 f /ρ0 m = 1 under uniaxial ten- 

sion (26) near the instability. Scale is 0.3 per division, and group velocity is normalized by 
√ 

ρ̄0 / ̃ μ. 

Fig. 6. RVE for a 3D periodic FC with a square arrangement of fibers. 
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m  
he dispersion curves presented in Fig. 8 (and also in Fig. 9 ) are

btained by utilizing the Bloch wave analysis implemented in the

nite element code. Clearly, for the FC with the low shear mod-

lus contrast between the fibers and matrix (e.g., μ f /μm 

= 10 ),

he deformation slightly influences dispersion curves ( Fig. 8 (a)).

owever, the influence of deformation increases for the FCs with

oderate and high shear modulus contrasts (e.g., μ f /μm 

= 100

nd μ f /μm 

= 10 0 0 ). Specifically, deformation considerably influ-

nces the dispersion of the waves with wavelengths exceeding the

haracteristic length-scale of the FC ( Fig. 8 (b) and (c)). For exam-

le, for the wavenumber ka/ (2 π) = 0 . 2 , the uniaxial tension of the

agnitude λ = 1 . 5 shifts the dispersion curve from f n = 0 . 29 up to



P.I. Galich et al. / International Journal of Solids and Structures 110–111 (2017) 294–304 301 

Fig. 7. Comparison of the long wave estimates (33) and the Bloch wave numerical analysis for the shear waves propagating in the direction of fibers. Periodic FCs with 

v f = 0 . 25 and (a) μ f /μm = 10 , (b) μ f /μm = 10 0 0 , and v f = 0 . 01 and (c) μ f /μm = 10 , (d) μ f /μm = 10 0 0 are subjected to the uniaxial tension along the fiber direction, 

λ = 1 . 25 . Frequency is normalized as f n = 

ωa 
2 π

√ 

ρ̄0 / ̃ μ. 

Fig. 8. Dispersion curves for the shear waves propagating in the direction of fibers in FCs with v f = 0 . 25 and (a) μ f /μm = 10 , (b) μ f /μm = 100 , and (c) μ f /μm = 10 0 0 . 

The FCs are subjected to the uniaxial tension of the magnitude λ = 0 . 98 (dashed green curves), λ = 1 (continuous black curves), λ = 1 . 5 (dotted blue curves), and λ = 2 

(dash-dotted red curves). Frequency is normalized as f n = 

ωa 
2 π

√ 

ρ̄0 / ̃ μ. (For interpretation of the references to colour in this figure legend, the reader is referred to the web 

version of this article.) 
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Fig. 9. Dispersion curves for shear waves propagating in the direction of fibers in FCs with μ f /μm = 10 0 0 in the undeformed state (a) and for the FCs subjected to the 

uniaxial tension of magnitude λ = 1 . 5 (b) and λ = 2 (c). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 10. RVE for a 3D periodic FC with a rectangular arrangement of fibers. 

Fig. 11. Dispersion curves for shear waves propagating in the direction of fibers 

in FCs with v f = 0 . 25 and μ f /μm = 100 in the undeformed state with square and 

rectangular ( b = 2 a ) arrangements of fibers. 

p  

a  

l  

F  

l  

w  
f n = 0 . 55 as compared to the response of the undeformed FC with

v f = 0 . 25 and μ f /μm 

= 100 ( Fig. 8 (b)). Remarkably, the dispersion

curves for the short waves (i.e. l � 2 a ) are barely affected by the

uniaxial deformation ( Fig. 8 (b) and (c)). Moreover, the dispersion

curves change more slowly with deformation after a certain level

of stretch is reached (compare dash-dotted red and dotted blue

curves in Fig. 8 ). This happens because the phase velocities (28) of

the long shear waves start to change slowly when a certain level

of deformation is achieved. 

To clarify the influence of the deformation on the dispersion

phenomenon in FCs with various volume fractions of the fibers,

we present dispersion curves for FCs with μ f /μm 

= 10 0 0 in the

undeformed state (a) and for the FCs subjected to the uniaxial ten-

sion of magnitude λ = 1 . 5 (b) and λ = 2 (c) in Fig. 9 . The con-

tinuous black, dotted blue, and dashed-dotted red curves corre-

spond to v f = 0 . 01 , v f = 0 . 10 , and v f = 0 . 25 , respectively. We ob-

serve that the dispersion of shear waves in the fiber direction is

more pronounced for the periodic FCs with large volume fractions

of fibers (compare continuous black and dash-dotted red curves in

Fig. 9 (a)). Moreover, a uniaxial extension of the periodic FCs along

the fibers significantly affects dispersion curves ( Fig. 9 (b) and (c));

however, an increase in the loading leads to a moderate change

in the dispersion curve after a certain level of deformation (com-

pare Fig. 9 (b) and (c)). For example, the frequency of the shear

wave with ka/ (2 π) = 0 . 1 propagating in the FC with v f = 0 . 25 and

μ f /μm 

= 10 0 0 increases from f n = 0 . 21 in the undeformed FC up

to f n = 0 . 64 in the FC subjected to the uniaxial tension of the mag-

nitude λ = 1 . 5 while it increases only up to f n = 0 . 66 in the FC

subjected to the uniaxial tension of the magnitude λ = 2 (compare

dash-dotted red curves in Fig. 9 ). This is due to the fact that the

phase velocities (28) of long shear waves change more slowly after

a certain level of deformation is reached. 

Finally, we consider the influence of the fiber arrangement

on the shear wave propagation in the direction of fibers. Fig. 10

shows an example of RVE for a FC with a rectangular periodic unit

cell. Geometrically, the fibers are characterized by their diameters,

namely d = 2 
√ 

abv f /π (see Fig. 10 ). The periodic unit cell occupies

a domain � in the undeformed configuration, namely 

−a/ 2 ≤ x 1 ≤ a/ 2 , − h/ 2 ≤ x 2 ≤ h/ 2 , 

and − b/ 2 ≤ x 3 ≤ b/ 2 . 
(46)

Fig. 11 presents a comparison of the dispersion curves for shear

waves propagating along the fibers in the FC with the square

and rectangular ( b = 2 a ) arrangements of the fibers. The dispersion

curves of the shear waves vary in the FC with rectangular arrange-

ment of fibers, because we have two distinct characteristic lengths,

namely a and b , as opposite to the square arrangement. We com-
are FCs with the same volume fractions of fibers (i.e. v f = 0 . 25 );

s a result, the dispersion curves of the long shear waves (i.e.

 � 5(a + b) / 2 ) coincide for both square and rectangular periodic

Cs. Consistently with the previous observations, a significant non-

inearity of dispersion curves is observed for the shear waves with

avelengths being comparable to the characteristic lengths of the
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C, namely l ∼ (a + b) . The dispersion curves for shorter waves (i.e.

 � (a + b) / 3 ) are affected only slightly by the fiber arrangement. 

. Concluding remarks 

We considered the shear wave propagation in the 3D fiber-

einforced composites undergoing finite deformations. First, we

erived the explicit closed form expressions for the phase and

roup velocities of the shear waves propagating in the finitely de-

ormed 3D FCs on the basis of a micromechanical approach ac-

ounting for the material properties and distribution of the phases.

ence, the derived explicit relations for the phase and group ve-

ocities were expressed in terms of the actual mechanical prop-

rties of composite constituents and their volume fractions. By

tilizing these expressions, we constructed the slowness and en-

rgy curves revealing the strong influence of deformation on the

ropagation of shear waves. In particular, the shear wave veloc-

ties were shown to vary considerably with the deformation and

irection of wave propagation. Moreover, the energy curve of the

n-plane shear wave was shown to have deformation tunable in-

ersections, meaning that the absolute values and directions of the

roup velocities coincide for the different directions of wave prop-

gation. Thus, we are able to estimate characteristics of wave and

nergy propagation in the finitely deformed 3D fiber composites

mploying these explicit relations, which are applicable for any di-

ection of wave propagation and for any macroscopically applied

omogeneous pre-deformation. These important characteristics are

xpressed in terms of the actual microstructure parameters, such

s volume fractions and phase material properties. This impor-

ant feature distinguishes our results from those derived from phe-

omenological models, where the material parameters need to be

tted, and they are not directly related to the microstructure pa-

ameters and material properties of the constituents. 

Second, we examined the shear wave propagation in the finitely

eformed 3D periodic FCs by application of the Bloch wave ap-

roach in the finite element code. This allowed us to account for

he interactions of the elastic waves with the material microstruc-

ure. As a result, we found the dispersion phenomenon manifesting

n the strongly nonlinear dependence of the wave frequencies on

avenumber. The dispersion and the corresponding wavelengths

f the shear waves in the 3D periodic FCs were found to be tun-

ble by the change in the shear modulus contrast between the

onstituents and volume fraction of the fibers. Specifically, an in-

rease in the shear modulus contrast and amount of fibers leads

o a more pronounced dispersion of shear waves propagating in

he direction of fibers, i.e. the dispersion curves exhibit a signifi-

ant nonlinearity. Moreover, the dispersion of shear waves is highly

ensitive to deformation. In particular, a moderate deformation sig-

ificantly increases the frequency of the long waves. However, the

nfluence of deformation for the short waves is relatively weak. We

ound that the influence of deformation on the dispersion of shear

aves is more pronounced at the beginning of the loading due

o the fact that the phase velocities (28) of the long shear waves

hange quickly up to a certain level of deformation and then the

hase velocities vary slowly with a further loading. Next, we com-

ared the results of the Bloch wave analysis and the long wave

stimates. We found that the long wave estimates for the phase

elocities (25) of shear waves accurately describe the dispersion

elations for the finitely deformed FCs with low shear modulus

ontrast between the fibers and matrix (i.e. μf / μm 

� 10) and small

olume fractions of the fibers (i.e. v f � 0.25). 

Finally, we analyzed the influence of the fiber arrangement on

he propagation of shear waves along the fibers. In particular, by

omparing dispersion curves of shear waves for FCs with square

nd rectangular arrangements of fibers, we observed that (i) long

hear waves are independent of the fiber arrangement, (ii) shear
aves with wavelengths being comparable to the characteristic

engths of the FC are significantly affected by the fiber arrange-

ent, and (iii) short shear waves are affected only slightly by the

ber arrangement. 
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Fig. 2. Dispersion curves for the shear waves propagating in the direction of fibers in FCs with v f = 0 . 25 and (a) μ f /μm = 10 , (b) μ f /μm = 100 , and (c) μ f /μm = 10 0 0 . 

The FCs are subjected to the uniaxial tension of the magnitude λ = 0 . 98 (dashed green curves), λ = 1 (continuous black curves), λ = 1 . 5 (dotted blue curves), and λ = 2 

(dash-dotted red curves). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 3. Dispersion curves for shear waves propagating in the direction of fibers in FCs with μ f /μm = 10 0 0 in the undeformed state (a) and for the FCs subjected to the 

uniaxial tension of magnitude λ = 1 . 5 (b) and λ = 2 (c). 
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Galich et al. (2017) about the weak influence of the applied deformation on short shear waves (with wavelength l � 2 a ) needs to be

corrected. As can be seen from Fig. 2 , the applied uniaxial deformation influence shear waves in both long and short wave ranges. All

other conclusions in Galich et al. (2017) agree with the dispersion curves presented in Figs. 1 –3 . 
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Chapter 4

Conclusions and discussion

By employing rigorous analytical methods of non-linear mechanics (see Section 2.1),

I derived long wave estimates for important characteristics of elastic waves – phase

and group velocities – propagating in non-linear layered [19] and fibrous [25] com-

posites. Next, by combining Bloch-Floquet approach (see Section 2.2) and non-

linear constitutive models for each layer, I derived closed-form dispersion relations

for P- and S-waves propagating perpendicularly to the layers in the non-linear pe-

riodic laminates and found that BGs (forbidden frequency ranges, where waves

cannot propagate) can be initiated and shifted towards desirable low frequencies

in non-linear elastic laminates by mechanical loading [19]. In parallel, I explored

the influence of material stiffening on elastic wave propagation in the non-linear

isotropic materials [21] and laminates [19] comprised of these materials. Then, I

extended my analysis to the problem of wave propagation in non-linear electroe-

lastic isotropic materials [22] and laminates [23] composed of these materials.
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4.1 Influence of stiffening on elastic wave propagation

in extremely deformed soft matter: from nearly in-

compressible to auxetic materials

In this paper, I derived closed-form expressions for phase velocities of elastic waves

propagating in the finitely deformed materials with pronounced stiffening effects.

I demonstrated that finite deformation can significantly influence elastic waves in

nearly incompressible, highly compressible and auxetic (with negative Poisson’s

ratio) materials. Moreover, I studied influence of propagation direction on the

phase velocities of elastic waves. I found that for nearly incompressible materi-

als S-wave velocities exhibit strong dependence on the direction of propagation

and pre-strain, whereas the P-wave velocity is barely affected until extreme lev-

els of deformation are reached. For highly compressible materials, I showed that

both P- and S-wave velocities significantly depend on applied deformation and

propagation direction. Furthermore, the dependence becomes stronger when the

stiffening effects become more pronounced. My findings can help to design or bet-

ter understand mechanics of deformation-tunable elastic metamaterials comprised

of materials with strong stiffening effects.
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4.2 Manipulating pressure and shear waves in dielec-

tric elastomers via external electric stimuli

In this manuscript, I considered P- and S- elastic waves propagating in finitely

deformed DEs in the presence of an electric field. To allow consideration of P-

waves, I utilized the ideal and enriched material models accounting for the volu-

metric changes. I derived closed-form expressions for the phase velocities of elastic

waves propagating in DEs subjected to an electric field. I found that, for the ideal

DE model, the elastic wave propagation is explicitly independent of an applied

electric field, while it can be influenced through the deformation induced via an

electric field. However, characteristics of elastic waves explicitly depend on the

applied electric field in case of the proposed enriched material model. Specifically,

the phase velocity of the in-plane S-wave decreases upon application of an elec-

tric field. Then, I applied my findings to explore the phenomenon of disentangling

(decoupling) P- and S-waves in DEs by an electric field (see Fig. 1 in [22]). I showed

that the divergence angle between P- and S-waves strongly depends on the value

of the applied electric field and propagation direction. Moreover, I found that an

increase in the material compressibility weakens the decoupling of P- and S-waves

(see Fig. 4 in [22]). This is because the P-wave refracts in the same direction as the

S-wave from the initial propagation direction, while for nearly incompressible ma-

terials the change in the P-wave direction is negligible. The phenomenon can be

used to manipulate elastic waves by a bias electrostatic field, which can be benefi-

cial for small length-scale devices, such as micro-electromechanical systems, where

an electric field is the preferred control parameter.

86



4.3 Elastic wave propagation in finitely deformed lay-

ered materials

In this work, I studied elastic wave propagation in finitely deformed bi-laminates.

Firstly, based on an exact analytical solution for finitely deformed laminates with

alternating neo-Hookean phases, I derived closed-form expressions for the phase

and group velocities of S-waves propagating in any direction in these laminates.

Secondly, I obtained long wave estimates and for the phase velocities of P- and

S-waves propagating perpendicularly to the layers in the finitely deformed com-

pressible bi-laminates with neo-Hookean and Gent layers. These estimates provide

the important information on elastic wave propagation with wavelengths suffi-

ciently larger than period of the laminate, namely l & 3d. Thirdly, I performed a

detailed analysis of the BG structures for the waves propagating perpendicularly

to the layers in the incompressible and compressible laminates. Specifically, I iden-

tified the key parameters and mechanisms influencing the S-wave, P-wave, and

complete BGs and then revealed the advantageous compositions of the laminates

having the wide BGs in the low-frequency range.

Finally, I rigorously showed that SBGs in laminates comprised of layers exhibit-

ing weak stiffening effects (neo-Hookean) are independent of the applied defor-

mation because deformation induced changes in geometry and effective material

properties fully compensate each other. However, contraction or extension of the

laminate made of layers with strong stiffening effects (e.g., Gent) widens and shifts

SBGs towards higher frequencies due to the stronger effect of deformation induced

changes in the material properties (as compared to the geometry changes). Fur-
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thermore, I found that laminates with thin highly compressible layers embedded

in a nearly incompressible matrix possess wide complete BGs, and the dominant

mechanism influencing PBGs is the deformation induced change in the thicknesses

of the layers.

4.4 Shear wave propagation and band gaps in finitely

deformed dielectric elastomer laminates: long wave

estimates and exact solution

In this article, I investigated S-wave propagation in electroelastic bi-laminates sub-

jected to finite deformations and electric fields. I obtained the long wave estimates

– the exact solution for the waves with wavelength sufficiently larger than period

of the laminate – for phase and group velocities of S-waves propagating in the

bi-laminates with electroelastic ideal (neo-Hookean) layers. The derived closed-

form formulas are expressed in terms of the volume fractions and electroelastic

constants of the layers. Moreover, these long wave estimates can be used for any

direction of wave propagation, for any applied electric field, and for any homoge-

neous finite pre-deformations. Remarkably, the S-wave propagation perpendicu-

lar to the layers depends on electric field only though the induced deformation.

Next, I derived the dispersion relations for the S-waves propagating perpendic-

ular to the layers in the laminates with incompressible hyperelastic ideal dielectric

layers and general elastic part (that is function of the first strain invariant only,

e.g., neo-Hookean, Gent, Arruda-Boyce, Yeoh, to name a few). Consistently with
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the exact solution for long waves, the derived dispersion relation is independent

of electric field, and it coincides with its analogue for the purely elastic laminates.

This dispersion relation shows that SBGs in the electroelastic laminates are tunable

by an electric field only through induced deformation. In particular, the applica-

tion of an electric field to the DE laminates with electroelastic Gent phases widens

and shifts SBGs towards higher frequencies. However, SBGs are independent of

deformation (either it is induced by electrical or mechanical stimuli) in DE lami-

nates with electroelastic neo-Hookean layers.

4.5 Shear wave propagation in finitely deformed 3D

fiber-reinforced composites

In this paper, I considered the S-wave propagation in the finitely deformed 3D FCs.

Based on a micromechanical approach accounting for the constituent properties

and their distribution in the composite, I derived the closed-form expressions for

the phase and group velocities of the S-waves propagating in the finitely deformed

3D FCs. Hence, the expressions for the phase and group velocities are presented

in terms of the actual mechanical properties of composite constituents and their

volume fractions. Next, I constructed the slowness and energy curves revealing the

significant influence of deformation on the propagation of S-waves. In particular,

the S-wave velocities were shown to vary considerably with the deformation and

propagation direction. Moreover, the energy curve of the in-plane S-wave was

shown to have deformation tunable intersections, meaning that the absolute values
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and directions of the group velocities coincide for the different directions of wave

propagation. Thus, characteristics of wave and energy propagation in the finitely

deformed 3D FCs can be estimated via employing the derived relations, which

are applicable for any direction of wave propagation and for any macroscopically

applied homogeneous pre-deformation.

Finally, I examined the S-wave propagation in the finitely deformed 3D peri-

odic FCs by application of the Bloch-Floquet approach in the finite element code

(see Section 2.2). This allowed me to account for the interactions of the S-waves

with the composite microstructure, i.e. to calculate dispersion relations for S-

waves propagating along fibers. The dispersion and the corresponding wave-

lengths of the S-waves in the 3D periodic FCs were found to be tunable by the

change in the shear modulus contrast between the fibers and matrix and volume

fraction of the fibers. Specifically, an increase in the shear modulus contrast and

amount of fibers leads to a more pronounced dispersion of S-waves propagating

in the direction of fibers, i.e. the dispersion curves exhibit a significant nonlinear-

ity (highly sensitive to pre-deformation). Additionally, I analyzed the influence of

the fiber periodicity on the propagation of S-waves along the fibers. In particular,

by comparing dispersion curves of S-waves for FCs with square and rectangular

arrays of fibers, I observed that long S-waves are independent of the fiber distri-

bution, while S-waves with wavelengths being comparable to the characteristic

lengths of the FC are significantly affected by the spacial distribution of fibers.
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crostructure evolution, and macroscopic stability in reinforced rubbers at

large deformations: I—theory. J. Mech. Phys. Solids, 54:807–830, 2006.

[35] O. Lopez-Pamies and P. Ponte Castañeda. On the overall behavior, mi-
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